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Introduction

Mathematical analysis is an essential component of the 
scientific culture of any natural researcher, because, along with 
the informational aspect, it develops calculation skills, (each 
main theorem being related to numerical evaluations) offering 
many examples of mathematical modeling of some engineering 
phenomena; it permanently extended its study object by 
developing new concepts. In correlation with modern computing 
techniques, it solved problems that were inaccessible until recently. 
It remained a fundamental discipline for technical education 
and a scientific field with numerous ramifications. The proof of 
the majority of engineering principles is outlined by derivatives, 
integrals - real indicators for describing many developments over 
time. It is a relatively modern discipline having its origin only in 
the XVIIth century, following developments such as those of I. 
Newton, Leibniz and Pierre de Fermat in the calculus area.

But mathematical analysis could not have been built if 
Geometry and Arithmetic had not existed before. Geometry and 
Arithmetic represent the oldest “mathematical sciences” having 
their origin more than 2500 years ago, when the Egyptians had 
already known that the triangle with 3,4,5 units of length is right 
and the Greeks had various experimental discoveries that they 
synthesized in theorems and demonstrations. We owe Euclid the  

 
treatise “Elements”, where results regarding sizes, similarity of 
triangles, quadrilaterals, circles are synthesized. The one who first 
combined mathematics and physics was Archimedes, discovering 
the law of levers and the law of floating bodies, unifying Geometry 
and Mechanics and opening the “game with infinity”. For more 
details, one can consult [1-5], etc. Using the model of the great 
Archimedes, in this work we will solve a problem of mechanical 
balance, simultaneously involving Euclidean geometry, 
trigonometry and analytical geometry.

Preliminary Notions

In this section we present some preliminary notions and 
results of mechanics and geometry that will be used all along the 
paper.

Preliminary Notions of Mechanics

Theorem 1. (Second Newton’s Law of Motion). The change of 
motion of an object is proportional to the force impressed and it 
is made in the direction of the straight line in which the force is 
impressed.

F ma=
 

 (1)
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Remark 1. An equilibrium condition is given by, hence 

0F =


.

Definition 1. Being given a point O  called pole, we define the 

momentum of the force F


 with respect to O  the vector 

OM OP F= ×
  

 (2)

where P  is the application point of the force F


 .

Remark 2. If 0OM =
 

, then either the force acts in the 

direction of OP


 or 0F =


 .

Remark 3. An equilibrium condition of a body is given by 

( ) 0OM S =
 

 , where represents the resultant of the forces that 
act on the body.

For much information about the mechanical notions above 
one can consult [2-5].

Preliminary Notions of Geometry 

Theorem 2. (law of cosines) Using Figure 1 the law of cosines 
states:

2 2 2

2 2 2

2 2 2

2 cos
2 cos
2 cos

a b c bc
b a c ac
c a b ab

α

β

γ

= + −

= + −

= + −

Theorem 2. (theorem of bisector) In a triangle ABC∆

, the bisector of angle determines on the opposite side ( )BC  
segments proportional to the sides of the angle (Figure 2): 

BD BA
DC CA

=

Theorem 3. Vertically opposite angles are congruent (Figure 
3).

Theorem 4. In a rhombus the opposite angles are congruent 
(Figure 4).

For much information about the geometry notions above one 
can consult [1].

A Mechanical Equilibrium Problem

This section represents the main part of the paper, presenting 
a mechanical equilibrium problems: ”the pendulum” whose 
solution will be given using geometrical technics.

The ”pendulum”

We consider a non-homogeneous bar AB , of length l . The 
bar is in equilibrium, having its ends tied by an inextensible thread, 

flexible, without weight, of length L  , which passes, without 
friction through a fixed point , located outside the bar. Find the 
equilibrium position of the bar and the magnitude of the binding 
forces (the tension forces), knowing that the tension forces are 

applied in the points A  and B , having equal magnitudes, and 

the position of the center of gravity is given by point D , which 
divides the bar into the ratio.

AD a k
DB b

= =

Solution. Firstly, we construct ,AE OD BF OD⊥ ⊥ , 

hence AE BF  and :EAD DBF α= =  . 

Let ϕ  be the angle formed by the and the weight of the bar.

We translate the two tension forces such that their application 

point is and then we construct the rhombus OPQR with 

| | | |BOP T=


 and | | | |AOR T=


 (Figure 5).

We denote by the resultant of the forces that act on the bar 

and it is given by , ,A BT T G
  

.

 Because the bar is in equilibrium, then 0A BT T G+ + =
   

 and 

( ) 0OM S =
 

, i.e. ( ) ( ) ( ) 0O A O B OM T M T M G+ + = ⇒
      

 

( ) 0OM G =
  

 and we deduce that ( ) 0G OD ϕ∈ ⇒ =


, 
which implies 

OQ G= −
 

	 (3)

OQ  is a bisectrix in rhombus, then OQ  is bisectrix also for 

AOB , hence :AOD BOD β= =  .

