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Introduction

Flows via stretching surface occur in chemical compound 
technology, extrusion method, paper manufacturing, optical 
fiber production, plastic producing, rubber sheets production, 
and other fields. Sakiadis [1,2] pioneered the investigation of 
fluid boundary layer across a horizontal plate with constant 
speed. Elbashbeshy [3-9] probed the effects of injection/suction 
and thermal radiation on fluid boundary layers above steady/
unsteady and exponentially stretching surfaces.

Velocity/thermal layers of different fluids above a radially 
expanding surface were analyzed by Ramly et al. [10], Soid 
et al. [11] and Butt et al. [12]. Makinde et al. [13] looked at the 
combined influence of thermal radiation, Brownian motion, MHD 
and changing viscosity on nanofluid boundary layer above a 
surface extended radically, whereas Mustafa et al. [14] looked at 
velocity profile of nanofluid above a surface expanded radically. 
In addition, Hayat et al. [15] investigated Jeffrey fluid across a 
surface expanded radically affected by certain physical properties.

All prior research was limited to fluids with invariant viscosity. 
This feature varies often with temperature. Elbashbeshy and Bazid 
[16] discussed the impact of viscosity, as a function of temperature,  

 
on heat transmission across a mobile surface. Hossain et al. 
[17,18] investigated spontaneous convection flow across different 
surfaces for fluids with viscosity and thermal conductivity as 
functions of temperature. Molla and Hossain [19,20] probed 
natural convection streamline flow with viscousness and thermal 
conductivity as functions of temperature on a vertical wavy 
surface. Elbashbeshy [21] discussed the influence of viscosity, 
as a function of temperature, on fluid flow above a vertical plate 
under the impact of some parameters. Temperature-dependent 
viscousness on unsteady MHD fast decelerating flow through 
a wedge was explored by Ajay and Srinivasa [22]. The effect of 
changing viscosity on free convective fluid flow across a vertical 
plate was investigated by Elbashbeshy [23] in the presence of 
many conditions such as a magnetic field and radiation. The 
impact of viscosity, as a function of temperature, on boundary 
layer flow and heat transfer above a continuously moving vertical 
surface is presented by Ali [24].

The goal of this research is to look at how viscosity, as a 
function of temperature, and thermal radiation affect fluid 
velocity/thermal profiles over a radially expanding surface in the 
presence magnetic field.
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Mathematical formulation

Affected by thermal radiation, two-dimensional, steady, 
and laminar boundary layer flow above a radically expanding 
surface investigated. As indicated in Figure 1, a coordinate system 
selection is made. The surface is stretched radically, along r −

direction, with velocity ,U arw = where 0a >  is that the rate 

of stretching surface. The Z −  direction is perpendicular to the 

r − direction. The surface is defined by 0z =  and the flow are 
permitted only above it. A uniform transverse magnetic field 

of strength 0B is implemented in Z − direction, The magnetic 
Reynolds number is taken to be small enough so that the induced 
magnetic field can be neglected.  The fluid is assumed to have 
constant physical characteristics, with the exception of fluid 

dynamic viscosity [ ]Tµ , which is supposed to be a function of 
fluid temperature T defined by [22]
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( ) , ,

1 ( ) ( )
T T TeT T T T

µ µ
µ

γ γ γ
∞ ∞= = = −∞+ − −∞ ∞                         (1)

where µ∞ is the ambient viscosity of the fluid, γ  is a 

thermal property of the fluid and T∞  is the ambient temperature 
[16,23,24]. 

The dominant equations of the problem are:
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where  ( , )u r z and ( , )w r z represent fluid velocity 

components in the r − and Z − directions, respectively, σ  is the 
electrical conductivity , α  is the thermal diffusivity of the fluid, 

and  ρ∞  is the fluid. The  equations (2-4) are controlled by:

( , 0) ,u r Uw= ( , 0) 0,w r = ( , 0) ,T r Tw=                         (5)
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where Uw  and Tw are the surface stretching linear velocity 

and the surface constant temperature, respectively.

The radiation is approximated by
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where *σ is Stefan’s constant and λ  is the absorption 

coefficient. It is assumed that 4T is approximated linearly about   

T∞ by neglecting the higher orders of its Taylor’s series to get

4 3 44 3 .T T T T= −∞ ∞       	                                                                                                                                             (8)

Now, equation (4) becomes
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 Equation (2) is contented by a suitable choose of ( , )r zψ
such that
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Introducing the similarity transformations
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converts the partial differentia equations (3) and equation (9) 
into the ordinary ones:
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where /R rU ve w= ∞  is Reynold number, v∞   is the ambient 
kinematic viscosity of the fluid, the primes refer to the derivative 

of a function with respect to η , ( ) / ( )T T T Te e wθ = − −∞ ∞  

is the variable viscosity parameter, 2 /0Bξ σ ρ= ∞  is the 
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magnetic parameter, Pr
v

