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Introduction

Artificial ventilation is a medical practice used in pneumol-
ogy services, operating rooms, ICU intensive care units, etc. It is 
a method for compensating insufficient breathing or replacing a 
breathing inefficiency or lack of ventilation in intensive care units. 
Several parameters are needed to control the patient artificial 
ventilation such as blood pH, arterial oxygen pressure and arterial 
carbon dioxide pressure [1,2]. Arterial blood gas (ABG) analysis 
is a medical procedure used to measure these three settings. The 
ABG aims to diagnose and monitor gas exchange of patients with 
respiratory failure including those undergoing mechanical venti-
lation. The analysis is invasively done by sampling blood from the 
radial artery located at the wrist, using a needle and a syringe. 
The sampling is analyzed in laboratory with an analytical instru-
ment. Actually, ABG is the only method existing to measure partial 
pressures and arterial pH [3,4]. This method is a subject of some 
problems. The patient is likely to have contaminations, infections 
or necrosis due to a local blockage or decrease of blood flow. The 
sampling presents also accident risks by using the needle stick. 
It can as well create inflammations around the site of puncture.  

 
Except the pain that the patient feels during the procedure, the 
sampling cannot be executed daily. In fact, this can cause anemia, 
due to the excessive amount of collected arterial blood [5]. 

 These problems mainly provided insights into a noninva-
sive procedure for carbon dioxide pressure measurement; a new 
method making a continuous control to obtain frequent and re-
al-time results via ultrasound. It is the first time that a numerical 
model is used to develop a system for measuring arterial carbon 
dioxide pressure. As a first approximation, the arterial blood solu-
tion was modeled as a two-phase flow moving across a constrict-
ed rigid cylindrical tube with a constant cross-section. The mix-
ture is composed of two phases: a gas phase which was carbon 
dioxide and a liquid phase which was an aqueous carbon dioxide 
solution. The behavior of the considered two-phase flow mixture 
was mainly described by the Young-Laplace equation and the Drift 
flux model which is governed by physical laws of energy, momen-
tum and mass. Findlay and Zuber were the first founders of the 
Drift flux model [6] and the concept was detailed by Yang et al. 
[7], Ishii [8]and Shang [9]. The Drift flux model relates mixture 
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velocity and pressure [8] while the Young-Laplace equation re-
lates the two-phase pressures [10]. Mathematical relations were 
created through the simulation results of the mixture velocities, 
the carbon dioxide pressure and the mixture pressure. They were 
implemented to compute the mean mixture pressure through the 
radial velocity variation. In a second step, the considered fluid’s 
response via ultrasound was modeled through its mechanical pa-
rameters. Two measurement methods using ultrasounds for the 
determination of the mean carbon dioxide pressure were simulat-
ed in correlation with the created mathematical relations.

ABG Technique

Arterial blood gas (ABG) sampling presents a measurement 
system meant for obtaining information about the respiratory sta-
tus of the patient (arterial oxygen and carbon dioxide pressures), 
and the acid-base balance. The radial arterial blood sampling pro-

cess consists of:

a. Palpating the radial artery with index finger around the 
planned puncture site, 

b. Holding the ABG syringe and inserting the needle 
through the patient’s skin at an angle of 45° over the point of max-
imal radial artery pulsation (Figure 1), 

c. Advancing the needle into the radial artery until observ-
ing blood flashback into the ABG syringe which will be filled under 
arterial pressure,

d. Obtaining at least 3 ml of arterial blood,

e. Withdrawing the needle when the required amount of 
blood has been collected and removing the needle from the sy-
ringe [3,4,11].

Figure 1: ABG technique [12].

The syringe is placed in the ice, and immediately sent to the 
laboratory for analysis to ensure results accuracy. The samples 
should be analyzed as quickly as possible to avoid the effects of 
continued metabolism, and to limit the loss of potassium by red 
blood cells and the diffusion of oxygen through the plastic syringe. 
The sample taken is inserted into an analytical instrument that 
uses electrodes to measure the pH of the plasma solution (Clark 
electrodes) and the partial pressures of the carbon dioxide (Sev-
eringhaus electrodes) and oxygen (Sanz electrodes) [3,4,13]. The 
Severinghaus electrode is a glass electrode set in a bicarbonate 
solution which is contained in a nylon spacer and separated by 
a membrane from the sample. The carbon dioxide diffuses out of 
the blood sample through the silicone membrane and into the bi-
carbonate solution, altering the initial pH (reaction (1)). The hy-
drogen H+ are measured by a modified pH cell. The hydrogen ions’ 
number generated within the bicarbonate solution is proportion-
al to the pressure of the carbon dioxide PCO2 (equation 2) [3,14].

