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			Abstract

			A cantilever-type piezoelectric generator is analyzed under a harmonic excitation. The nonlinearity originates from the magnetic action at the free end of the cantilever. The electromechanical system is modeled as an integro-partial differential equation with nonlinear boundary conditions, a more reasonable model than those discrete models. Based on the distributed-parameter model, the length of the piezoelectric patch is designed. The electrical results are illustrated in detail for the first two vibration modes. It is revealed that the output performance can be improved for the automatically power generator with the designed results.
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			Introduction

			The power harvesting from ambient vibrations can be stored to support wireless sensors which are applied for temperature and humidity measurement and machinery acceleration monitoring. Such vibration-based generators can automatically transform mechanical energy into electrical energy to supply the maintenance-free, wireless electronics. The piezoelectric effect is an effective method of electromechanical transduction. Cantilever-type piezoelectric generators with piezoelectric patches have recently received increasing attention over the past decades [1]. 

			In order to capture more energy, nonlinear piezoelectric generators were proposed [2]. A cantilever subjected to nonlinear magnetic interactions is one of the mainly applied structures. Challa et al. [3] designed a power generator with tip magnets and experimentally measured the resonant frequency varying versus the transverse magnetic force. Cottone et al. [4] first proposed a bi-stable generator with magnetic nonlinearity, which can be changed into a mono-stable generator when the longitudinal magnetic force is small enough at the free end. These experimental results showed that magnetic nonlinearity could be utilized for exploiting vibratory energy widely available in many man-made systems. All the theoretical analyses in these nonlinear models above are based on a discrete model including the electromechanical coupling. Such oversimplified models will inevitably yield an error. Consequently, there should be a more reasonable distributed-parameter model for analyses.

			As far as the author knows, there are only a limited number of investigations on the basis of distributed-parameter models. Stanton et al. [5] used the method of modal expansion into the governing equation, numerically computed a set of ordinary 
differential equations and discussed the periodic and chaotic 

characters of a bi-stable generator. By applying the three-mode expansion to the beam displacement, Wichenheiser & Garcia [6] numerically illustrated the transfer function of the normalized power based on a nonlinear model where the tip magnet was attracted by a stationary ferromagnetic structure. The improvement in the range of low frequencies enables the system to harvest energy effectively from a broadband, stochastic excitation. An optimization procedure is applied to human walking and automobile driving motions [7]. Abdelkefi and Barsallo [8,9] Kim et al. [10] successfully employed one-term Galerkin truncation into the governing equation, an integro-partial differential equation. To the author’s knowledge, there have been no analytical results directly from the nonlinear distributed-parameter model without any truncation. The recent effort has been made on the analytical solution to the steady-state response of a cantilever-type piezoelectric generator. 

			The length of the piezoelectric patch is an important parameter to improve the generator’s performance. Different from a discrete model, the analytical result from the more reasonable continuous model can be devoted to theoretically design the piezoceramic length for all the vibration modes. Erturk et al. [11,12] was first interested in this problem. Considering the mass of piezoelectric layers, Abdelkefi et al. [13] investigated the effects of the piezoceramic length on both the natural frequency and the generated power. However, their experimental results are not comprehensive enough. In addition, their models are linear, without magnetic interactions. Based on the analytical results without any truncation, the author will also develop the conclusion on the design of the piezoceramic length from a linear model to a nonlinear model. 

			The rest is organized as follows. The governing equations of the absolute and the relative motion of a cantilever-type piezoelectric generator are respectively shown. Subsequently, the length of the piezoceramic layer will be designed to improve the output power for each vibration mode. Finally, this paper ends with summary remarks.

