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Abstract
Euler Neural Networks are used exclusively for modeling non-linear dynamic systems, with application in control theory. These networks
work coupled to the first order integrator of the Euler type. The Euler integrator was initially proposed by the mathematician Leonhard Paul Euler
(1707-1783) in 1768. However, it is common knowledge that this type of numerical integrator is used with functions of instantaneous derivatives
and its numerical precision is unsatisfactory. On the other hand, when this type of integrator is coupled with universal function approximators
(e.g., artificial neural networks, Mamdani- Type fuzzy inference systems, etc.) its accuracy can be improved. The reason for this is that the artificial
neural network, because it is a universal function approximator, it can learn the mean derivatives functions of the dynamic system considered,
instead of instantaneous function derivatives. This small change makes the precision of the Euler integrator with mean derivatives equivalent to
a Runge-Kutta of any order. The only drawback of the Euler Integrator, designed with mean derivatives is that it has a fixed step, while the Euler
integrator designed with instantaneous derivatives is of varying step. In the literature, when coupled with a numerical integrator with a universal
function approximator, such structures are known as universal numerical integrators. This article proposes to make a rather brief description
of Euler Neural Networks coupled with a literature revision, to spread its use in the scientific community, since this structure of neural model
structure is little known.
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Introduction
In the last half of the eighteenth century the mathematicians
Euler, Lagrange and Laplace contributed significantly to the
development and study of differential equations. At that time these
studies already included problems of Variational Calculus, Fluid
Mechanics, Power Series, Celestial Mechanics, among others. The
first numerical method to solve nonlinear ordinary differential
equations was proposed by the mathematician Leonhard Euler in
1768, that is, the Euler-type numerical integrators of first order.
In 1908, German mathematicians Runge and Kutta developed the
fourth-order numerical integrators, which are able to numerically
solve the nonlinear ordinary differential equations in a much more
precise way than the first integrator proposed by Euler [1-3].
However, using only numerical integrators to solve ordinary
differential equations limits the comprehensiveness and
applicability of these methods, since they are applicable only
to theoretical models of Physics and Mathematics. However, a
mathematical model suitable for a real-world plant must also
necessarily take into account an input and output pattern data
acquisition system. It is known that the most adequate theory to
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deal with real-world problems is the Least-Squares Theory. This
theory was discovered independently by the mathematicians
Gauss (a Swiss, in 1795) and Legendre (a French, in 1808) and
refined by Kalman (a Hungarian-American, in 1960). Therefore,
a way to adequately reconcile the theory of differential equations
(predominantly theoretical) with the estimation theory, or least
squares, is to use the universal numeric integrators. In Tasinaffo
et al. [4] it is mentioned that the universal numerical integrators
are divided into three types, which give rise to three distinct
methodologies:
(i)

(ii)

NARMAX methodology,

Instantaneous derivatives methodology, and

(iii) Mean derivatives methodology.

Euler Neural Networks are universal numeric integrators
of type (iii). The Runge-Kutta neural networks and the AdamsBashforth neural networks are universal numerical integrators of
type (ii). A very important property is that integrators of type (ii)
are of varying step, while integrators of type (i) and (iii) are of fixed
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step type (see [4]). The reason for this is that the instantaneous
derivatives functions do not depend on the integration step, but
the mean derivatives functions do depend on the integration step.

For an adequate understanding of this article, initially we
must say that the design of a Euler Neural Network involves three
phases: training, validation and simulation. In the training phase,
the neural network effectively learns its goal, from a supervised
training with input/output patterns. In the validation phase it
is tested with unused training patterns from the neural training
phase to verify the generalization of learning. In the simulation
phase, it is actually placed to work effectively on what is intended
to be done with it, that is, to learn the mean derivative functions.
In the general case of universal numerical integrators, the training
phase must be performed with a fixed integration step, but in the
simulation phase, for some particular cases, it can be performed
with a variable step. However, this last statement, regarding step
variation, is not valid for Euler Neural Networks.

Evolution of Euler Neural Networks

The Russian mathematician A. N. Kolmogorov solves in 1957
a rather important mathematical problem for the estimation
theory. He proved that it is possible to represent any function
of n-dimensional space through a linear combination of limited
and one-dimensional nonlinear functions. In Hornik et al. [5]
adapts the work of Kolmogorov to the particular case of artificial
neural networks with feedforward architecture giving rise to the
universal approximation of functions. Today the existence of this
universal approximation of functions is well established (see [57]). Thus, the theory that allows the representation and modeling
of dynamic systems from the artificial neural networks was
developed by many authors (e.g., [7-10]). The first methodology
that emerged for this purpose was the NARMAX (Non-Linear
Autoregressive Moving Average with eXogenous inputs)
methodology as proposed in Hunt et al. [7] and Hunt & Sbarbaro
[8] in the early nineties of the twentieth century.