2 2 3 2 3  H O CO CO H HCO H− ++ +� �        (1)
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PCO

−    = +
 
                    (2)  

Theoretical Method

Mathematical modeling

Arterial blood is a complex, heterogeneous and non-Newto-
nian fluid, since it contains various cells and substances suspend-
ed in plasma solution. Carbon dioxide CO2 and oxygen O2 are gases 
which are transported into two forms in blood: gaseous form and 
dissolved form. The gaseous form is responsible for creating the 
arterial gas pressures causing the dissolution of a fraction of each 
gas [11,15]. In view of the fact that we are intent to estimate the 
carbon dioxide pressure in arterial blood PaCO2, the plasma and 
the considered gas are supposed to be isolated and considered as 
a two-phase fluid. The fluid consists of an aqueous solution of car-
bon dioxide (liquid phase or continuous phase representing the 
plasma solution) and the carbon dioxide gas (gas phase or dis-
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persed phase). The mixture was considered as a Newtonian in-
compressible fluid, moving horizontally across a constricted rec-
tilinear rigid tube with a constant cross-section. Different models 
exist to describe the two-phase flow. The most considered mod-
els are the homogeneous equilibrium mixture model HEM, the 
two-fluid model and the Drift flux model [16-18].

Homogeneous equilibrium mixture model

The homogeneous equilibrium mixture HEM is used to con-
ceive a homogeneous two phase flow. The phases are supposed 
to be well mixed, strongly coupled and move at the same velocity 
with the same temperature. The model is described only by one 
set conservation equations governing the balance of energy, mo-
mentum, and mass [16]. The HEM is used to study many cases like 
water-steam mixtures, cardiovascular and respiratory system, 
blood flow, etc. [18,19]. The HEM cannot be adopted to model our 
fluid because the three mentioned equations do not express the 
gas phase.

Two-fluid model

The two-fluid model considers each phase separately bound-
ed by moving interfaces; the two phases are weakly coupled. The 
model is described by three conservation equations governing the 
balance of mass, momentum, and energy of each phase [17,20]. 
The two-fluid model is applied in many important domains for ex-
ample in the case of oil and refrigerant mixture in boiling water, 
compressors and accumulators, pressurized water nuclear reac-
tors, chemical reactors and two-phase flow lubrication [18,21]. 
The two-fluid model does not match with our request because it 
does not consider a relation permitting to determine gas parame-
ters through the liquid velocity. 

Drift flux model

The Drift-flux model treats the two separate phases as cou-
pled in one phase. The mixture properties make the Drift-flux 
formulation simpler than the two-fluid model formulation. This 
model considers the mixture as dynamic where the two phases’ 
components are coupled. The velocity of the two fluids is assumed 
to be monitored by a mean velocity of the mixture completed with 
a constitutive relation for estimating the relative motion between 
the two phases (called drift velocity) [6,8,18].

To apply this model, we assume:

a. The mixture flow is steady, in the two dimensions (z, r). 

b. The two phases are incompressible.

c. The flow is axisymmetric.

d. The velocity component Vzm depends only on the flow 
direction (z-axis)

The governing equations are:

i. Mixture Continuity Equation

( ). 0m mVρ∇ =                  (3)

ii. Continuity Equation for Dispersed Phase
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iii. Mixture Momentum Equation
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where 

ρm: mixture density

Vm: mixture velocity vector

α2: volumetric fraction of gas

ρ2: gas density 

ρ1: liquid density

Г2: generation rate of gas phase

pm: mixture pressure

μm: mixture viscosity

gm: gravitational acceleration vector

V2j: drift velocity vector of the gas phase with respect to the 
volume center of the mixture

Mm: interfacial force 

The mixture density is given by:
2

1m k k kpρ α== ∑    [18]      (6)

The axiom of continuity is conditioned by

1 2 1α α+ =      [18]       (7)

The mixture pressure is expressed by:
2

1m k k kp pα== ∑     [22]   (8)

The drift velocity is determined by the following relation:
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Where:

αk: volumetric fraction of kth phase

pk: pressure of kth phase
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Vr∞: terminal velocity

Mτ*: transverse stress gradient

gz: component of gravitational acceleration vector along the 
axis of flow

g: gravitational acceleration vector 

The Drift flux model was chosen to describe the studied mix-
ture flow. In fact, this mathematical model allows the correlation 
between flow velocity, mixture pressure, the relative velocity and 
the physical parameters of both phases. Therefore, the Drift flux 
model can be used in experimental applications, as it is able to 
determine the characteristics of both phases (like velocity, pres-
sure, etc.) by measuring mixture velocity. Therefore, the drift-flux 
model allows establishment of a relationship between the mixture 
velocity and the mixture pressure. Thus, the measurement of ve-
locity permits the detection of pressure value.