			Equations of absolute motion

			 Cantilevered piezoelectric generators recently received a great deal of attention. As is shown in Figure 1, the considered electromechanical system is composed of a cantilevered structure (Figure 1a) with an electric circuit (Figure 1b). The cantilever, clamped at a framework, is assumed to be a slender and uniform beam with a rectangular cross section. The tip proof mass is used to adjust the fundamental natural frequency to the working frequency. A cylindrical permanent magnet is fixed at the free end of the cantilever beam. The magnet, modeled as a portion of the tip lumped mass, is perpendicularly repelled by a same cylindrical magnet which is attached to the framework. An extremely thin piezoelectric ceramic patch partially covers the surface of the cantilever. Two electrodes cover the opposite transversal faces of the piezoelectric ceramic layer. The two electrodes will be connected to a resistive load to generate electrical energy. As is illustrated in Figure 1b, the circuitry includes a resistive load as well as an internal capacitance because the electrode pair brackets the piezoceramic layer. According to Kirchhoff laws, the circuit equation can be expressed as 
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			                                                                                                            Equation (1)
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			where the piezoelectric generator offers the current source, Ceq represents the equivalent capacitance, Req represents the equivalent resistance, Θ represents the electromechanical coupling coefficient, V(T) represents the voltage across the resistive load at the time of T, P(T) represents the power output, U(X, T) represents the transversal displacement of the cantilever whose clamped end is the original point, and X1 (or X2) represents the location of the most left (or right) end of the piezoelectric ceramic patch. 

			The applied cantilever beam is assumed to be made of Kelvin-Voigt visco-elastic material of viscosity coefficient Λ. A tip proof of mass mt (together with the tip magnet) is attached to the cantilever of mass mb, length L, Young’s modulus E, and area moment of inertial I. Since the electrode layer has an influence on the bending stiffness, the internal bending moment of the cantilever can be represented as 

			[image: ] (2)

			where the effect of the thin piezoelectric patch is supposed to be negligible. In Eq. (2), H denotes the unit step function (also known as Heaviside function), which is defined as the integral of the Dirac delta function. If 0 < X < L, the equation of motion is 
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			where g is the acceleration of gravity, and the Dirac delta function satisfies
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			The two applied cylindrical magnets are both with height Hm and radius Rm. The initial distance between them is symbolically denoted by Dm while the entire structure is just equipped. ρm is the residual magnetic flux density. Sm is the common area between the two magnets. μair is the permeability of air. The distance between the two magnets plays indispensable roles in generating nonlinear magnetic force. The repulsive force between the two cylindrical magnets was formulated in the form of 

			[image: ]    (5)

			where π is the ratio of circumference to diameter.

			The following is the boundary conditions at X = 0 or L. For a slender cantilever, the small tip magnet can be modeled as a point mass, and the magnetic force serves the nonlinear boundary condition at the right end of the cantilever. At its left end, the transversal position of the excited base is assumed to be Bsin(ΩT). Then the associated boundary conditions are given by

			[image: ]         (6)

			at X = 0, and

			[image: ] (7)

			at X = L. Eq. (7) gives the nonlinear boundary condition, which is dependent on time. It should be noted that the magnet at the base is also moving harmonically and serving the nonlinear boundary conditions. We make this assumption so that the entire generator works at a practical vibrating source (rail, road, or bridge), not in a laboratory.

			Introduce dimensionless parameters as follows.

			[image: ] (8)

			where e is the unit voltage (1 volt). From Eqs. (1), (3) and (8), the previous application of the Euler-Bernoulli beam theory yields the dimensionless governing equation, which is represented algebraically as 

			[image: ] (9)

			where the superscript prime represents the (partial) derivative of the preceding function taken with respect to its spatial variable x, and the overdot denotes the (partial) derivative over the time variable t. The corresponding boundary conditions are simplified as
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			where the non-dimensional magnetic force function is 
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			Equations of relative motion

			In the following, we will determine the equilibrium equation that is irrelative with time and establish the standard governing equation of motion around the equilibrium.

			From Eqs. (9) and (10), the equilibrium position [image: ] satisfies 
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			The solution to Eq. (12) is in the form of
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			where Ae satisfies

			[image: ]              (14)

			 Introduce a new coordinate transformation. 