α
∞=  is Prandtl number and 

316 * / 3R T cpσ αρ λ= ∞ ∞   is thermal radiation parameter. 
Also, the similarity transformations, introduced in equation (11), 
turns the boundary conditions, given in equations (5-6), into the 
following form
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	                                          (14)

The important practical quantities are the skin-friction 

coefficient, C f , and the Nusselt number, Nu, defined by
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where ( / ) 0u zw zτ µ= ∂ ∂ =   is the shear tension on the 

surface and  ( / ) 0q k T zw z= − ∂ ∂ =  is the heat flow at the 
surface. By using equation (11), the modified forms of quantities 
of equation (15) are
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Numerical Procedure

The boundary value problem (12-14) is converted to an initial 
value one defined by:
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(0) ,5 2x s=                                                                 (18)

where ( ), ( )1 4x f xη θ η= = and the constants 1s  and 

2s are parameters that must be addressed during the solving 

procedure.
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Where 1( ) [ ( )X xη η=    2 ( )x η   3 ( )x η      4 ( )x η     

5 ( )]x η  and   maxη  used as an adaptation for η → ∞ .

Two distinct orders, o  and 0̂ 0 1= + , of Runge - Kutta 

formulae are considered. The procedure produces a set Xn

approaching ( )X nη  for  0 max0 1 nη η η η= < < ⋅ ⋅ ⋅ < = . 

Possible forms of ( )1X nη + with orders o  and  0̂ 0 1= + are
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respectively, where ,1 d dn n nnη η= ++  is a step size to be 

adapted later to control the accuracy of approximation, 1S ≥  is 
positive integer,
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And 1, 2, , .j s= ⋅ ⋅ ⋅  Using 4O =  and 7S = , Bogacki 
and Shampine [25] describe how to evaluate the coefficients 

ˆ, ,a b bj jjk   1, 2 ,j S= ⋅ ⋅⋅ , to yield the efficient set of formulae 

1Xn+  (4th order) and ˆ
1Xn+    (5th order).

The 

( ) [ ( ) ( ) ( ) ( ) ( )]max max max max max max51 2 3 4X X X X X Xη η η η η η=  is 

created using the parameters 1S and 2S . Solving the equations 

( ) ( ) 0max max1 4x xη η= =  yields the values for these 

parameters. The value of  maxη is gradually increased until the 

largest difference between any two consecutive values of 1S  

and  2S is less than the necessary accuracy  τ . The difference 
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between the two formulae 1Xn+  and ˆ
1Xn+ is

1en =+
ˆ .1 1X Xn n−+ +                                                                                                                      (22)

Achieving the condition 1en τ≤+  makes the final 

approximation of ( )1X nη + to be 1Xn+ or 1Xn+ . If the condition 

is not satisfied, then 1en+ is utilized to adjust the step size dn to 
be

1/0
ˆ .

1
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τ
=

+

 
  
 

	                                                                                                                            (23)

which is used to estimate the new values of 1Xn+  or  ˆ
1Xn+  

till 1en τ≤+  is reached.

Results and Discussions

On surface, the viscosity is defined by

11 e

µ
µ

θ
∞= −−

.

Obviously, when the value of θ approaches infinity, the 

value of μ approaches µ∞ This demonstrates that as the value 

of θ  approaches infinity, the fluctuation of fluid viscosity is 

insignificant. Also, as the value of eθ  approaches zero, the 

drift of fluid viscosity is clear. The viscosity parameter, eθ , 

cannot be settled between zero and one. For 0T Tw − >∞ , the 

condition for gases is eθ >1, whereas for liquids it is eθ <0. For 

0T Tw − >∞ , the situation is reversed [16, 23, 24].

Figures 2 and 3 depict the fluctuations of skin friction 

coefficient, 2 ''(0) / ( 1)fe eθ θ − , and Nusselt number, 

(1 ) '(0)R θ− − , with regard to eθ . By raising eθ , the quantity  

2 ''(0) / ( 1)fe eθ θ −  rises while the quantity (1 ) '(0)R θ− −  falls.

The impact of eθ on thermal profile is rendered in Figure 4. It 

has been found that when eθ grows, the thickness of the thermal 

boundary layer grows too. Recognize that a bigger eθ indicates 
a greater temperature gradient between the surface and the 
ambient fluid. As a result, convective heat transport accelerates. 

The velocity profiles for various values of eθ  are graphically 
displayed in Figure 5. Velocity distribution is reduced when 
the viscosity parameter is enhanced. Recognize that a grow in 
viscosity correlates to a grow in flow resistance, which suppress 

the fluid’s velocity (Figure 2-7). The magnetic parameter, ζ  , is 
critical for managing fluid velocity/thermal layers in addition 

to surface skin-friction/heat-flux. The values of 
2 ''(0)

( 1)

fe

e

θ

θ −
 and 

(1 ) '(0)R θ− −   decrease as ζ    increases, as seen in Figures 6 
and 7.