Young Laplace equation

The gas phase took a micro-bubbles form suspended in the 
mixture. An interface exists between the two non-solid sub-
stances, where there is a pressure interaction described by the 
Young-Laplace equation [10,23]:

1
2

g
o

p p
R
γ

= +       (14)

where 

pg: gas pressure

pl: liquid pressure

R0: microbubble’s radius.

γ: surface tension

The Young-Laplace equation and the Drift flux model allow 
the determination of carbon dioxide pressure pg once the mixture 
pressure pm and mixture velocity Vm are known.

From equations (8) and (14), the carbon dioxide pressure is 
expressed by:

( )2
21g m

o

p p
R
γα= + −       (15)

Evolution of the system according to the mean mixture 
pressure

The heart pressure essentially assures the arterial blood mo-
tion. Seen from this angle, the dominant velocity component of 
the fluid is certainly the axial one. Therefore, in ultrasound ex-
plorations, the axial velocity is measured by the Doppler mode. 
As already said, in arterial blood gas analysis, the blood is taken 
by a needle inserted at 45° for the skin. In this case, the blood is 
essentially propelled by the gas pressure into the syringe (essen-
tially the blood radial motion) [3,4]. Thus, the radial velocity can 
be used to determine the mean mixture pressure and consequent-
ly the mean carbon dioxide pressure. The mathematical mod-
el presented in section 2 describes the mixture in general case. 

Changing initial conditions, the calculation provides new values 
of mixture parameters. The variation of radial velocity Vrm along z 
axis was studied according to the mean mixture pressure Pmoy. The 
latter was calculated by summing the pressure values in different 
cells of the measurement domain divided by the number of cells.

1
1

cn
moy i mi

c

p p
n == ∑       (16)

where

pmi: pressure in ith cell of the measurement domain

nc: number of cells in the measurement domain

The radial velocity behavior depends on several parameters 
such as initial conditions which must be fixed at the beginning of 
each simulation. Changing these conditions gives different results 
expressing the evolution behavior of velocities, pressures and 
the volumetric fraction of gas. For every simulation, the govern-
ing equations resolution gave a distribution of the radial velocity 
Vrm as a function of the mean mixture pressure Pmoy. Then, mean 
pressure levels occurred through radial velocity Vrm in different 
positions (z,r).

Computation of the mean mixture pressure and the 
mean gas pressure through radial velocity variation

The mean mixture pressure levels were employed to identify 
a method for the computation of the mean mixture pressure by 
the measurement of the radial velocity. First, the initial pressure 
levels were exploited to reach new levels through the variation of 
radial velocity between two z positions. Secondly, the new pres-
sure levels were interpolated by linear functions of r positions. Us-
ing these functions, it was possible to compute the mean mixture 
pressure Pmoy by the radial velocity gradient. The mean carbon di-
oxide pressure pgm is calculated by the following expression:

( )2
21gm moy m

o

p p
R
γα= + −       (17)

   The mean volume fraction of carbon dioxide α2m is calcu-
lated by:

2 1 2
1 nc

m i i
cn

α α== ∑         (18)

Where

α2i: the volumetric fraction of the carbon dioxide in the ith cell.

The α2m was considered as a constant parameter. This cor-
responds to the current measurement method that suppose the 
same conditions when measuring the arterial carbon dioxide 
pressure in a fixed volume.

The Ultrasound Waves as a Solution for the 
Measurement of Fluid Mixture Radial Velocity

Ultrasound is a technique employed in many fields like in-
dustry, medicine, research etc. Ultrasound system uses incident 
acoustic waves to intercept reflected signals and process them. 
In medicine, the received information is sometimes exploited to 
measure the blood flow velocity. It relies on the ultrasound trans-
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mission to the blood vessel. The reflected ultrasound is picked up 
by the ultrasound probe. The reflection comes mainly from red 
blood cells. The velocity of the target can be estimated by measur-
ing the frequency difference between the incident wave and the 
echoes intercepted after reflection on the target [24,25]. This dif-
ference is called the Doppler frequency; it is directly proportional 
to the flow velocity along the ultrasound beam. It is expressed by 
the following Doppler Law [24,25]:

2 . .coseV ff
c

θ
∆ =       (19)