			[image: ]          (15)

			Substituting Eq. (15) into Eq. (9) yields the standard governing equation of relative motion.
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			Substituting Eq. (15) into Eq. (10) yields the corresponding boundary conditions. 
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			Taylor series expansion method can be applied to deal with the nonlinear terms in the boundary condition (17). If the displacement is small, 
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			the following series expansion is valid

			[image: ]  (19)

			where j = 1,2,3,…
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			Solutions to Governing Equations 

			In the absence of all nonlinear terms and external excitation, the natural frequencies have been computed from the following equation [14].

			[image: ]          (21)

			The nth modal function with the condition [image: ] satisfies 

			[image: ](22)

			Figure 2 shows the first four modal functions. The considered parameters are L=0.48m, mb=2.56×10–2kg, mt=5.12×10–4kg, g=9.8067m/s2, E=3.81×١٠10Pa, I=3.6×10–13m4, Hm=0.002m, Rm=0.004m, ρm=1.1Tesla, Dm=0.3385m, Sm=5.0265×10–5m2 and μair=1.256×10–6H·m–1 [3]. The dimensionless values are c0=0.5084, d=0.15, h=0.004167, and η=0.02. The effect of tip mass on modal functions are illustrated in Figure 2 with η = 0.02, 0.2 and 0.5. It can be found from these figures that there are different numbers of points of inflection for different vibration modes.

			Then the nonlinear steady-state response at the nth resonance can be expressed in the form of [14]

			[image: ](23)
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			where θn stands for the phase angle, the new functions with respect to x are
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			and an represents the amplitude of the first-order approximation to the steady-state motion, satisfying
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			where
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			The output voltage is approximately
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			where 

			[image: ] (28)

			Then vn represents the approximate amplitude of the simple harmonic voltage of the steady-state response. Consequently, the average value of the power output approximately satisfies
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			Results and Discussion

			When the electrical load is specified, and the magnetic parameters are well defined, the piezoceramic length is an interesting parameter. According to Eq. (25), the response amplitude satisfies
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			From Eq. (28) through (30), for different excitation frequencies, 
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			 The length of piezoceramic layer is designed according to the peak average (32) of power output. The maximum of peak average of power output is pursued. Now we regard the peak values (30) through (32) as three functions of x1 and x2. If the difference of the slopes of the modal function at two ends of the electrodes is zero, the maximal peak of the response amplitude (30) occurs. At the same time, it can be found from Eqs. (31) and (32) that the electrical response is continuously zero due to the charge cancellation. In the opposite position, the maximal peak of output voltage or power occurs when the difference of the slopes of modal function at two boundaries of the electrode pair approximately satisfies 
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			At the clamped end, the slope of the modal function is always zero at the original point. Let x1 = 0 in general. Then there would be a superior performance to generate electrical energy if the electrode pair covers (0, x2) where the right boundary of the electrode pair satisfies

			                [image: ]              (34)

			  

			The considered dimensionless parameters are α = 0.0005, β = 0.0001, c0 = 0.5084, d = 0.15, h = 0.004 167, η = 0.02, c = κ = 0.000 001 and θ = 0.0002 [14]. In the first resonance region, the electromechanical coupling coefficient is large enough, and the solution to Eq. (34) is x2 = 0.2839. Then the comparison between two piezoelectric intervals (0, 0.2839) and (0,1) is made on the frequency-voltage and frequency-power curves in Figure 3. The solid lines represent the designed results. The dashed lines represent those results when the piezoelectric patch is covering the entire cantilever. It can be observed that the curves with a designed piezoceramic layer will have a larger peak of the average value of power output or the amplitude of the output voltage. Then the designed piezoelectric generator will have a larger electrical output from the high-energy attractors in a small range of frequency. On the contrary, it is necessary to avoid the low-energy attractors.
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			At present, the problem on the length of the piezoelectric layer seems to be solved. Unfortunately, there is no solution to Eq. (34) in the interval (0, 1] for the second mode. As a matter of fact, there will always be no solution to Eq. (33) for a small electromechanical coupling coefficient. Then the produced electrical energy strongly depends on the difference of the slopes (33). If the difference (33) at two boundaries of the electrode pair is zero, the output voltage or power vanishes according to Eqs. (31) and (32). The physical reason is the existence of the strain nodes where the curvature eigenfunction of each mode shape of the cantilever changes sign. The strain nodes of each vibration mode are defined as the points of inflection of the respective modal function. For diverse ratios of the tip mass to the mass of the cantilever beam, Figure 4 illustrates the position of strain node of the first two mode shapes where Equation (35)

