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Abstract
The aim of this paper is to present the application of the Kalman filter to estimate the parameters that play a fundamental role in a very
common underground feature as the subsidence analysis. The results are compared with those coming from the monitoring data of line 1 of Quito
underground. The methodology employed is based on the application of the Unscented Kalman Filter (UKF) applied to non-linear finite element
analysis (NLFEA) carried out in Plaxis 2D. The comparison of the results shows a good agreement in terms of ground movements estimation and
maximum settlements and makes this approach very attractive and relatively simple to adjust to other non-linear problems within tunnelling
engineering.
Keywords: Back-analysis; Unscented kalman filter; EPB Tunnel settlements

Introduction
In geotechnical engineering, the uncertainty of the parameters
and models used in the calculation of any design has generally
been addressed based on the application of different safety
factors, relying on the experience of the engineers in charge of the
design or through the classic observational method [1]. However,
the large and complex works to be undertaken nowadays and the
great advances produced in computational analysis make this
approach to the problem of uncertainty at least questionable. The
studies based on back-analysis present great advantages over
other types of approaches as the engineers can compare the real
data with the results of their analysis; particularly for tunnelling,
this approach is very useful to understand the behaviour of the
ground based on a monitoring system, constituting a kind of
real-scale tests. In recent times, the general tendency to manage
uncertainty in geotechnics has focused on probabilistic analysis,
which, together with computational advances, have led to the
application of the so-called probabilistic estimators, filters or
algorithms for estimating different geotechnical parameters (see
for instance [2-7]. The aim of this paper is to employ the Kalman
filter [8] to study which parameters play a fundamental role in
the subsidence analysis based on monitoring data. To do that, the
Civil Eng Res J 12(5): CERJ.MS.ID.555846 (2022)

Kalman Filter is applied in the non-linear finite element analysis
(NLFEA) of the ground movements around the tunnel excavation.
The innovative approach of this paper is that the Kalman filer is not
popular in geotechnical analysis as it is mostly employed for linear
models. However, it is known that the behaviour of the ground is
far from linear [9], thus this approach requires the use of some of
the Kalman filter variants for highly non-linear systems. In this
paper, the so-called Unscented Kalman Filter (UKF) [10] has been
applied, which allows working with non-linear ground models
through sigma-points, which are discrete values that are obtained
from probability density functions using the Unscented transform
[11]. All this estimating system has been coupled to the non-linear
function model in PLAXIS [12,13] using Python language, in such
a way that the successive iterations or filtering were executed
automatically until convergence was reached.

Description of the Project

Line 1 of the Quito Metro runs from North to South of the city
(Figure 1 left) and includes 15 underground stations, 13 shafts,
and 18 km of tunnel (16 km with Ø9.45 EPB external diameter
tunnel and 2 km of NATM tunnel). The excavation diameter of the
001
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EPB was 9.07 m (Figure 1 right) and the segment thickness was
0.32 m. The Quito Basin is located within the Interandian Valley
and it is formed by volcanic deposits from the medium Pleistocene
period. From bottom to top, the main formations are: (a)
Machángara Formation, represented in the north sector of the city
by the Quito Member, which includes the volcanic-sedimentary
Guamaní Unit (Py), composed by blocks and ash flows, and the
fluvial-lacustrine El Pintado Unit (CH, B, A, a), where some peat
layers are interbedded (Tu) into a mixture of sands, green clays,
breccias and sandstones; (b) overlaying Machángara Formation,
the Cangahua Formation is composed by weathered yellow to
brown tuffs with interbedded ashes, pumice beds, paleosols,

mudflows and alluvial channel deposits, where two units have
been differentiated, the silty sand Cangahua unit (Ca), and the
sandy gravel Cangahua with Lahars Unit (Cag); (c) on top of the
series the Carolina fluvial-lacustrine deposits (Fl-Ca) are found,
which are composed by silts, clays and medium to coarse sands
with interbedded ashes and pumice deposits; (d) finally, recent
heterogeneous made ground deposits (R) are covering all the
area of the project. The geotechnical parameters, deduced from
an extensive laboratory investigation, employed during the detail
design stage are collected in (Table 1) and are those employed in
this paper as initial parameters.

