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Introduction

The potential use of Nanotube has open major chapter 
in industry and engineering spheres, according to their vast 
applications in dynamically, buckled and vibrational response of 
nanotube structure is a challenging and considering their important 
in tomorrow’s society. Therefore, their vibration investigation is 
examined for successful usage. Payam et al. [1] studied usage and 
application of carbon nanotube in various fields. However, they 
use Bernoulli-Euler’s (EB) model to explore vibrational response 
of CNTs under magneto-thermal environment resting on both 
elastic foundation models. They considered effects of various 
controlling parameters in the model. More so, the following beam 
ends conditions such as fixed-fixed, simply supported, fixed-simple 
ends conditions have been employed to analyzed the vibration of 
natural frequencies. Natsuki et al. [2] analyzed different lengths of 
inner and outer double-walled carbon nanotubes (DWCNTs) using 
theoretical approach. The analysis will be useful dynamically 
response and others.

Ghasemi & Gouran [3] assessed vibrational and frequency 
analysis of (SWCNTs) conveying fluid flow resting on Pasternak 
foundation. Thereafter DTM and VIM was employed to solve 
the nonlinear equation in order to validate other method used. 
Subsequently, parametric analysis revealed of the following, 
flow velocity, amplitude, nonlocal parameter and axial tensions 
on variational SWCNT’s frequency. The outcomes indicate that 
increment of the nonlocal parameter leads to enhancement in 
variation of frequency. Conclusively, the frequency variation of the 
SWCNT increases with the corresponding of the parameters. Tyagi 
et al. (2021) investigated analytical free forced vibration of SWCNTs 
elastic foundation subjected to different parametric studies. 
Therefore, Krylov–Bogoliubov-Mitropolsky (KBM) method was 
used to solve theoretical nonlinear equation. Alibeigloo & Jafarian 
[4] considered shell three-dimensional theory of elasticity and 
analytical solution of Fourier series alongside the axial and radial 
coordinates for the pinned-pinned supports. Valipour et al. [5] 
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studied nonlinear vibrational analysis of SWCNTs resting on 
elastic spring. Therefore, they use homotopy perturbation method 
was used to analyzed the model equation. Thereafter, effects of 
the parametric investigation show the parameters considered 
were all in agreement.  Mohammadimehr & Alimirzaei [6] used 
Euler-Bernoulli theory to investigate composite beam model 
reinforced by functionally graded SWCNTs with initial geometric 
imperfection use (FEM). 

Farshidianfar & Soltani  [7] investigated immovable simply 
supported SWCNTs conveying fluid not perfectly straight resting 
on elastic spring. Principle of perturbation was employed to solve 
the flow-induced duffing equation. Soltani et al. [8] analyzed 
pinned-pinned supports SWCNTs using von Karman’s geometric 
nonlinearity and nonlocal shell theory. Galerkin’s procedure 
was used to discretized partial model equation into an ordinary 
differential equation and the method of averaging was employed 
to obtained nonlinear vibration of (10,0), (20,0), and (30,0) 
zigzag SWCNTs. Mu’tasim et al. [9] used nonlocal elasticity theory 
on vibrational analysis of SWCNTs were assumed to have an 
imperfection modeled as half sine and fixed at both ends. The 
principle of both Euler-Bernoulli Beam and Hamilton’s principle 
were applied to solve nonlinear equation. Mahmoud [10] 
investigated SWCNTs with surface irregularity and compressive 
initial stresses. Thereafter, model governing equation of closed-
form solutions was derived. Numerical results were discussed 
and presented graphically. Yu-Chi & Tse-Yu [11] studied SWCNTs 
embedded in an elastic spring using nonlocal Timoshenko 
beam model, slenderness ratios, boundary conditions, atomic 
structures and the stiffness of the embedded medium on the 
natural frequencies and mode shapes. Fatahi-Vajari & Azimzadeh 
[12] used Homotopy perturbation method (HPM) to solve 
partial differential equation of motion. The influences of some 
commonly used boundary condition were analyzed and discussed 
extensively. Murmu & Pradhan [13] investigated SWCNTs stability 
response embedded in two foundation types and the model 
equation was solved differential quadrature approach. Hassen 
& Mohammad [14] estimated accurately the natural frequencies 
of electrically actuated carbon nanotubes (CNTs) as robust 
knowledge is still missing in the understanding of the role of 
various physical parameters affecting the natural frequencies. 
Farshidianfar & Soltani [7] investigated flow induced single-
walled carbon nanotube on with immovable support conditions 
is assumed not perfectly straight with initially including a slight 
geometrical curvature as an imperfection using the perturbation 
method of multi scales (MMS). Ghorbanpour & Zarei [15] 
presented Homotopy analysis method (HAM) to analysis flow 
induced Y-shaped SWCNTs using Euler Bernoulli beam theory and 
von Karman geometric nonlinearity on the vibrational analysis 
of beam model subjected to magneto-thermal environment with 
Lorentz force in transverse direction. A scrutiny of previous studies 
elaborated that small amount of works have been reported on the 

