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			Abstract

			Faulting, folding and subduction zones are the result of forces exceeding the strength of the rock in the earth crust and mantle, hence, if the yield/failure limits can be determined, the maximum value of the acting force is established. The rock strength for various temperatures and stress ratios is defined by the Mohr envelope and accepting that the vertical stress component can either be the minimum or the maximum principal stress, the limits of the maximum or minimum principal stress can be determined. By combining these values with the temperature gradients, thermal models and density variations the yield envelopes are determined and illustrated for a base case, a thermal, collision and subduction model. For verification of the results obtained the yield envelopes are transposed onto pressure temperature values of known metamorphic facies diagrams as well as a comparison between predicted and actual seismicity in subduction zones.
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			Introduction

			Faulting, folding and subduction zones are the result of forces exceeding the strength of the rock in the earth’s crust and mantle hence, if the yield/failure limits are determined, the maximum value of the acting force is defined. By including the load line of the system, it is also possible to predict possible stress drops for seismic areas. The yield limit of a rock mass is a function of a number of factors which need to be considered which are:

			
					Rock strength, three-dimensional, at a range of expected temperatures.

					Load line of the system.

					Rate of change of the vertical stress component with depth.

					The temperature gradient and the rate of change with depth.

					Density of the rock mass and its change with depth.

					The Poisson’s ratio and its change with temperature.Individually these quantities and functional relationships have been established from measurements and empirical relationships. The common parameter is the temperature and if a functional 

relationship can be established between the listed components with temperature it is possible to calculate the required yield 
values for a range of rock types and depths below surface. This article maps out a methodology that uses the above concepts to determine the yield limits for any rock type for a variety of temperature gradients. The individual functional relationships are based on realistic constants, but it is not assumed that these are the same for each and every case; they can be modified and improved upon as more information becomes available and refinement of the methodology. The yield limits or rock strengths in a two or three- dimensional stress field for various temperatures can be represented by the Mohr envelope which is defined by the principal and shear stresses. The slope of the envelope differs for various temperatures, generally flattening as it increases.
The vertical stress component in the earth crust is a function of the density of the rock mass times the depth and is for the present discussion considered an absolute quantity. The inter-relationship of the remainder of the variables listed have been established empirically. The discussion commences with establishing the relationship between the depth-temperature gradient and the vertical stress component and is fundamental to the methodology. The methodology further combines the remaining variables to calculate the yield limits as detailed in the first section. To illustrate the use of the methodology a series of examples are discussed generally of interest in tectonic history.


			

			
					Base case model

					High temperature gradient

					Collision zones

					Subduction zonesFor each example the sustainable maximum force, or yield limit, is given over a relevant depth range and to test the veracity, the findings are plotted on existing metamorphic facies pressure-temperature diagrams and in the case of the subduction zone, seismic activity is incorporated. The term force/pressure used in the literature is insufficient to describe the state of stress in a continuum and the concept of principal and shear stresses have to be included. The definition of a principal stress is the orientation where the shear stress is zero. The principal stresses are further defined as maximum, intermediate and minimum in three dimensions. A knowledge of the principal stresses is sufficient to determine the yield limits.
Definition of Failure and Yield
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A reduction in resistance after peak strength has been reached is termed brittle behaviour while for plastic response the plastic yield strength is maintained with increase in displacement. Yield in terms of the stress only does not describe the full process since the load line of the system has to be included, Kersten [1]. Figure 1 depicts the concept of brittle, plastic and stick slip mechanisms in terms of yield strength and the load line of the system. With increase in the acting forces, the load line progresses until the yield point is reached. For a brittle material, top curve in Figure 1, the displacement will follow the yield curve of the brittle material along which it will continue. The reduction in stress is a direct measure of the seismic stress drop and, in the process, energy is released, the amount dependent on the negative slope and extent of the material and the slope of the load line. For a plastic material, when the yield point has been reached, it will follow the yield line of the material. (Middle curve). Stick-slip occurs when there is strain hardening due to geometrical or temperature changes increasing the plastic yield limit until “brittle’ yield occurs, releasing energy in the process, bottom curve.
Defining the Tectonic Yield Envelope
The Mohr envelope is defined by:
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Where τ=Shear stress; c=Cohesion; φ=Angle of Mohr envelope. Figure 2 is a diagrammatic example of two Mohr envelopes for temperatures T1 and T2 for the same rock type. Note that the intercept ignores the cohesion value as it is insignificant compared to the stress values encountered in the earth crust. The envelope is fully defined by the minimum (σ3) and the maximum (σ1) principal stress while the shear stress is defined by the equation. Knowing the slope of the envelope and one of the principal stresses two alternative Mohr circles can be constructed; if the known value is the minimum then the alternative must be the maximum principal stress (σ1) and is determined by increasing the Mohr circle until it touches the envelope. The converse is true for if the known stress is the maximum, the minimum principal stress (σ3) is obtained by constructing the Mohr circle to the left there of (Figure 2). For any known vertical stress component either of the two options can be calculated and the ratio between them established. For instance, for the vertical stress of 120MPa, the minimum principal stress is 50MPa, a ratio of 50/120. For the alternate the maximum principal stress is 750MPa, a ratio of 750/120. If the vertical stress is not a principal stress, then the two alternative minimum or maximum values will lie between the two maxima and minima values obtained.
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The vertical stress is one of the fundamental components of the methodology and is calculated using equation 5 (Table 1). The Mohr envelope is determined experimentally for different temperatures, Figure 3, and the resultant ratios either side of the vertical component is used to divide or multiply the vertical component to obtain either alternate principal stress. The next step in the methodology is to establish the ratios for a specific rock type. Figure 3 gives the strength data for basalt used to obtain an empirical relationship between the ratios for the different Mohr envelope inclination using equation 3. The third step in the methodology is to determine the relationship between vertical component and temperature. The temperature gradient varies significantly over the first 100km below surface and for the present discussion equation 4 was used. It commences at 350C at surface, reducing to 50C at 300km depth. For subduction zones thermal models developed by Syracuse et al. [2] are used. 
Table 1: Equations used in the article with relevant constants for specific example.
Where σ١=Maximum principal stress; σ٣=Minimum principal stress; σv=Vertical stress; ∆T=Temperature gradient; ρ=Density; g = Gravity acceleration; h = Depth below surface.figure3
	No
	 