∆f  = Doppler shift

V = axial blood velocity

θ = angle between the vessel axis and the ultrasound beam

fe = ultrasound incident frequency

c = ultrasound velocity

Results 

The resolution of the numerical model requires application of 
an algorithm treating the pressure-velocity coupling in the mo-
mentum conservation equation and the volumetric fraction-ve-
locity coupling in the conservation equation. The governing equa-
tions of the Drift flux model was solved by the Mass Conservation 
Based Algorithm (MCBA) [26]. The resolution respects the follow-
ing steps:

a. Guessing initial values of the mixture velocities and 
pressure as well as the volumetric fraction of carbon dioxide  

b. Solving the momentum equation for the mixture veloc-

ities

c. Solving the pressure-correction equation founded by the 
mixture continuity equation

d. Correcting mixture velocities and mixture pressure

e. Solving the continuity equation for dispersed phase

f. Repeating the previous steps until the achievement of 
the results’ convergence

For the purpose of numerical computations, the physical pa-
rameters were setting. The choice of different values was inspired 
from the effective arterial reality in normal conditions (T=37°C). 
The liquid density ρ1 was equal to 996 kg/m3, the carbon dioxide 
density ρ2 was equal to 1.87 kg/m3, the liquid viscosity μ1 and the 
carbon dioxide viscosity μ2 were set respectively at 0.717 10-3 Pa/s 
and 15.2 10-6 Pa / s, the surface tension of water γ was 7.10-2 N/m 
[27-29] and the carbon dioxide bubble radius R0 was 10-6 m. The 
considered flow field had a cylindrical shape of a constant section 
with a radius of 4.10-3m (with reference to radial artery diameter) 
and a length of 10-1 m (with reference to the subsequent measure-
ment possibilities). The computational domain was divided into 
finite volumes described by uniform grids with 10 cells in each 
direction (z,r). The samples of velocity components Vzm and Vrm 
were respectively 10x9 and 9x10 while the samples of the mix-
ture pressure, the volumetric fraction and the pressure of carbon 
dioxide were 9x9 (Figure 2). The no-slip condition was adopted, 
the radial velocity Vrm was zero at the level of the pipe walls. The 
values of mixture pressure, volumetric fraction and velocities 
were maintained constant at the inlet and outlet of the two-phase 
mixture. 

Figure 2: Measurement domain.

The numerical simulations were carried out in 2D based on 
the parameters values fixed above. By following the steps of the 
MCBA algorithm, the spatial distributions were assigned. The ve-
locity Vzm increased at the inlet of the pipe and then became ap-
proximately constant before reaching the outlet boundary (Figure 
3a). Then, it decreased to attribute the values set at the output. 

The Vrm (Figure 3b) underwent a clear variation near the pipe’s 
center. Moving away from the center, the velocity values became 
negative and decreased until reaching zero at the wall contact, ac-
cording to the non-slip condition. The mixture pressure pm (Figure 
3c) and carbon dioxide pressure pg (Figure 3d) had an increasing 
profile in the beginning and after they decreased along the z-axis 
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until the exit of the considered tube. Along the r-axis, the pressures 
dropped from the center of the tube to the wall. The volumetric 
fraction increased from the tube center to the walls (Figure 3e). 
This can be explained by the tendency of the gas micro-bubbles to 
move towards the walls. The increase of α2, along the r axis, was 

due to the decrease of the mixture pressure. Simulation results 
shown in Figure 3 presented mixture behavior for one case of ini-
tial conditions. In order to study the effect of the mean mixture 
pressure on the radial velocity, the initial conditions were mod-
ified, and new simulations of pressure and velocity were made. 

Figure 3: a)Variation of Vzm along the z axis, b) Spatial distribution of Vrm, c) Spatial distribution of the mixture pressure, d) Spatial 
distribution of the CO2 pressure, e) Spatial distribution of the gas volumetric fraction.