Figure 1: Map view of the Quito Line 1 underground (at left) and bored tunnel section (at right).
Table 1: Initial geotechnical parameters employed.
Unit

NSPT

c’ (kPa)

φ(°)

qu (MPa)

E’50 (MPa)

E’ur (MPa)

v

R

7

5

23

0,11

20

40

0,35

35

34

0,52

80

160

0,30

15

30

Fl-Ca

12

15

Cag*

45

10

Ca

35

Tu

CH, B, A, a
Py

Methodology

10

30-R
R

25
36

10
40
20

120

0,17

90

0,12

32

-

32

20

-

24

175

60

240
180
350

0,32
0,30
0,30
0,30
0,30

n

The Kalman Filter is a mathematical tool for finding the best
estimate for the state of a system in a discrete time process that is
assumed as a linear stochastic differential equation [8]. Following
the approach of [4] we could consider the following discrete
nonlinear time system:

=
xk +1 f ( xk ) + wk
=
yk h ( xk ) + vk

002

0,19

(1)

(2)

where xk ∈  x is the unknown state of the system and
n
yk ∈  corresponds to the output data. In this paper xk are:
y

c: cohesion of the soil

φ: friction angle of the soil

Eur: Young Modulus under load-reload
loss

CL: contraction line usually adopted to simulate the volume
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γ 0.7 : reference shear strain

Whereas yk are the observed ground movements.

In order to provide an adequate initial model, all previous
information on the input parameters xk must be assessed. This
previous information will come with an associated error of
modelling wk that can be represented probabilistically by means
of a multivariable Gaussian probability density function with zero
mean and covariance matrix Qk. In this paper, the implicit error
in the input parameters (soil parameters) is represented by the
initial standard deviation of each parameter as per [6]. On the
contrary, the error related to monitoring measures (vk) is usually
given by the manufacturer of the measurement equipment, so it
also turns out to be an independent and Gaussian random variable,
with zero mean and covariance matrix Rk. The nonlinear functions
f and h represent the dynamic process and the measurement
model, respectively. The estimation of the state consists in
elaborating an outlook of xk employing yk for each time k. For this
reason, the interest of the user should be focused on obtaining
the probability distribution function (PDF) of xk conditioned to
yk or, in other words, the probability of reproducing the observed
measurements with a particular set of input parameters. The
probability of a parameter set given the observations is:

p ( xk |Yk −1 ) = ∫ p ( xk |x k −1 ) p ( xk −1|Yk −1 ) dxk −1 (3)

d)
p ( yk |Yk −1 ) in equation (5) is the normalized probability
or so-called scale factor so the p ( xk |Yk ) could be between 0 and 1.

In this way expressions (4) and (5) represent the fundamental
estimation of the Bayesian system of the equations (2) and (3)
depending on time k. The approach is depicted schematically in
(Figure 2). However, equations (4) and (5) cannot be used in a
simple way to find the PDF of a random vector belonging to a very
nonlinear system, since a computationally-demanding random
sample simulation procedure must be adopted. This issue can be
addressed by using the first two statistical moments (mean and
covariance) of a Gaussian probability density function assumed
for the parameter vector xk . This procedure then aims for
finding the PDF of the parameter’s estimation. Considering that
the geotechnical parameters could be efficiently approximated
to Gaussian distribution, as stated by [7], the search problem
turns easier to solve by implementing the approach previously
mentioned, with the unknown parameter standing for xk at time
k. The new equations (4) and (5) can be expressed in terms of the
Kalman filter as the predictions:
^

E[ f ( x
x ( k | k − 1) =

k −1

=
P ( k|k −1) Cov[ f ( xk −1|Yk −1 )] + Q

The application of the Bayes Theorem to the observations
leads to the updated equation of the parameters set, which is:
Where:

p ( xk |Yk −1 ) is the probability of a certain estimation for
c)
the set of geotechnical parameters given the previous observed
measures. This term is also known as a-priori probability.