In 1998 the researchers Wang & Lin [10] idealized the first
scientific paper combining an artificial neural network of RBF
(Radial Basis Function) architecture into a numerical integration
structure of the Runge-Kutta type of fourth order. They introduced
in the literature the Runge-Kutta Neural Networks, or the
instantaneous derivatives methodology. In 2010 Melo & Tasinaffo
[11] coupled a neural network with Multilayer Perceptron’s
architecture in a numerical integration structure of multiple steps
of the Adams-Bashforth type. They introduce in the literature the
Adams-Bashforth Neural Networks. In Tasinaffo & Rios Neto [12]
the Adams-Bashforth Neural Networks are coupled in a predictive
control structure for orbit transfer control to solve an aerospace
engineering problem. It is important to note that the instantaneous
derivative methodology allows the control of a physical system
by varying the integration step in the simulation and control
phase. If the NARMAX methodology or the Euler Neural Networks
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were used for this purpose, it would not be allowed to vary the
integration step during the simulation and control phase.

The Euler Neural Networks first appeared in Tasinaffo [13]
and were inspired by the first order Euler integrator, which first
appeared in the History of Mathematics in Euler [14]. Reference
Tasinaffo [13] was an idealized doctoral thesis at the National
Institute of Space Research, located in Brazil. Unfortunately, this
doctoral thesis was originally written in Portuguese. The term
Euler Neural Network does not appear in this thesis. It is still used
the term “mean derivatives methodology”. The term Euler Neural
Networks will appear for the first time in Tasinaffo [4]. Thus, in
references Tasinaffo [13] and [15-19] where it is read the “mean
derivatives methodology” it can be understood as a synonym for
Euler Neural Networks. In Tasinaffo [4] a universal numerical
integrator it is mathematically defined. In Tasinaffo [4] it is also
where the term universal numerical integrator appears for the
first time. The main difference (and of fundamental importance)
between a conventional numerical integrator and a universal
numerical integrator is that the former has greater precision the
higher its order, whereas the latter must have the same precision
regardless of its order (see [11]).

Figure 1: Geometric Differences Between the Mean Derivatives
Functions and the Instantaneous Derivatives Functions [4].

The explanation for understanding this is relatively simple.
For example, a high-order Runge-Kutta universal numerical
integrator (see [10]) can learn very accurately the functions of
instantaneous derivatives and in the simulation phase (after the
supervised training phase) can be varied its integration step, since
the functions of instantaneous derivatives are independent of the
step of integration. However, a Euler-type universal numerical
integrator must necessarily learn the mean derivatives functions
to override the integrator error (see Figure 1) and no longer the
instantaneous derivatives function. As can be seen in Figure 1, if
the Euler-type universal numerical integrator learns the function
of instantaneous derivatives it does not cancel the learning error
and ceases to be a universal approximation. Thus, the Euler- type
universal numerical integrator cannot vary the integration step
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in the simulation phase because the mean derivatives functions
depend on the integration step that is in the interval [tk, tk+1]
(see Figure 1 again). An intermediate-order universal numerical
integrator, for example, a second-order Adam- Bashforth, will have
to learn something intermediate between the mean derivatives
functions and the instantaneous derivatives functions to nullify
its error (see [11]). Therefore, these intermediate-order universal
integrators are likely to have problems of varying the integration
step in the simulation phase but will still be highly accurate [4].
In Tasinaffo & Rios Neto [15] a brief description of the Euler
Neural Networks can be found, with problems for application in
Aerospace Engineering. In Tasinaffo & Rios Neto [16] the Euler
Neural Networks are applied in a predictive control structure
proving its efficiency and applicability in Control Theory. There
is still no application of Euler Neural Networks in adaptive
control structures nor in IMC (Internal Model Control) structures.
In Tasinaffo [17] it is perhaps the main reference existing in
the literature on the Euler Neural Networks. In this paper it is
mathematically demonstrated that the Euler integrator, designed
with mean derivatives functions, is an exact and discrete solution
for autonomous non-linear dynamic systems. A summary of
this mathematical proof can also be found in Tasinaffo [15].
In Figueiredo et al. [18] the Euler-type universal numerical
integrator is designed, using a Mamdani-Type fuzzy inference
system proving its generalization capacity. In Tasinaffo [19] a
continuous approach is proposed for Euler universal integrators
designed with mean derivatives. However, this approximation is
only valid for non-linear dynamics without the presence of control
variables.