The results of radial velocity variation along z axis, for differ-
ent mean mixture pressure values, were used to deduce families 
of functions Pmoy= f (Vrm) for different (z,r) positions. Therefore, 
the determination of a given value of radial velocity for a known 
position (z,r) enabled mean mixture pressure calculation. The 
radial velocity variation was described as a function of the mean 
pressure along the z axis for different r positions. Thereby, these 
typical functions facilitated the creation of pressure levels as a 
function of radial velocity Vrm at a known position (z,r). The levels 
were limited to a specific position which are z = 3 and z = 8. Using 
these two sites, it was possible to compute the mean mixture pres-
sure Pmoy by the radial velocity variation between z = 3 and z = 8, 
for positions r ranging from 2 to 9 (Figure 4a). It was convenient 
to choose well-defined positions to create a relationship between 

the considered pressure and the difference of radial velocity (Fig-
ure 4b). Thus, the first three positions were adopted to determine 
Pmoy. The results of positions r = 2 and r = 3 were expressed by a 
quadratic function as:

Position r=2:
09 2 095.52 0.009moy rm rmp E V E V= ∆ − ∆    (20)

Position r=3:

09 2 091.3 0.004moy rm rmp E V E V= ∆ − ∆    (21)

The functions calculated for the first two radial positions were 
exploited to measure the mean mixture pressure. The first equa-
tion (20) allowed to calculate Pmoy and the second one (21) was 
used to verify the measured pressure value.
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Figure 4: a) Variation of Pmoy according to ΔVrm , b) Real curves and interpolation of Pmoy.

Modeling of the System Response Using Ultrasound

The simulation results were exploited according to two posi-
tions of the flow axis. In fact, ultrasonic waves are transmitted to 
two linear rows along the radial axis for the positions z = 3 and z = 
8 perpendicularly to the flow axis. Due to the scattering phenome-
non, a part of the transmitted energy amount is reflected through 
different directions producing a useless information for our sys-
tem (signal noise). Ultrasonic waves are estimated to be scattered 
once through the structure. The received signal contains only the 
useful information through the position, the velocity and the gas 
microbubbles number of the in signified sample of the measure-
ment domain. The elementary signals as well as the total response 
of the two positions z = 3 and z = 8 were modeled by frequency 
and amplitude calculation.

Frequency 

The transmitted ultrasound is scattered by carbon dioxide 
microbubbles moving in the mixture, the frequency of backscat-
tered energy is different from the transmitted onef0. The differ-
ence between the frequency of the elementary signal fi and the 
transmitted frequency f0 is determined by the Doppler effect. This 
difference is calculated by [25,30]:

0
0

2 rm
i

V ff f f
c−∆ = =        (22)

The radial velocity Vrm is calculated through the previous sim-
ulations. The ultrasound fixed velocity c is 1500m/s. The incident 
frequency f0 is 10Mhz (small depth).

Backscattered energy

The elementary signal amplitude depends on the ultrasound 
backscattered energy of the crossed structure. The first structure 
that interposes the waves propagation is the pipe wall of the mix-
ture. The incident ultrasound waves interact with the wall, an en-
ergy’s amount is reflected due to the acoustic impedance changing 
of the propagation medium and detected by the receptive trans-
ducer. The remaining part undergoes a refraction and continues 
to propagate in the mixture (Figure 5a). The transmitted acoustic 
intensity It is given by the following relation [24,25]:

0tI TI=        (23)

( )
1 2

2
1 2

4Z ZT
Z Z

=
+

     (24)

where 

I0: incident intensity
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T: transmission coefficient of the amplitude

Z1: boundary impedance 

Z2: mixture impedance

The transmitted part of energy continues to propagate 
through the fluid solution and undergoes attenuation phenome-
na. The transmitted intensity Iti at the output of the ith  voxel is 
given by [24]

0
iR

ti iI I e α−=

where

I0i: transmitted intensity at the input of the ith cell

Ri: traveled distance to the ith cell 

α: attenuation coefficient 

The acoustic intensity located at the ith cell’s input undergoes 
already interactions in the previous cells before arriving at the ith 
cell (Figure 5b).

 

Figure 5: a) First interaction between ultrasound and boundary, b) Absorption in ith cell.

Another phenomenon is created. In fact, the gas microbubble 
behaves as a point source scattering a part of the wave in all di-
rections of space. The amount of backscattered energy depends 
on the microbubbles number and surface exposed to ultrasonic 
waves. The equivalent surface σs of a microbubble oscillating in a 
liquid medium is given by [30,31]:

2
1 0

222
2 20 01

02 2
0

4

41
s

C R

w RM Mw
w w lR wc

πσ
µ
ρ

=
  

+ +  
   

     (26)

01 4 /l lM c Rµ ρ= +      (27)

Where

w0= natural microbubble’s frequency 

w= frequency of transmitted ultrasound

ρl= liquid phase density

μl= liquid phase viscosity

C= sound velocity in the liquid

C1= coefficient of correction

The microbubble’s pulsation w0 is given by [31,32]:
( )0 02

0 2
0

3 2 /k P R
w

lR M
γ

ρ
+

=      (28)

Where

P0= ambient pressure

γ= surface tension coefficient.