p ( yk |x k ) p ( xk |Yk −1 )
(4)
p ( xk |Yk ) =
p ( yk |Yk −1 )

a)
p ( xk |Yk ) is the probability of a certain estimation for the
set of geotechnical parameters given the observed measures. This
term is also known as the a-posteriori PDF

b)
p ( yk |x k ) is the probability of computing the observed
measures through the NLFEA given a certain set of geotechnical
parameters.

x

|Yk −1 )] (5)

and the updated formulation can be expressed as:
^

E[( h ( x ) | Y )]
y ( k | k − 1) =
y
=
P ( k|k −1) Cov[( xk |Yk −1 )] + R

P(

xy
k |k −1)

^

(

)

| k ) x ( k | k − 1) + P (
x(k=
x

(8)

= Cov[ xk ,| ( h ( xk ) | Yk −1 ) ]

^

=
P ( k |k )

(7)

k −1

k

xy

−1

k |k −1

k |k −1)

P ( k|k −1) − P ( k|k −1)
x

( P ( ))
y

xy

(6)

( P ( ))
y

k |k −1

−1


 yk −



xy

^



y( k |k −1) 


T

P ( k|k −1)

(9)
(10)
(11)

Figure 2: Principles of Bayesian Filter (see reference [5]).
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As shown in (Figure 3), the Kalman filter a repetitive
prediction-update procedure to obtain the mean and covariance
of xk from measurements. Equations (8), (9), (10), (11) and (12)
show how this implementation depends on the determination of
the mean and covariance of the random state vector through the
nonlinear functions f (·) and h (·). In geotechnical engineering,
the fundamental equation of an observation model in can be
expressed, (see reference [14]), as:

d = h ( x, m, f )

(12)

where:

d is the output of the model, normally, function of h
which corresponds to a NLFEA or another nonlinear equation.
x is the actual state of the model

m contains the model parameters (for example, Young
modulus, friction angle, cohesion, etc.)
f represents the external loads and the boundary
conditions

Figure 3: Principle of Kalman filter technique (see reference [5]).

However, in the case of nonlinear systems, as those commonly
encountered in Geotechnical Engineering, the problem is more
complicated, and has attracted a lot of research in recent years.
Thus, different families of Kalman Filters have been developed
for non-linear systems, with three clear outstanding algorithms:
EKF (Extended Kalman Filter), UKF (Unscented Kalman Filter)
and EnKF (Ensemble Kalman Filter). In this work, the so-called
Unscented Kalman Filter (UKF) or, for a better understanding, the
Kalman Filter with the application of the Uhlmann transform, has
been used. This technique is based on the so-called Unscented

transform (UT), which uses deterministic points to trace the mean
and covariance of a random variable transformed to a nonlinear
system (see for instance ref [15]). The basic idea of the method is to
represent the probability distribution of each random variable by
means of a set of points (sigma points) deterministically chosen in
such a way that the mean and covariance are represented. Then, it
is possible to propagate these sigma points through the nonlinear
function, obtaining a new set of points that are then used to obtain
the mean and covariance of the transformed variable utilizing a
weighting procedure.

Figure 4: Uhlmann unscented transformation based on reference [5].
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The procedure is to generate a first set of points considering
the initial mean and covariance (red ellipse in (Figure 4)) and,
subsequently this system is projected through a nonlinear function
to generate a new set of sigma points which are used to calculate
the new mean (the “star” point at the right of Figure 4) and its
covariance (ellipse in Figure 4). In order to develop the UKF, it is

necessary to apply the Uhlmann transform, both in the prediction
and update processes, which involves state transformations of
the nonlinear functions f and h, respectively. (Figure 5) shows the
methodology employed in this paper to estimate the xk from the
yk depending on time k.

Figure 5: Methodology employed in the analysis.