	Equation
	Constant
	Constant
	R2

	1
	Mohr circle radius
	r=(σ1-σ3)/2
	 
	 
	 

	2
	Mohr circle centre
	d=(σ1+σ3)/2
	 
	 
	 

	3
	Mohr circle ratio
	R=a2Exp(b2*T)
	-0.002
	8.613
	0.9432

	4
	Temperature gradient
	∆T=a1lnσv+b1
	-5.292
	35.21
	0.9953

	5
	Vertical stress
	σv=ρgh
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Verification Methods
Results obtained using the proposed methodology need to be compared with existing observations for verification. For shallow processes, the existing and tested metamorphic facies diagrams are used to plot the pressure temperature values obtained with those on existing facies diagrams for basalt. For deeper regions such as the subduction zones, seismic data is the main source of information on the distribution, frequency, magnitude and stress drops are used for comparison with results obtained using the yield envelope concept. 
Base case model
The yield envelope, Figure 4, is a typical gravitational scenario with the vertical component being a function of depth. The yield envelope is based on the fact that the vertical stress component is the maximum principal stress hence the yield envelope lies below the vertical stress value. For the minimum principal stress value lying within the envelope such as in a depositional basin the above is an example of a diagenetic loop. The induced horizontal stress component given as a function of the Poisson’s ratio indicates a stable condition, diagenesis only. The central Karoo succession in South Africa is an example of this type of setting.
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ncrease in the horizontal dimension due to uplift will reduce the induced horizontal stress. To a depth of 50km the induced stress is very close to the yield envelope and a very small stress reduction is required to induce normal faulting. The minimum principal stress will retain its yield value even with further increase in the horizontal dimension, but there will be an increase in the number of normal faults. A good example of this type of event is the Central African Rift valley. The temperature/stress field is plotted on the metamorphic facies diagram for Basalt, Figure 5, ranging through the zeolite, greenschist, amphibolite, granulite to the Eclogite facies.
High temperature gradients
[image: ]
An increase in the geothermal gradient, for instance such as the presence of a mantle plume, will have the effect of reducing the strength of the rock mass, reducing the stress values of the yield envelope, Figure 6. The depth of the hydrostatic zone reduces from 100, 60 to 47 km depth. Figure 7 are the temperature stress envelopes for 3 temperature values. As the temperature gradient increases the metamorphic facies change to higher temperature regions for instance from the blueschist to the granulite facies for the deeper sections. The lower grades are less sensitive for instance the amphibolite and the greenschist stay in their respective fields, not very pressure sensitive. Contact metamorphic zones and regional increase in temperature in close proximity of massive intrusive bodies.
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Convergent zones
The yield envelope for the base case where the horizontal stress is in excess of the vertical component is shown in Figure 8 using the same basic functional relationships discussed above. The hydrostatic zone is reached at about 100km below surface apparently coincidental with the depth of the low velocity zone. All subduction zones must have been preceded by this scenario before the subduction commenced. The further deformation close to surface will be governed by the yield envelope in Figure 8. The metamorphic facies generally exposed on surface is correctly presented by the pressure-temperature plot obtained from the yield envelope. The Antigorite limit line is included to show that the general stress-temperature conditions in subduction zones lies outside the “normal” metamorphic stress-temperature changes. Examples of this scenario are abundant in the form of continental/continental collision or the earth crust in conjunction with subduction zones (Figure 9).
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Subduction zones