theoretical analysis of Single-walled Carbon Nanotube. Hence, 
this present study presents a theoretical study of Single-walled 
Carbon Nanotube Embedded in nonlinear elastic Foundation in a 
Magneto-thermal Environment using Differential Transformation 
Method (DTM).

Model Formulation

(Figure 1) Shows a SWCNTs embedded in a nonlinear spring 
foundation given by 3

1 3K W K W+ with Pasternak’s coefficient 
represented by GK  (Figure 1).

The nonlinear predictive model for the Single Walled Carbon 
Nanotube considering thermal and magnetic effects based on 

nonlocal elastic theory can be derived as:
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Analytical Solution to Model Formulation

a. Brief And General Understanding Of DTM

The concept of this method was first proposed and applied to 
solve linear and non-linear initial value problems in electric circuit 
analysis. It can therefore be applied to solve the transient ODE 
developed in this present study (Table 1).

Using the Nondimensional parameters below.
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The decomposed form of equation (1) becomes

 (7)

The Duffing equation obtained from Equation (7) is

3
0 1( ) ( ) ( ) 0MU C U C Uτ τ τ+ + =         (8)

Where the coefficient is as follows;
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The natural frequency and frequency ratio are needed for stability analysis. The natural frequency may be obtained Equa-
tion (8) as. 
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(13)
To perform dynamic response analysis, there is need to obtain the deflection to time history solution form the doffing 
equation. This will be obtained using DTM.
Applying DTM to the Duffing Equation (8);
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Where counter, k = 0, 1, 2, 3…

Using the initial conditions, 0U A= and 1 0U =
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Grouping these solutions gives
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Making necessary substitution, we have
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To enable the solution capture large range of time, we treat above equation with cosine after treatment technique and 
Equation (16) becomes.
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Expressing the solution for different boundary conditions, we have for For Simple-Simple Supports as;
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Results and Discussion

(Figures 1-10) The above (Figure 1), shown impacts of the 
linear elastic foundation on dimensionless amplitude-frequency 
ratio curve of stability of single-walled carbon nanotube structure 
in magneto-thermal environment under two elastic foundations. 
The curve depicted that as linear Winkler-type elastic foundation 
increases from zero to maximum, frequency-ratio decreases 
toward linear system. This shows that for SWCNTs structure gain 
stability, linear Winkler-type elastic foundation must be kept at 
maximum.

The above (Figure 2), shown impacts of the nonlinear elastic 
foundation on dimensionless amplitude-frequency ratio curve of 
stability of single-walled carbon nanotube structure in magneto-
thermal environment under two elastic foundations. The curve 
depicted that as nonlinear Winkler-type elastic foundation 
increases from zero to maximum frequency-ratio increases 
above linearity system. This shows that for SWCNTs structure 
gain stability, nonlinear Winkler-type elastic foundation must be 
kept at minimum value as control measure of the single-walled 
nanotube structure. 

The above (Figure 3), shown impacts of the Pasternak-type 
elastic foundation on dimensionless amplitude-frequency ratio 
curve structure in magneto-thermal environment under two 
elastic foundations. The curve depicted that as Pasternak-type 
elastic foundation increases from zero to maximum, frequency-
ratio decreases toward linear system. This shows that for SWCNTs 
structure gain stability, Pasternak-type elastic foundation must be 
kept at maximum. 

The above (Figure 4), shown impacts of the magnetic 
term on dimensionless amplitude-frequency ratio curve of 
stabilities assessment of SWCNTs structure in magneto-thermal 
environment under two elastic foundations. The curve depicted 
that as magnetic term increases from zero to maximum frequency-
ratio increases above linearity system. This shows that for the 
single-walled carbon nanotube structure to gain stability, the 
magnetic term must be kept at lowest value as control measure to 
stabilized single-walled nanotube structure.