κ= gas compressibility 

The correction coefficient C1 is calculated by the wavelength 
of acoustic wave in the liquid phase λ and the radius of gas micro-
bubble R0. It is given by [31,32]:
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The backscattered intensity due to the scattering phenome-
non in the ith cell is determined by the equivalent surface σs, the 
number of gas microbubbles nbi and the received intensity at the 
cell’s inputI0i. The microbubbles’ number nbi in ith cell of the mea-
surement domain is estimated by the distribution of the volumet-
ric fraction of the carbon dioxide. It is given by:

2i c
bi

b

a vn
v

=      (30)

α2i = gas volumetric fraction in ith cell.

Vc= cell volume

Vb= gas microbubble volume

Then, the backscattered intensity caused by scattering phe-
nomena  Ibi is calculated as [32]

2
0

bi oi
bi s

n II
R

σ=    (31)

Taking into account all the cited phenomena, the received in-
tensity at the ith cell’s input I0i is determined as

1
0 1 2
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1 iRi bi
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nI TI e
R
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=

 
= Π − − 

 
     (32)

Thus, the backscattered intensity Iri is calculated by the inten-
sity I0itaking into account only the absorption in return. It is given 
by the following expression:

( )1
2
0

ii Rbi oi
bi s

n II e
R

ασ − −=       (33)

The backscattered ultrasonic pressure is calculated by three 
parameters as follows [24]

c
rri iIp mρ=       (34)

Mixture response

The system was excited by two ultrasonic pulses which both 
duration is equal to τ (the duration is fixed according to the size 
of the sample to be studied), one pulse for the position x = 3 and 
another for the position x = 8. The backscattered ultrasound pres-
sure of every cell takes a signal form. The elementary signal’s 
characteristics depend on the radial velocity of the ith sample, 
the microbubbles’ number and the arrival time. The response was 
modeled by a sinusoidal signal modulated by a Gaussian. Thus, the 
elementary signal of the ith cell was determined by the frequency 
fi and the acoustic pressure pri presenting the signal’s amplitude. 
The form of the signal si (t) is given by:

( ) ( ) ( )sin 2i ri i gS t p f t f tπ=     (35)

fi: signal frequency of ith cell

fg(t) is the Gaussian function, it is given by:

( )
2

2

1 exp
22g

tf t
σσ π

 −
=  

 
      (36)

σ: the standard deviation

t: time

Each received answer is summed to the previous one taking 
into account the arrival time of the elementary signal. The total 
signal s(t) of each x position is calculated by:

( ) 1
cn i

i i
ds t s t
c=

 = ∑ + 
 

    (37)

nc: total number of cells

di: distance between the ith cell and the transducer

Determination of Mixture Parameters Through 
Mixture Signal Response 

First calculation method 

A first method (method M1) is used to determine radial veloc-
ity difference and to deduce the two mean pressures. It consists 
on measuring the frequencies of the cells at the radial position r 
= 2 and r=3 for both z = 3 and z= 8, using the spectra. Then, radial 
velocity differences are calculated through these frequencies. The 
first ultrasound transmission was used to determine the response 
of positions r = 2, z=3 and r = 2, z=8. The rectangular window-
ing method was applied to the two total signals for extracting the 
considered responses. The frequencies were determined through 
spectra of the two signals by applying the Fourier Transform, al-
lowing the radial velocities to be identified at the two linear posi-
tions for r = 2. A second transmission was made to determine the 
response of position r = 3, z=3 and r = 3, z=8. The same calcula-
tion procedure was adopted to estimate the radial velocities of the 
considered positions.

Second calculation method 

A second method (method M2) is adopted to estimate the ra-
dial velocity differences between the positions z = 3 and z = 8 at 
r = 2 and r = 3. The method M2 calculates the difference between 
the two received signals and allow the radial velocity differences 
to be read directly from the frequency spectrum. This method was 
applied for the signals coming from the position (r = 2, z = 3) and 
(r = 2, z = 8) and the signals coming from the position (r = 3, z = 3) 
and (r = 3, z = 8). Then, the frequencies were calculated through 
signal differences spectra for the same theoretical Pmoy values ad-
opted in method M1.