Subduction zones discussed in the literature already exist and the reason for their commencement, initial break and progression in depth is still a matter of speculation. This article will, as the rest of the authors, for this publication accept an existing geometry which represents a snapshot of a dynamic system developing over 20 Ma years or more. The dip of the subduction zones varies over a range of 200 to 800, with an average thickness of 150km [2]. A knowledge of the temperature distribution in the subduction zone is one of the fundamental requirements and for the present discussion the thermal model, with its associated seismicity, published by van Keken et al. [3] is used as an example, Figure 10. For a subduction zone dipping at 450 the maximum principal stress within the zone is assumed to be parallel to the dip. The vertical component can therefore not be the maximum or minimum stress but is in the orientation of the maximum shear stress. For calculating the stress distribution in the subduction zone scenario, the maximum shear stress on the Mohr envelope defines the radius of the circle below the envelope. The centre intersection on the horizontal axis is given by the sum of the principal stresses divided by two. At the depth of 100km or more, the assumption of an inclined Mohr envelope falls away and is defined by a straight line parallel to the principal stress axis and the radius of the Mohr circle defined by equation 6.
[image: ] (6)
Where τ= Shear stress; a8= -.9727; a9= 937; σv= (σ1-σ3)/2; R= 0.9525
The constant a9 is the smelting point of the basalt in the example. Equation 6 replaces equation 1 in the spreadsheet for calculating the yield envelope for a 450-dip subduction zone. In the case of the subduction zone discussion, the yield envelope becomes a strength envelope of the subducted slab. The core being “strong” with reduction towards the top and bottom. The yielding envelope of the host rock is given by a point on the Mohr diagram, a stronger medium penetrating into the hydrostatic zone will be similar to an object falling into an ocean trench; it will be subjected to immense hydrostatic stress but not be restrained by shear strength, this being close to zero in the example. Figure 11 shows the strength envelopes for four sections through a subduction zone at 80, 120, 180 and 220km below surface. The temperatures were obtained from the thermal model, [3] Figure 10, which for the present discussion compares well with those published by Syracuse et al. [2]. Figure 12 shows the shear stress variation across the zone as well as with depth. The reduction in shear strength is due to the decrease in width of the low temperature core of the sub-ducted material.
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The pressure-temperature plot for the subduction zone at various depths falls well outside the accepted metamorphic facies diagram and seismic data is the main source for comparative studies. Min Chen et al. [4] defines the seismic zones in pressure–temperature diagrams and the spread of the seismic activity falls well within the limits obtained by using the strength envelope. The picture for the subduction zone that emerges has the following attributes:


			

			
					The yield envelope for the first 100km is defined by the functional relationship given by equations 3, 4 and 5. Depth in excess of 100km, equation 6 is used for the inclined portion.

					In the case of a subduction zone the yield envelope should rather be called the strength envelope since the solid core of the slab is the governing component.

					For the current model the hydrostatic stress, smelting point of basalt, is reached at 9370C.

					Based on the thermal model the subduction zone has a non-hydrostatic inner core limited by the tapering 9370C contour.

					The stress gradient is higher near the top of the slab than at the bottom, becoming symmetrical below 180km.

					By extrapolation the shear stress in the slab reaches zero, or hydrostatic condition, at a depth of 300km.

					Brittle failure, or a slight negative slope of the stress strain curve, is most likely in the temperature region between 900 and 7500C.

					The pressure-temperature plot of metamorphic facies, Figure 13, shows that the values in the subduction zone are not catered for by those generally described in the literature.

					It is anticipated that with increase in the width of the subduction zone, the “core” will extend to greater depths.A vast amount of seismic data is available and is the main source of information about the mechanism of events at great depth. The data selected for comparative/analytical analysis are contained in articles by Shawn Wei et al., Min Chen et al., Van Keken PE & Allmann BP [3-6]. The main findings for the benefit of the current exercise are:


			

			
					Frequency of seismic events is highest in the top of the slab to a depth of 100km. Symmetric distribution is reached at approximately 100 to 160km and terminates at 160km. This is corroborated by the steep strength gradient predicted by the strength envelope.

					A double seismic zone occurs from 80 to 130km due to the fact that the core of the subduction zone does not fail under reigning stress differentials.