Ground Movements: Empirical vs Monitored Data
As already mentioned above, Line 1 of Quito runs under
different typologies of buildings in a very irregular volcanic
deposit. For this reason, the estimation of ground movements was
carried out carefully considering not only the classical approach
(as per [15-17]), but also considering the influence of the
average face pressure (see for instance [18-20]) or finally using
the weighted soil parameters approach (see [21,22]) employed
in Madrid Underground Projects. In this paper, two main
sections have been employed as they are considered the most
representative regarding ground movements. Section TPC-1 was
identified as partially bored in soft clays and the water level was
expected at tunnel crown. The cover from crown is approximately
18 m and the expected Smax (defined as the maximum vertical
displacement) was 30mm (Figure 6). Section TSC-11 was
expected to be excavated in silty sand formation with a shallow
water table. In this case the cover was approximately 13m and
005

the expected Smax was 6.5mm. (Figure 7) Cross section (Table 2)
collects the parameters of tunnel depth (H0), earth pressure (P),
maximum settlement (Smax), inflexion point (i), specific volume
(VS), volume loss (VL) and section loss (V0) for the aforementioned
sections obtained from NFDM (nonlinear finite difference model)
using FLAC3D performed during the construction project of the
tunnel. In order to compare different empirical approaches to the
analysis results, (Figure 8) and (Figure 9) collect the comparison
between these empirical approaches and the monitored data
where it is possible to see the agreement, for both sections, in
terms of average displacements. Monitored data showed values of
maximum displacements quite higher than the theoretical ones.
Monitored data for ground movements were carried out during
three weeks before the passage of the EPB until the distance
between the EPB and the surveyed chainage was about 240 m.
The data were measured with remoted controlled precision
levelling for vertical displacements as already used in Madrid
Underground ([21]).
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Figure 6: TPC-1: cross section.

Figure 7: TSC-11: Cross section.

Figure 8: TPC1: Comparison between the empirical approaches with the monitoring data.
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Figure 9: TSC11: Comparison between the empirical approaches with the monitoring data.

Figure 10: Plaxis Analysis Section TPC-1 (weighted ground).

Figure 11: Plaxis Analysis Section TSC-11 (weighted ground).
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NLFEA Analysis
As already stated in the section 3, the NLFEA was carried out
employing Plaxis 2D (see [12,13]) where the intrinsic geotechnical
parameters of the ground (c, φ, Eur, γ0,7, Gur, etc.) were
differentiated from the parameters related with the construction
process as the contraction line (CL), section loss (V0) or volume
loss (VL). If we refer to (Table 1), and to Figure 6 and Figure 7, for
ground movements it is possible to use the weighted parameters
as per [21,22]. The cross sections collected in Figure 6 and Figure
7 are modified as per (Figures (10 and 11)). This technique
speeded up the simulation process described in Figure 5. (Table
3) shows the weighted geotechnical parameters employed in
the NLFEA. The estimation of these parameters constitutes the
fundamental objective of the back-analysis carried out and,
therefore, of this paper. Within the probabilistic filtering process,
it is necessary to include in the system some initial parameters
that constitute the first probabilistic distribution from which to
extract the sigma-points to introduce in the nonlinear calculation
function represented by the numerical model of PLAXIS 2D
elements. These probabilistic distributions for parameters are
transformed to sigma points through the unscented transform,
then the results of their propagation through the numerical
model are used to estimate the set of parameters that results
in a better approximation of the observations. This procedure
is undertaken in an iterative manner, in which the updated
probability distributions of the parameters are used again as input
for a more refined estimation. The successive iterations allow the

convergence of the observable data in a fast and effective way and,
therefore, the estimation of the parameters that will maximize
the probability of achieving the observations in the numerical
model [23-32]. The parameters initially entered into the system
to carry out the first unscented transform are entered as mean
values and their corresponding covariance matrix. However, it
is necessary to establish maximum and minimum values to limit
the number of calculations or iterations and avoid, whenever
possible, the generation of anomalous or local minimum results.
Choi et al [22] used a strategy called the Extended and Restricted
Kalman Filter (CEKF). Through this technique, the Kalman filter
is used to estimate an auxiliary variable that is linked, through
a transformation, to the geotechnical variable to be estimated.
This transformation contains implicit limits that are imposed
on the variable to be estimated. The authors used a logarithmic
transformation to avoid that the values of the estimated
properties were negative. In this paper, a new transformation has
been used to limit the possible values of the estimated variables.
This transformation is based on the arc-tangent function as
shown in (Figure 12). The arc-tangent function is continuous and
differentiable throughout the real line, and its values are delimited
in a range of width π centred at zero. The estimated variable is the
filter “ α ” defined as:
xmax + xmin

 x−
2
α = tan 
 xmax − xmin
π








(13)