Results

The system response’s modeling via ultrasonic waves was 
based on different characteristics of the mixture which are the ra-
dial velocity Vrm, the volumetric fraction α2 and the position of the 
samples. The answer concerned the linear positions z = 3 and z = 
8. For each row z, the signal was calculated at each radial position. 
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Under specific initial conditions, numerical simulation provided 
the different cells responses in the position z = 3 and the position 
z = 8. Two spectra are deduced from the total signals of position z 
= 3 and z= 8. Both spectra contain some peaks corresponding to 
the cells response (from r = 8 to r=2). The peak of every spectra 
corresponds to a dominant frequency compared to others (Figure 
6). The method M1 was applied for various values of the pressure 
Pmoy altering between 2kPa and 40kPa, for the positions (r = 2, z = 

3), (r = 2, z = 8), (r = 3, z = 3) and (r = 3, z = 8). For each received 
answer, theoretical frequencies and response frequencies were 
calculated. The radial velocity of each position was determined 
by the response frequency using relation (22). Subsequently, the 
difference of velocities ΔVrm between the two positions makes the 
possibility to calculate Pmoy by relations (20) and (21) in the con-
sidered positions. 

Figure 6: Response spectrum from r = 8 to r=2 for: a) position z=3, b) position z=8.

The relative error of Pmoy measurement was calculated for the 
position r = 2 and r = 3 (Figure 7a). The blue curve describes the 
evolution of the relative error for r = 2. This parameter undergoes 
fluctuations between 0.02 and 1. First, the relative error decreases 
from 1 to 0.06 when the mean mixture pressure increases to 9kPa 
then from 0.4 to 0.02 with a rise from 20kPa to 30kPa. A small 
increase from 0.06 to 0.4 appears for a pressure varying between 
9kPa and 20kPa. The second green curve describes the relative 
error variation for the radial position r = 3, between 0.02 and 0.5. 
The points of the two curves do not completely coincide, there is a 
coincidence in four points: 3rd, 4th, 7th and 8th simulations. It is re-
markable that the position r = 3 gives mean pressure values  closer 
to theoretical ones, since its relative error is less than the position 
r=2. Theoretical frequency differences and response frequency 
differences were calculated for the two positions r = 2 and r = 3 
by the second method M2. The radial velocity difference of each z 
position is determined directly by the calculated frequency differ-

ence. Subsequently, the mean mixture pressure of the position r = 
2 and the position r = 3 is also deduced by the two relations (20) 
and (21). The variation of the relative error for different values of 
Pmoy for the two positions are observed through (Figure 7b). The 
blue curve corresponding to the position r = 2 shows a decrease 
of the relative error when the mean pressure increases towards 
20kPa then a small increase towards 40kPa. The second green 
curve corresponding to the position r = 3 presents a decrease of 
the relative error when the mean mixture pressure rises towards 
10kPa. The relative error undergoes a small increase up to 0.2 be-
tween 10kPa and 15kPa then a decrease to 0.02 for 25kPa. This 
parameter stabilizes at 0.09 for 40kPa. The two curves do not co-
incide at any point. For the majority of simulations, the position r 
= 3 gives closer values of mean pressure as compared to those of 
the position r = 2 except for the fourth and fifth simulations whose 
relative errors are lower for the position r = 2 but they are close to 
the error values of the position r= 3.
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  Figure 7: Relative error in positions r=2 and r=3 for: a) method M1, b) method M2.

Discussion

The strategic goal of this work was finding a novel noninvasive 
measurement process of the carbon dioxide arterial pressure. In 
first approximation, the blood was modeled by simple aqueous 
solution of carbon dioxide. The mechanical study of this solution 
was done by adopting the Drift flux model. It describes the motion 
between phases considering the mixture velocity and the relative 
velocity. The objective of this research is to establish a relationship 
between the pressure of carbon dioxide and the radial velocity of 
the considered solution, using the Young Laplace equation, the 
continuity equation for dispersed phase, the continuity equation 
of the mixture and finally the mixture momentum equation. The 
first three equations of Drift flux model were obviously chosen to 
determine the mixture pressure through the radial velocity which 
is influenced by the carbon dioxide pressure. The use of Young 
Laplace equation was substantial to calculate the pressure of car-
bon dioxide through the mixture pressure. Since the ultrasound 
detects the velocity of the hole mixture, it was convincing that the 
Drift flux model affords the possibility to define the gas pressure 
through the considered parameter.