The above (Figure 5), shown impacts of the thermal term 
on dimensionless amplitude-frequency ratio curve of stabilities 
assessment of SWCNTs structure in magneto-thermal environment 
under two elastic foundations. The curve depicted that as thermal 
term increases from zero to maximum frequency-ratio increases 
above linearity system. This shows that for the single-walled 
carbon nanotube structure to gain stability, the thermal term must 
be kept at lowest value as control measure to stabilized single-
walled nanotube structure.

The above (Figure 6), shown impacts of different boundary 
conditions on dimensionless amplitude-frequency ratio curve 
of stabilities assessment of SWCNTs structure magneto-thermal 
environment under two elastic foundations subjected to different 
supports system [16]. The curve depicted that fixed-fixed support 
has lowest frequency ratio, followed by fixed-simply supported 
then simple-simple support and fixed free has the highest 
frequency ratio. However, this reveal that in selecting elastic 
foundation type, fixed ended support exhibit best foundation type 
with lowest frequency ratio and can be used to control stability of 
any foundation.
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Figure 1: Effects of linear Winkler-type elastic foundation on dimensionless amplitude-frequency ratio.

Figure 2: Effects of nonlinear Winkler elastic foundation on dimensionless amplitude-frequency ratio.
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Figure 3: Effect of Pasternak elastic foundation on dimensionless amplitude-frequency ratio.

Figure 4: Effects of magnetic term on dimensionless amplitude-frequency ratio.
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Figure 5: Effects of thermal term on dimensionless amplitude-frequency ratio.

Figure 6: Effects of different boundary conditions on dimensionless amplitude-frequency ratio.
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Figure 7: Effects of mass on dimensionless time-deflection curve.

Figure 8: Effects of mass on dimensionless time-deflection curve.
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Figure 9: Effects of Pasternak elastic foundation on dimensionless time-deflection curve.

Figure 10: Effects of magnetic term on dimensionless time-deflection curve.
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The above (Figure 7), shown impacts of mass on dimensionless 
time-deflection curve of dynamical response of SWCNTs structure 
in magneto-thermal environment under two elastic foundations. 
The curve depicted that as mass increases from zero to maximum 
frequency of oscillation decreases. This shows that for SWCNTs 
structure to dynamical response, the mass must be kept at 
maximum as the nonlinearity system turn into linearity.

The first-five normalized mode shapes of the beams for the 
nanotube with simple-simple support is shown in (Figure 8). This 
figure shows the deflections of the beams along the beams’ span at 
five different dimensionless mode shapes. The natural frequencies 
show where the maximum vibration will occur, mode shape 

or natural vibration shape are used in dynamics to describes 
the deformation that the component would show when vibrating 
at the natural frequency as the vibration and deformation do not 
occur until there is an excitation [17].

(Figures 9 &10) show the impacts of dimensionless Pasternak 
elastic foundation and magnetic term on the dynamic response 
of the studied carbon nanotube. (Figure 9) and (Figure 10) show 
the impacts of Pasternak elastic foundation and magnetic term on 
dynamic response. It can be observed from the time-deflection 
curves that continuous increase in the magnitude of both 
parameters helps shift the dynamic response of the system from 
nonlinear to linear.

Table 1: Some DTM relation.
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Conclusion

Theoretical Analysis of Single-walled carbon nanotube 
embedded in an elastic foundation in a magneto-thermal 
environment using differential transformation method was 
investigated. The resulting model equation of motion was 
converted to ordinary differential equation using Galerkin 
technique subsequently, differential transform method with 
cosine-after treatment technique is used to obtain dynamic 
characteristics response under four different boundaries 
conditions of the nanotube structure. The results obtained depicts 
that, linear Winkler-type and Pasternak-type elastic foundation 
increases from zero to maximum as frequency-ratio decreases 
meanwhile nonlinear Winkler-type elastic foundation, magnetic 
and thermal terms increase with increase in frequency ratio. In 
selecting elastic foundation type, fixed-fixed ended supports 
exhibit best foundation type with lowest frequency ratio as a 
control measure for stability analysis of any foundation type.
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