Figure 12: Graphical representation of the arctangent function.
Table 2: Ground movements parameters calculated for the sections TSC-11 and TPC-1.
Section

H0 (m)

P (kPa)*

TPC-1

18,00

70

TSC-11

008

13,00

70

Svmax (mm)

i (m)

Vs (m³/m)

VL (%)

V0 (%)

-30

8,25

0,60

0,86

1,229

-6,5

7,0

0,11

0,15

0,214
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Table 3: TPC-1 and TSC11 weighted geotechnical parameters employed in the NLFEA.

γ aparente

γ saturada

(kN/m )

(kN/m )

17,31

18,52

Unit

3

TPC-1

TSC-11

17,27

3

E50ref
(MPa)

Eoedref
(MPa)

Eurref
(MPa)

power, m

c (kN/
m2)

φ
(°)

γ 0.7

G0ref
(MPa)

vur

pref (kN/
m2)

K0NC

55

55

120

0,69

15

29

5,0E05

600

0,2

100

0,518

17,93

78

78

148

Thus, it is assumed that the values of the geotechnical
parameters are comprised between a lower limit and an upper
limit, called xmin and xmax , respectively, which are estimated
based on field data, on the available technical literature or on the

0,51

32

33

5,0E05

842

0,2

100

0,457

Rinter

0,9
0,9

experience on previous works. These data are shown in (Table 4).

(Table 4) Parameters employed in the NLFEA back-analysis
referred to arctangent space.

Table 4: Parameters employed in the NLFEA back-analysis referred to arctangent space.
TPC-1

Characteristic values

c (kPa)

15

Eur (Mpa)

120

φ (°)

CL (%)

γ 0.7

TSC-11
c (kPa)
φ (°)

Eur (Mpa)
CL (%)

γ 0.7

( σ 2 ) referred to arctangent space

Max

100

30

100

243

29

100

0,69%

100

5,00E-05

Characteristic values
32

2

0.10%

56

100

319

0,37%

100

5,0E-05

1.00%

100

100

148

23

1,00E-03

33

100

4

35

100

( σ ) referred to arctangent space

Min

Max

52

1,00E-05
Min
5

39

25

1.00%

0.10%

1,00E-03

64

1,00E-05

Results

Figure 13: TPC-1 Parameters Iteration.
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Figure 14: TSC-11 Parameters Iteration.

Figure 15: TPC1: comparison of results.

Figure 16: TSC11: comparison of results.
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The results of the analysis based on the methodology of (Figure
5) are collected in (Table 5). It is important to underline how
important is the value of contraction line in the back analysis (0.30.4%) to best fit the observed data with the designed ones (0.7%).
The geotechnical parameter that plays a more fundamental role
seems to be the Young modulus. The number of iterations to
reach the convergence of the parameters has been forty-eight.
The following table shows the convergence of the parameters to
the more probable value. Comparatively, the input parameters
considered before the initial filtering are included, as well as the
calculation parameters considered in the project (Figures (13 and
14)). For its part, the ground movements calculated in PLAXIS
from the weighted properties obtained in the filtering are shown
(Figures (15 and 16)), where a comparison with field data also
Table 5: Comparison of results between design and back analysis.
Parameter

Design Value

c (kPa)
Eur (Mpa)

φ (°)

TPC-1

Peck

UKF P-V

UKF CL-V

15

15

15

15

20

-

120

120

120

120

85

-

0,690%

c (kPa)

32

Eur (Mpa)

148

CL (%)

γ 0.7

Back analysis

Sagaseta and Oteo

29

φ (°)

TSC-11

Empirical calculation CL
Loganathan

CL (%)

γ 0.7

is shown. As it can be observed, the adjustment reached in the
estimation is quite optimal, considering the asymmetry of the
values of ground movements measured and the impossibility
that the numerical model generates an asymmetric settlement
curve since the model is symmetric. As a complementary result,
(Table 6) shows different values of Volume Loss (VL) and Section
Loss (V0) (equal to Contraction Line, CL) obtained from empirical
calculation methods and from UKF back analysis. It is possible
to see that Volume Loss derived from UKF is higher than the
empirical formulations and this could be explained considering
the assumptions of the empirical formulations. (Table 6). Values
of Volume Loss (VL) and Section Loss V0 obtained from empirical
calculation methods and from UKF back analysis.