			                                    [image: ]                        (35)

			 In Figure 4, the solid lines, the dotted lines, the dot-dashed lines and the dashed lines respectively represent the ratio 0.02, 0.2, 0.5 and 1.0. As is known to all, if the initial distance d between two magnets is very large, the magnetic nonlinearity will be ignorable. It can be remarked from Figure 4a that there is no strain node in the open interval (0,1) at the fundamental mode of a linear cantilevered piezoelectric generator. Then the strain distribution along the length of the cantilever is in phase in the first mode shape. The electrodes may cover the entire cantilever in the test of the fundamental mode. This conclusion completely coincides with that obtained experimentally by Erturk et al. [12]. Compared with a linear piezoelectric generator, an extra strain node might exist for a nonlinear cantilevered piezoelectric generator with a small ratio of the tip mass to the beam mass. The newly-born strain node is useful when the electromechanical coupling coefficient is small enough. Then it might be optimal that the piezoceramic layer covers the interval (0, s1) or (s1, 1), while the continuous electrodes covering the entire cantilever will inevitably lead to a charge cancellation. From Figure 4b, there is only one strain node in the open interval (0, 1) for the second mode. However, there will be at least two nodes for higher-order modes. Then it might be optimal if the piezoelectric patch is placed between two nodes.

			 As is stated previously, to avoid the cancellation of the electrical output of the cantilevered piezoelectric generator with weak electromechanical coupling, the piezoceramic layer should be placed between two adjacent strain nodes. Then the optimal design for the second mode will be the region (s2, 1) because one is also a strain node. The strain node s2 is equal to 0.2200 if the considered dimensionless parameters are same with Figure 3. Figure 5 illustrates the comparison between two piezoelectric intervals (0.22,1) and (0,1) at the second primary resonance. It can be concluded that the optimized piezoelectric generator will have a wider band of frequency as well as a larger electrical output.
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			After all, the optimal length of the piezoceramic layer is different for different primary resonances. When the electromechanical coupling coefficient exceeds the respective critical value (changing with different resonances), the effect of the coupling terms on the response amplitude should be taken into consideration. The difference of the slopes of the modal function at two boundaries of the electrode pair should satisfy Eq. (33). For a nonlinear piezoelectric generator, the electrical output from the high-energy attractors might be optimal. For quite a small coupling coefficient, there will be no solution to Eq. (33) in the interval [0, 1]. Then the larger the absolute value of the difference of the two slopes, the better the output performance. The maximal value might occur in the interval between two strain nodes, or between one strain node and one end of the cantilever. All these designed results are on the length of a single piezoceramic patch and an electrode pair. Using more finely segmented electrode pairs will result in a larger electrical output [15]. In particular, the application of segmented electrode pairs will yield much more electrical output for a cantilever-type piezoelectric generator with strong electromechanical coupling.

			Conclusion

			The present work investigates a cantilevered piezoelectric generator with nonlinear magnetic boundary conditions. An approximate solution to the governing equation is pursued without any truncation. The length of the piezoelectric layer is designed directly from the integro-partial differential equation. The problem is associated with the strain nodes of each vibration mode. In the fundamental mode, there is no strain node between both ends of a linear piezoelectric cantilever, while an extra node might exist in the nonlinear generator. Then the continuous electrodes covering the entire cantilever will lead to a charge cancellation. 