It can be stated that the results of the model simulation 
reached to create levels of the mean mixture pressure, which were 
used to deduce a method for calculating through the radial veloci-
ty measurement by ultrasound. The latter parameter is influenced 

by the carbon dioxide pressure. Therefore, the levels were based 
on this parameter. In practice, it was not appropriate to make si-
multaneous measurements of the radial velocity in all the consid-
ered positions along the z and r axis. This required several ultra-
sonic transducers. The placement of these sensors near to each 
other created a confusion of information detected from each cell 
of the measurement domain and increased the signal noise which 
created measurement errors. To overcome these problems, it was 
necessary to restrict the number of sensors. The use of two ultra-
sonic transducers fixed perpendicularly to the flow direction can 
of course fulfill more precision than one. The two positions must 
be relatively distant to minimize errors in measuring the radial 
velocity. The choice was oriented to the axial positions z = 3 and z 
= 8 because there was a significant variation of velocity between 
these two positions and to avoid boundary effects. Thus, both sen-
sors were able to measure the mixture radial velocity in the field 
of view.

The findings through this two positions are particularly im-
portant in the sense that they facilitate the computation of the 
mean mixture pressure knowing the radial velocity difference. 
The second and the third locations along the radial axis were 
employed because of the linear behavior of the function  Pmoy=f 
(ΔVrm). Equations (17), (20) and (21) are the first main results of 
the current study. They allow the calculation of the mean mixture 
pressure and the mean gas pressure. In addition, the linear equa-
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tions present a massive advance because they constitute a very 
simple and reliable method compared to the actual arterial blood 
gas sampling. It is remarkable that ABG technique makes mea-
surement uncertainties because of its multiple steps from blood 
extraction until pH measurement of a plasmatic sample. Thus, 
there will be certainly difference between equilibrium in vivo and 
equilibrium ex vivo due to difference steps of sample extraction 
and processing (for example the amount of gas that can be found 
in the syringe at measurement date). The ultrasound process can 
be done with conservation of all properties of the blood solution, 
this because it works without opening the blood system and then 
without any alterations of the latter equilibrium. 

The second main results of this study are the ultrasound 
method employed to read the radial velocity variation ΔVrm. At the 
location r=2, the relative error determined by the method M2 is 
lower than the first one for a mean pressure value around 5kPa 
and for values varying between 10kPa and 25kPa.Elsewhere, the 
method M1 provides lower values than M2. Generally, the method 
M2 is more stable than the methodM1that shows significant fluc-
tuations compared to M2 (Figure 8a). For the location r = 3, the 
relative error of the first method M1 is lower for a mean pressure 
reaching 5 kPa otherwise it becomes larger than the second meth-
od M2 (Figure 8b). The weighted arithmetic mean of the relative 
error is calculated, giving a value of 0.13 for the first method M1 
and 0.11 for the method M2. Concerning the position r = 2, the 
weighted arithmetic mean of the relative error is equal to 0.23 for 
the method M1 and equal to 0.31 for the method M2. Thus, it can 
be stated that the two methods give close results to the mean mix-
ture pressure’s values calculated for the radial locations r=2 and r 
= 3. This parameter is then used to determine the carbon dioxide 
pressure, assuming at this stage that the mean volumetric frac-
tion of the gas is approximately constant. The implementation of 
this system is possible and easy since it does not require specific 
skills or knowledge in anatomy or medicine in general. The radial 
artery can be brought out by a classical method using a garrote 
and the two transducers are settled down in the chosen positions. 
The experimental studies will be setup to improve and validate 
theoretical results.

Conclusion

This work constitutes a first step in the pathway toward per-
forming a novel system for noninvasive in vivo measuring the ar-
terial blood pressure of carbon dioxide. For this, a first numerical 
model had been adopted and as first approximation, the blood 
solution was modeled by an aqueous solution of carbon dioxide 
in a rigid cylindrical canalization. The calculation of the carbon 
dioxide pressure was done following a drift flux model combined 
with Young-Laplace equation. This allowed the establishment of a 
relationship between the carbon dioxide pressure and the radial 
velocity variation (ΔVrm) at different position (r,z). As long as it’s 
about measuring a fluid velocity, two numerical simulation meth-
ods using ultrasound waves, interacting with carbon dioxide mi-
crobubbles, were proposed. The first method M1 determines the 

radial velocities of the cells at the radial positions r = 2 and r=3 for 
both locations z = 3 and z= 8, through the spectra. Then, the veloc-
ity differences are calculated for r = 2 and r=3. The second method 
M2 measures the frequency differences between the considered 
positions, then the radial velocity variations are computed by the 
Doppler effect. The linear relationships, established through the 
numerical model, were employed to deduce the mean pressures 
of the mixture and carbon dioxide from the radial velocity varia-
tion. The calculation of incertitude for the two methods showed 
differences in performances depending on the pressure values. 
This can be subsequently verified when experimental measure-
ment will be done. If the future measurement coincides perfectly 
with calculated results, this can offer different measurement re-
gimes with the same system.
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