To find the solution we must determine the coordinates 

( , ), ( , )A A B BA x y B x y  and we will choose the coordinates 

system ' 'x Oy  such that : 'OD Oy=  and ' 'Ox Oy⊥ .

As 'AE Oy⊥ , respectively 'BF Oy⊥ , it remains to 

determine one of the angles α  or β .
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But finding the measure of one of these angles implies the 
determination of the other, because:

cos sinb OBα β= 	 (4)

(from ODB∆ ).

Applying the bisectrix theorem in 

AOB∆  we obtain	  	

OB DB b OB b OB b
OA DA a OB OA b a L l

= = ⇒ = ⇒ =
+ +

 (5)

and analogically, 

OA DA a OA a OA a
OB DB b OB OA b a L l

= = ⇒ = ⇒ =
+ +

.

From relation (4) we deduce that

cos sinL
l

α β= .

We choose to determine β .

Applying Theorem 2 in AOB∆ , we have:

2 2 22 cos 2OA OB OA OB ABβ+ − =

and from (5), it results 

2 2 2 2 2
2

2 2 22 cos 2 ( )a L b L abL a b
l l l

β+ − = + ,

wherefrom

2 2 4

2

( )cos 2
2

L a b l
L ab

β + −
=

and we obtain that

2
2

2 2 2 2
2

2 2

1
( ) 1cos 1 1

4 4 4 4 2

ll
L a b l a b l

ab ab L b a L
β

 
−     +   = = − = + + −    

    .

Denoting by : ; :a lk K
b L
= =  we have

( )
2

2 21 1cos 1
4

k K
k

β +
= ⋅ − .

Hence, we deduce that β  depends only on k  and K . 

Thus, we find , , ,A A B Bx y x y  (Figure 6).

To find the magnitude of | |AT


 we apply the cosines theorem 
and we obtain

2 2 2 2 2 | || | 2 | | 2cos( 2 ) | | 4 | | cos | |
2cosA A A A

GG T T T Tπ β β
β

= − − = ⇒ =


    

.

Conditions regarding the existence of the solution

We have given a solution for our problem, but know we have to 
answer at the following question: is it possible that the equilibrium 
point does not exist? We have started the solution of the problem 
by imposing some mechanical conditions of equilibrium and we 
have reached to some results in a trigonometric form. Of course, 
the conditions regarding the existence of the equilibrium point 

must satisfy the existence of the cosine cos 2β  of and of the 

triangle AOB∆ .

Remark 4. 0 cos 2 1β< <  , i.e. 90AOB °< , hence is 
acute.

Remark 5. As AOB∆ , it means that 

| | | | | |OA OB AB l+ > =  and | | | | | |OA OB AB l− < = . 

A Generalization

Remark 6. It is well known that the geometric image of a 

cartesian product of two intervals 1 1 2 2[ , ] [ , ]a b a b×  (supposing 

1 2 1 2;a a b b< < , but it is not necessarily) represents a rectangle 

of sides 2 1a a−  and 2 1b b− , of three intervals DOB∆  is 
a rectangular parallelepiped a.s.o. It can be generalized to a 
cartesian product of a finite number of intervals obtaining an 
n-dimensional rectangle (Figure 7). 

The problem from section 3 presented a bar having only 
length, i.e. it was a 1-dimensional problem. A certain generalization 
would be to consider a bar having area, i.e. a 2-dimensional bar, 
which means that the bar becomes a rectangular plate. The plate 
would be hung by 4 threads and can be considered 2 cases: an 
homogenous plate and a non-homogenous plate (case where 
the position of the center of mass is given). The homogenous 
plate case can be easily treated in the same way as the problem 
presented in section 3 dividing it in two 1-dimensional bars (i.e. 

DB  and AC ), with a common gravity center. As the plate is 
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homogenous, its gravity center G


 will be at the intersection of 
them (Figure 8). In case of a non-homogenous plate, we need to 

equivalate the plate to two non-homogenous bars such that the 
gravity center of the plate will concide with the gravity center of 
the system of bars. This think is possible (Figure 9).

Figure 1: A triangle.

Figure 2: A triangle with bisector of an angle.

Figure 3: Leaks in water supply network.
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Figure 4: Rhombus.

Figure 5: The scheme of the bar.

Figure 6: The binding forces.
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Figure 7: A 2-dimensional rectangle.

Figure 8: An homogenous plate hung by 4 threads.

Figure 9: An homogenous empty box.
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Conclusion

In the future we propose to solve the generalization of the 
problem for a rectangular parallelepiped case, i.e. an empty of 
filled box homogenous or non-homogenous.
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