29

29

0,286%

29

0,338%

0,349%

32
0,394%

0,383%

17

-

-

5,00E-05

5,00E-05

5,00E-05

4,81E-05

33

33

33

33

38

0,371%
-

32

32

148

148

0,268%

148

0,267%

5,00E-05

32

5,00E-05

0,266%

5,00E-05

132

0,327%

4,29E-05

Table 6: Values of Volume Loss (VL) and Section Loss V0 obtained from empirical calculation methods and from UKF back analysis.
Section

TPC-1

-

0,388%
-

Calculation Method

Maximum Settlement (mm)

Section Loss (V0) / Line Contraction (CL)

Volume Loss (VL)

VL/V0

Loganathan (empirical)

-5,0

0,2861%

0,2099%

0,73

Peck (empirical)

-6,9

0,3492%

0,2764%

0,79

Sagaseta Oteo (empirical)
UKF

Loganathan

Sagaseta Oteo

TSC-11

Peck

Conclusion

UKF

-6,6
-8,3
-3,5
-3,5
-3,4
-5,9

From the above considerations, the following conclusions can
be drawn:

a.
From the PLAXIS 2D calculations carried out for the
two sections, the volume loss values obtained from empirical
0011

-

0,3376%
0,3942%
0,2677%
0,2670%
0,2660%
0,3271%

0,2639%
0,3051%
0,1812%
0,1807%
0,1798%
0,2345%

0,78
0,77
0,68
0,68
0,68
0,72

approaches are relatively in agreement with the measured data
although the maximum values are quite far from each other. For
this reason, it is important to underline that these formulations
are very useful during the design and constitute an important
aspect to take into account the possible damage to buildings, but
the empirical approach, although generally accepted by tunnel

How to cite this article: Moreno M, Rodriguez J, Iasiello C, Silvestre A. Kalman Filter Application in a Subsidence Back-Analysis along the Tunnels of
Line 1 of Quito (Ecuador). Civil Eng Res J. 2022; 12(5): 555846. DOI: 10.19080/CERJ.2022.12.555846

Civil Engineering Research Journal

engineers, must be supported by a statistical approach based on
the variability of the parameters and/or by numerical analysis.

b.
From the back-analysis carried out through the
application of probabilistic estimators (Unscented Kalman Filter,
UKF) it is concluded that this technique constitutes a powerful and
versatile calculation tool that, quickly and accurately, allows to
obtain very satisfactory adjustments. During the iteration process
of the UKF, it has been possible to observe the special relevance
of the maximum and minimum limits of each parameter to be
estimated and entered in the filter. Adjusting these limits allows
the filter not only to reach a convergence more quickly, but also
to avoid falling into unrealistic parameter values. The approach
based on the arctangent resulted also very attractive to estimate
the filter as it gives a finite value of variability of the parameters
leading to a more stable analysis.
c.
From the analysis of the results, it can be concluded that,
within the analysis using PLAXIS 2D, the contraction line (CL)
parameter plays a fundamental role in the geometrical extent of the
subsidence curve measured at surface. This particular parameter
is not so easy to calculate because it depends on the typology
of the TBM, the annular gap material and filling procedure and
other variables. A correct implementation of this parameter in the
analysis is key to reach the observed values on site.

From the analysis performed, it can be concluded that the
Young modulus plays an important role in defining the width
of the Gaussian curve. The results of the analysis show that this
value was overestimated during design. The other geotechnical
parameters have little influence on the definition of the ground
displacement curve.
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