					The width of the seismic zone reduces with depth in some instances.

					Plots of seismic events on pressure-temperature diagrams by Shawn Wei et al. [5] are relatively insensitive to pressure and limited to a temperature range between 200 and 11000C. 

					The stress drop in subduction seismic zones is on average less than 5 MPa which supports the finding above that small differential stresses are the main cause of the displacement on the edges of the subduction zone.The findings of the proposed methodology in conjunction with thermal models correlates well with seismic observations. For additional elucidation, Figure 14 is a repeat plot of Figure 12 with the addition of a differential stress of 450MPa equivalent to a temperature contour of 7500C. The conclusions that can be drawn from the diagram are:


			

			
					The frequency of seismic reduces with depth; maximum close to surface reducing to zero at a depth of 200km, borne out by Figures 11 & 12.

					The frequency is generally higher on the top of the slab.

					Double seismic zones occur over a depth range of 80 to 130km, supported by Figure 14.

					Seismicity reduces to zero at a depth of 300 km, Figure 11.

					The seismic distribution limits on the pressure-temperature coincide with those of the strength envelopes, Figure 13.The correlation with actual seismic data is convincing enough to conclude that the proposed methodology has potential for calculating the yield limits, hence the acting stress field, at depths of 500km [7].
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Discussion and Conclusion
The proposed methodology to determine the geo-tectonic yield envelope is based on the concept of the Mohr envelope, the knowledge of the vertical stress and the temperature model. Using these concepts, it is possible to determine the maximum and minimum principal stresses in the earth lithosphere and astenosphere. Experimental values for the strength of basalt are used to establish the functional relationships between stresses and temperature where it was found that the observations with regard to metamorphic zones and occurrence of seismicity in space can be explained by applying the concept of a yield envelope. It is by no means implied that the assumed values of the strength of basalt and the functional relationships are the ultimate answer, rather, they are initial empirical estimates and can probably be improved significantly for specific rock types and regions. The driving forces pose an additional challenge. The rate of subduction and the rate of rheological flow beneath the slab will play a major role in the seismic activity. The deformation is at a maximum between the “roof” and the slab. With a rate of displacement of 50km/Ma of the slab the rate of the driving mechanism, or the “conveyer belt”, must be the same or more. If the rates are the same, the seismic signature for the top and bottom of the slab should be the same but for a rate differential the seismic signature must reverse as discussed by Shawn Wei et al. [5].
The above discussion describes a “snapshot” of subduction zones as they are at present and exhuming one of these features seems highly unlikely leaving many questions unanswered. A point in fact is the “volume balance of subduction”. A 150km thick slab is subducted at an angle of 450 the surface above it should be lifted by 150km. In addition, according to Syracuse et al. [2] data the average oceanic subduction zone is age 80Ma years and with an average subduction rate of 50km Ma, the total “distance” is 4000km. Seismicity seems to be able to delineate the zone to depths of 400 to 600km, but what happens thereafter is open for discussion.
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Figure 9: Metamorphic facies in a compressive stress field with
the Antigorite limit included.
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Figure14: Shear stresses in the solid core with a shear stress

of 450MPa, equivalent to a temperature contour of 7500C
superimposed
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Figure 1: Schematic load lines with force displacement curves
for brittle, plastic and stick slip response
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Figure10: Thermal model and general geometry of subduction
zone beneath Japan, from [3]
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Figure 7: Metamorphic facies diagram with pressure
temperature limits for the three temperature gradients.
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Figure11: Strength envelopes for sections from surface to
100km depth and four elevations through the subduction zone.
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Figure 2: Two Mohr envelopes for temperatures T1 and T2
showing the alternative maximum (a'1) and minimum (1)
principal stress values for a vertical stress component of 120
and 500MPa
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Figure12: Shear stress profile for various depth sections
through the subduction zone.
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Figure13: Pressure-Temperature plot of strength envelopes for
4 different depths in the subduction zone
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Figure 6: Yield envelopes for three temperature gradients for a
gravitational induced stress condition
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Figure 8: Yield envelope for a basalt under horizontal
compression and “normal” temperature gradient
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Figure 5: The base case yield envelope intersection with the
various metamorphic facies as given by Feenstra, 2015.

A Blueschist; B. Eclogite; C. Granulite; D. Amphibolite; E
Greenschist; F. Zeolite; H. Homnfels.
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Figure 3: Strength of basalt for various temperatures with
confinement stress of 550MPa.
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Figure 4: The yield envelope for gravitational loading showing
the vertical stress, ov, in this case o1 with the horizontal
component a function of the Poisson’s ratio.