Figure 1: The problem schematic.
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Figure 2:  Negative impact of eθ  on 2 ''(0) / ( 1)fe eθ θ −  at Pr 0.73, 0.5R= =  and ζ  .

Figure 3:  Impact of eθ  on (1 ) '(0)R θ− −   at  Pr 0.73, 0.5R= =  and ζ  .

Figure4: Impact of eθ  on thermal profile at  Pr 0.73, 0.5R= =   and ζ  .
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Figure 5: Impact of eθ  on velocity profile atnd ζ  .

Figure 6: Negative impact of ζ  on 2 ''(0) / ( 1)fe eθ θ −  atnd eθ .

Figure 7: Impact of  ζ  on (1 ) '(0)R θ− −  at Pr 0.73, 0.5R= =   and    eθ  .
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As raising the values of ζ , the fluid velocity boundary layers 
are reduced, as seen in Figure 8. On the other hand, enhancing 

the values of ζ   increases the thickness of the thermal boundary 
layer, as seen in Figure 9.

The Prandtl number is a dimensionless quantity that 
connects viscosity and thermal conductivity in a fluid. As a result, 
it assesses the link between the motion of a fluid and its heat 

transfer capacity. As shown in Figures 10 and 11, increasing the 

Prandtl number, Pr , increases the values of 2 ''(0) / ( 1)fe eθ θ −

and (1 ) '(0)R θ− − . Recognized that a higher Prandtl number 
fluid has a lower thermal conductivity (or a higher viscosity). 
For a larger value of Pr , the fluid thermal boundary layer will be 
thinner, as shown in Figure 12. and the surface heat flux will be 
higher, as shown in Figure 11.

Figure 8: Impact of ζ  n velocity profile at Pr 0.73, 0.5R= =   and   eθ .

Figure 9:  Impact of  ζ  on thermal profile at Pr 0.73, 0.5R= =   and   eθ .

Given that raising the Prandtl number lowers the fluid 
temperature, which is inversely proportional to dimensionless 

viscosity, 
µ
µ∞

. As a result, a drop in fluid temperature causes a 
littler is in dimensionless viscosity, and hence a small increase 

in viscous forces that impede fluid motion. This explains why a 

grow in Pr causes the quantity 2 ''(0) / ( 1)fe eθ θ −  to increase 
somewhat, see Figure 10, and the fluid velocity to drop slightly, as 
shown in Figure 13.
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Figure 10: Negative impact of  on  at, and  ζ .

Figure 11: Impact of  on  at, and  ζ .

Figure 12:  Impact of  on thermal profile at  eθ , and ζ .
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Figure 13:  Slight impact of  on velocity profile at  eθ , and  ζ .

Figure 14: Negative impact of  on  at  eθ ,  Pr  and ζ .

Figure 15: Impact of  on  at  eθ , Pr   and ζ .
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Figure 16: Impact of  on thermal profile at eθ , Pr   and ζ .

Figure 17: Slight impact of  on velocity profile at  eθ and ζ .

 The thermal radiation parameter, R, may be utilized to 
efficiently manage the thermal boundary layers. Figures 14 and 

15 show that raising R causes the value of 2 ''(0) / ( 1)fe eθ θ − to 

increase and the value of (1 ) '(0)R θ− −  to decrease.

As a result, increased thermal radiation lowers fluid 
temperature. Therefore, a drop in fluid temperature causes a 
little rise in dimensionless viscosity, and hence a small increase 
in viscous forces that impede fluid motion. This explains why an 

increase in thermal radiation, R, causes the quantity 
2 ''(0)

( 1)

fe

e

θ

θ −to increase somewhat, see Figure 14, and the fluid velocity to drop 
slightly, as shown in Figure 17.

As seen in Figure 16, raising the thermal radiation parameter 
lowers the thermal boundary layer. These out comes are consistent 
with predictions, because a reduction in λ is associated with a 

grow in R. It is known that when λ falls, the rate 
qr

r

∂

∂
increases, 

i.e., increasing the rate of radiative heat displaced from the fluid so 
the fluid temperature is lowered.

Conclusion

The goal of this article is to use numerical modeling to 
examine the influence of viscosity, as a function of temperature, 
and thermal radiation on fluid velocity/thermal layers above a 
radially expanding surface in the presence magnetic field. The 
findings are visually displayed. It has been discovered that:
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1.	 Variable viscosity and magnetic field reduce fluid 
velocity while raising fluid temperature.

2.	 The velocity and thermal profiles are reduced by 
growing Prandtl number or thermal radiation.

3.	 Surface shear stress is minimized by lowering viscosity, 
Prandtl number or thermal radiation and raising the magnetic 
value.

Data availability Data are available on request due to privacy 
or other restrictions.
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