			To avoid the charge cancellation, the electromechanical coupling coefficient plays a key role on the design of the optimal piezoceramic length. For a cantilevered piezoelectric generator with weak electromechanical coupling, the devised length strongly depends on the bending strain distribution. The electrodes should be located between two adjacent strain nodes, or between one node and one end of the cantilever. When the coupling coefficient exceeds a critical value, the electrical output might be optimal if there is a right difference of the slopes of the modal function at two boundaries of the electrode pair. 
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			Figure 5: Weeding robot designed by university of Helmstad in Sweden.

		

	OEBPS/image/Image98343.png
L
rpm:[n+ me]\/mlrw <l (1)1 ()
I

v, <0, %

a(m’r'm:)[nm:—m:i»:ax]we'\ﬂ;(m—m(x.)f
|





OEBPS/image/Image98182.png
u(x)=4,(1.57 -0.57)





OEBPS/image/Image98220.png
2(0,1)=2'(0,1)=2"(L1)=0,
2"(Lt)+@z"(Lt)=nZ(L1) -npe’ sin(ot)+ 34, - F(d+4, +2(Lt))





OEBPS/image/Image98190.png
F(d+4,)=34,  (|4|<d)





OEBPS/image/Image98228.png
z(Le)<<|d+4)





OEBPS/image/Image98199.png
2(x.t)=u(x,t)-u(x)- fsin(ot)





OEBPS/image/Image98236.png
34, -F(d+4,+
2(Le))=
1)) =F (d+4,) - F (d+4, +2(L1))
2(L1))=
0)= e (19)]

=





OEBPS/image/Image98210.png
+ 2"+ az=ov[8'(x—x,) =& (x—x) [+pe? sin(ar), cv+Y= s’f EX





OEBPS/image/Image98334.png
fo,(1+67°a)| [qu,,dx]

<~

alteera) mot e[ [+ro T4, )4 0T





OEBPS/image/Image98174.png
I=,

" (x)=u(0) = |
)=u(0)=u'(0)=u"(1)=u"(1)+F(d +u(1))=0





OEBPS/image/100241.png
@ (s,)=0, 0<s, <1





OEBPS/image/Image98252.png
(7% —c,)(cos @, shJ@, —sin @, ch @, ) + o} (1+cos Ja, ch @, ) =0





OEBPS/image/Image98302.png
r, :2m[q+]fm],r :ur]ny’facmgam’_jf_ﬂx %
L AT AL ERRE PUT: B :b(mjmx]

D= 1+cra] z+c






OEBPS/image/Image98107.png
E A
w(Da) Z
s
(R + )
L)
1
"
1
2

Byt HY
%
(Da+28,)
(Da+H.)





OEBPS/image/Image98350.png
1y
et (et 7= o] <) o
PShyx L

ool - e -





OEBPS/image/Image98075.png
av(1) v(T, %, 8U(X.T)
Ca (r) nn_ j (”)dx P(T)= E' 0<X,<X,<L





OEBPS/image/Image98357.png
o (1+ 7
6

) (o) = —c,m:}n:ax)





OEBPS/image/100129.png
0.00 0.08 0.16 0.24

(a) For the first mode shape

Figure 4: The strain nodes of the first two mode shapes.

- = L0 —-= 705

0.22 - 70.2 70.02
0.210
0.00 0.08 016 024
d

(b) For the second mode shape






OEBPS/image/Image98327.png
1t v r80l g o
. uVl"“‘;*iz(mz,z.,,g)""[“‘"(") ()]





OEBPS/image/Image98167.png
u(x)





OEBPS/image/Image98282.png
PR N Y el Y el Y Gt Rt Y e W Y e wia]

o i) 2o

o e, - 20, b )





OEBPS/image/Image98259.png





OEBPS/image/100203.png
—(022.1)
== (0.1

05 00 05 10
o-a,
(=) The frequency-voltage curves

Figure 5: The second primary resonance.