We can say that the first work on universal numerical
integrators is credited to Wang & Lin [10]. There is also a very
interesting work by Lagaris et al. [20], dealing with the resolution
of ordinary and partial differential equations through artificial
neural networks. However, before 1997 there is nothing about
universal numerical integrators. Before 1997 there are many
papers involving only high order numerical integrators and many
other works involving only universal approximations of functions,
but articles combining these two mathematical concepts does not
exist at all. The application of these universal integrators in Control
Theory can be wide and very promising, although there are only
three articles in this respect (see [12,16,21]). The first theoretical
discussion about the possibility of using universal numerical
integrators in Control is presented in Rios Neto [21]. References
Tasinaffo & Rios Neto [12,16] are already able to present practical
experiments. Comparing references Tasinaffo & Rios Neto [12,16]
it is easy to see that the control policy, estimated for particular
problems involving Aerospace Engineering, is noisier in the mean
derivatives methodology than in the instantaneous derivatives
methodology. However, the authors of this article do not have
a plausible explanation for this. There is also a very recent and
interesting article (see [22]) in which it is also mentioned the use
of the Euler and Runge-Kutta universal integrators coupled in
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neural networks for the adequate treatment of nonlinear dynamic
systems. Finally, for an in-depth mathematical understanding of
Euler Neural Networks, it is necessary at least to read the following
references (preferably in this order): [4,15-19] that is, from the
easiest to the most difficult reference. To conclude this section, it
should be mentioned that articles involving universal numerical
integrators of type (ii) and (iii) are very rare.

Conclusion

The main advantages of using a numerical integrator with a
universal approximation of functions are
a) To allow variation of the integration step in the neural
simulation phase and
b) To facilitate the training of the neural network used.

However, only higher order integrators satisfy item (a).
Therefore, Euler-type universal numerical integrators do not
allow step variation but are easier to train than the NARMAX
methodology. In addition, some interesting benefits and/or
properties of the Euler-type universal integrator and its closest
competitor (NARMAX Methodology) are:
a.
When the integration step tends to zero, the mean
derivatives functions tend to the instantaneous derivatives
functions.

b.
The mean derivative is (see Figure 1), by definition, the
secant of the interval [tk, tk+1] in curve y i (t ) and at the same
time is the discrete and exact general solution for the dynamic
system y = f ( y, u ) .

c.
The general solution given by the mean derivative
functions in the Euler integrator, for the system of nonlinear
ordinary differential equations, is discrete and exact.
However, the empirical determination of the mean derivatives
functions through any universal approximation of functions is
approximate, but always possible within a desired error.
d.
The Euler-type universal numerical integrator designed
with mean derivatives functions has many applications in real
world problems, for example, it can be used to predict river
flows in river basins or to predict the formation of sunspots
from data obtained from observations of the past.
e.
The Euler-type universal numerical integrator with mean
derivatives functions can be designed within an error with
acceptable accuracy through supervised training with input/
output patterns using some kind of universal approximation
of functions such as artificial neural networks, fuzzy inference
systems, paraconsistent inference systems, among many
others.
f.
The major disadvantage of universal numerical
integrators is that the resulting mathematics is more
complicated because it involves two distinct mathematical
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concepts, namely, Numerical Integration Theory and the
Theory of Universal Approximation of Functions.

g.
The mathematical theory of Euler-type universal
numerical integrators is quite simple, since this integrator is
of the first order.
h.
There is a very significant difference between the
instantaneous derivatives and the mean derivative functions.
The instantaneous derivative functions are a purely theoretical
and mathematical concept, while the mean derivative functions
are a purely physical, empirical, and experimental concept.
The mean derivative functions can be determined directly
from a data acquisition system performed by a computer
connected to a real-world plant, whereas the instantaneous
derivative functions can only be determined indirectly.

i.
The authors of this paper have not yet come to a
consensus whether the mean derivative methodology is an
analytical method or a numerical method. It is analytical
because it is accurate, but it is also numerical because it is
discrete. The only discrete and exact method we know of is
this. However, to determine the mean derivative functions
in practice and in an exact way is a utopia and completely
impossible, but with the help of a universal approximation
of functions its accuracy can always be less than a desirable
maximum error and always not zero. Since it is necessary to
use a computer for this calculation, this methodology can be
considered predominantly numerical.
j.
The integration step of Euler neural networks need not
be infinitesimal and not very small. The integration step can be
any, even large. However, the longer the integration step, the
more difficult and time-consuming will be the neural training.

k.
The only methodology for modeling dynamic systems
through artificial neural networks widely diffused in the
literature is the NARMAX methodology. There are several
scientific articles on this, which uses this methodology widely
in predictive control, adaptive control and in IMC structures.

However, using the technology of universal numerical
integrators with conventional neural networks such as MLP and
RBF networks is not really very stimulating because the numerical
convergence of the decay of the mean square error is slow and
therefore requiring a lot of numerical processing time and
stoppage at undesirable local minima. On the other hand, using
them with emerging new technologies of neural networks such
as Deep Learning Neural Networks can really offer a future full of
expectations, especially in Neurocontrol.
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