—21
== (0.1

(b) The frequency-power curves






OEBPS/image/Image98119.png
U(X.T)=Bsin(QT),






OEBPS/image/Image98144.png
iiu il = 6] (x-x) - 8 (x—3)], e+ =6 itdx, p=
r % ST






OEBPS/image/99883.png
Lo Lo
v 7002
0.0
Eoos & a0
-2.0
0.0 -3.0
00 02 04_06 05 Lo 00 02 04_06 08
X X
(a) The first modal function (b) The second modal function
48 v ros 64y 002
. — 02
24 A 058
< 0.0
24
-4.8

00 02 04 06 08
x

Figure 2: The first four modal functions.

(¢) The third modal function

(d) The fourth modal function|






OEBPS/toc.xhtml

		
			
						
					CoverImage
				


						
					RAEJ.MS.ID.555629
				


			


		
	

OEBPS/image/Image98136.png
(X -4Lx 46 )+4m,gLY (31. 0
2UET






OEBPS/image/Image98160.png
F(d)=c,[d?+(d+20)*~2(a+1)" ]





OEBPS/image/Image98365.png
1
o -]
|





OEBPS/image/Image98266.png
sin o+, ) cos(s ) -ch o | {conf + ) o) s )
(snfa +a ) by ol s

i (x) =





OEBPS/image/Image98090.png
%[s#ﬂ];;f T’}maw$'7)+m'?‘a!;f;'r”:w(ﬂ[ﬂ();&) ’u(:{,;x’)]





OEBPS/image/Robotics-1.png
: Robotics & Automation
@ Engineering Journal

It 26772805





OEBPS/image/Image98098.png
J(X):{

0 X#0
40 X=0





OEBPS/image/JP_Logo_for_web_310x90-01(1).jpg
UBLISHERS
y to the Researchers





OEBPS/image/Image98274.png
2(x.6)=a,d, (x)cos(or—8,) +0. Sc,afl:m(x)cus(anZﬂ)fﬁ}+o(a:)+---





OEBPS/image/Image98311.png
v(t)~
V,COS[M
, +are
o570,

N






OEBPS/image/100002.png
9 ——(0,02839)
--©y .7
6
3
0
-0.08 0.00 0.08 0.16
o-a

(=) The frequency-voltage curves

Figure 3: The first primary resonance

4.50x10°

——(0,0.2839)
-- 0y

3.00x10°
5
1.50x10°
0.00
-0.08 0.00 0.08 016
-

(b) The frequency-power curves






OEBPS/image/Image98082.png
8'U(x.T) +Ne’U(XJ)
My

M(X.T)=EI
(x1) ax’er

~ov(r)[a(x—x,)-#(x )]





OEBPS/image/Image98151.png
u(0.¢)=Bsin(at).  u'(0.f)=u"(11)=0,
nii (1,t) =u" (Lt) + eii” (1,t)+ F (d — Bsin (o) +u(L1))





OEBPS/image/Image98291.png
2
! +[T, (0-0,)-Ty, ~T,a: ] @ =o',





OEBPS/image/Image98319.png





OEBPS/image/RAEJ.jpg
Robotics & Automation
Engineering Journal





OEBPS/image/Image98128.png
SU(X.T)
D),
ar

L FUCLT) L SU(XT) | dU(xT)
Es ax?

s —me+ (D, Bsa(0T)+U(X.T))






OEBPS/image/Image98243.png
=6 (1)) (A A4) T (28] 2(d 4+ 0)






OEBPS/image/99769.png
() The cantilevered structure (b) The electric circuit

Figure 1ab: The electromechanical system.






