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This paper revisits the boundary-valued problem of the three-dimensional (3-D) scattering and diffraction of seismic spherical waves
by a hemispherical canyon in an elastic half-space, a problem of interest to both earthquake engineers and strong-motion seismologists. The
analytical solution of normal incidence of plane P-wave (axi symmetric) has recently been presented in [1], using the half-range expansion of
odd-order Legendre polynomials in terms of even-order Legendre polynomials. The use of excitation by plane harmonic waves is common in
many studies of the amplification phenomena by surface and subsurface topographies. It is assumed and reasoned that when the spherical (3-D)
and/or cylindrical (2-D) wave fronts are sufficiently far from the earthquake source, such plane wave approximation is adequate. The case of 2-D
SH-wave source was recently studied by [2]. The results are compared with that from plane wave incidence. It concluded that the plane-wave
approximation did provide sufficient and reasonable approximation. This paper now uses a 3-D point source vertically below a hemispherical
canyon and studies how the results are when compared to that of vertical plane wave incidence.

Introduction

As was discussed previously in [1], the odd Legendre
polynomial of half-range expansion can effectively solve for the
waves scattered around a 3-D hemispherical canyon in a elastic,
homogenous, and isotropic half-space with a normal plane
P-wave incidence. In this paper, the same methodology will be
applied to a similar model of canyon but the incidence is now a

point-sourced P-wave.

In the perspective of seismic technology, a point-sourced
incidence is very pertinent for an earth-quake with a shallow
epicenter. For this, some numerical approaches were developed,
such as the boundary element method by [2-4], and the finite
difference scheme by [5]. An analytic method of wave diffraction
around a small full-space sphere was obtained by [6], in which
the method of the image of a point source developed by [7] was
borrowed. Nevertheless, no effective analytic solutions for the
P- or SV-incidence in the half-space have been accomplished,
because of the difficulties of the mode conversion.

Recently in 2013, [2] investigated the finite line source at
a distance comparable to the size of the circular alluvial valley
for the out-of-plane SH waves. They compared the resultant
displacement amplitudes with those by the plane SH-incidence

and provided a positive conclusion that the plane waves are
good approximations for studies of earthquake engineering. In
the end of this paper, the same conclusion will be made based on
the comparison of results by the plane P-wave incidence and by
the point-source with various frequencies.

The Model

—

Figure 1: 3-D hemispherical canyon with point-source
incidence.

In Figure 1, a hemispherical canyon of radius a is located
on the surface of the half-space, which is featured by its density
£, and Lam’e’s constants 4 , and A . An incident point
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source situates below the center of the canyon, and is emitting
longitudinal waves (P-wave) only. The distance from the point
source to the canyon center is d, which is perpendicular to the
half-space surface (Figure 1).

The spherical and rectangular Cartesian coordinates
centering at the canyon center are adopted. Figure 2 shows the
relationship between the Cartesian and the spherical systems.
The x-y plane is the half-space surface, and following the right-
hand-rule, the z-axis is pointing downward. The spherical
coordinates is composed by the radial distance r, the polar angle
, and the azimuthal angle# € . in this case is only half-ranged
ae[o,ﬂ, and g;% on the half-space surface (Figure 2).

14

-

Figure 2: The spherical and Cartesian coordinates.
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Figure 3: The spherical coordinate system for the point-source
P-incidence and its image.

In order to describe the point-source with P-wave potential
, ¢a spherical system originated at the point source center
is also selected. In Figure 3, O refers to the center of this new
system of depth d vertically below the center of the canyon, and
r is the radial distance measured from O. The incident potential
¢ with harmonic frequency can then be expressed as:

o =g, exp(ik,r ~ior) = ipyk, W (k,r)exp(~iat) M

7

CIZ

(0]
where @, is a scale factor, kﬂ‘a , with the P-wave

speed, is the wave number of the P-wave, and h(()l) is Hankel
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function of the first kind of order 0 for that the incident wave is
symmetrically outward propagating (Figure 3).

From Graf’s Addition Theorem [8] and [9], ¢ in (1) can
be expanded in terms of the (r.6.4) coordinates with origin at
the canyon center in the following form (with the time factor
exp(—iot) omitted):

Z::Oi%ka (2n+1)h,(,1) (kad)j,, (kar)Pn (7u),r <d,

ik, 1) (k) =4 217" . o
Zn:01¢0ka (2n+1)]n(kad)hn (kar)Pn(fu),rzd;

(2)

where J, and 4" are respectively spherical Bessel function
and Hankel function both of the first kind of order n,and P, with
argument u =cosf(0<u<1) is the Legendre polynomial of order n.
Note that the argument of £, is —y; , instead of u, because the
z-axis is pointing downward. Illuminated by the image methods
used in related 2D papers previously, such as [10], the reflected
wave potential due to the half-space boundary here can now
be represented by a negative (anti-symmetric) source ¢ with
respect to ¢ relative to the half-space surface. In [10], for SH
wave, a positive (symmetric) image source was used. The O in
Fig. 3 indicates the source center of the reflected wave of distance
d vertically above the center of the canyon. Here, another polar
system originated at O is adopted for the expression of ¢ then
exp(ik, 7 —iwt)

()

0" =-g, :—i(pokah((,l)(kj)exp(—ia)t), 3)

7
Where r is the radial distance from O. The time factor

exp(~iot) will again be omitted with the steady-state assumption.

The Graf’s Addition Theorem is again applied to (3) to obtain

the expression of ¢ by the spherical coordinates (r,6,¢) in the

form of

o omiok, (2n+ 1)) (k,d) j, (k,r) P, (u).r < d:

_i‘pukahél) (kaF) = ® . . )
> gk, (2n+1) j, (k,d) B (k,r) B, (u),r > d;

(4)

The stress-free boundary conditions on the half-space
surface are to be examined, to verify thaty”) is the reflected
wave of 4 in the half-space. These conditions atz = 0, are

O-zz = ];x = 7;}* = 0’ (5)

Which should be satisfied by the summation of #" and ¢ .In
the spherical coordinate system, where ¢ -term is automatically
satisfied due to the property of axisymmetric for this model so

that tT conthions in (5) can be expressed as
=0.
! -1 (6)
2
To superimpose ¢ andg"” , the total wave ‘(f f) can be
expressed as " { T d G )R ) <di (7)

() _ i) r
[l A S
A )P (). 2

O, =T
o= for

where ! = -2(2n+1)igk " (k,d) 1=1,3,5,.cccrrrcerr ,

a?? = =2(2n+1)igjk, j, (k,d) n=1,3,5 ccoomrr..ce. . (8b)
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The Free-field Potential

Now it is going to show that ¢ naturally satisfies both
half-space boundary conditions in (6).

The zero normal stress boundary condition on the
half-space surface .a,,‘ =0

-1
2

From [8], whenr < d

. ”:l72al‘,“{72%|:ﬁf(2n+1)2+(A”2F)V]/:W(k”r)fl.,,r/':m:(k1 }J o= 9[ (2n+1)cos” 0P, () +(2n+1)cos 0P, ()] ‘(u):|

or
© k)
% =l Zr“{[ (2n+1) + N 2’) ]]7 (k) =k (ko } ) (9)
Similarly, whenr = d,
%\, :ia, M’) 2/; H (2n+l)Z +@Jh£‘:’ (k,r)-k, rh (k r)} P (0). (10)

KnowingP, (0)=0 that , the boundary conditione.
always automatically satisfied.

,n=0 IS

The zero shear stress boundary condition on the half-
space surface .

The general relationship between the longitudinal wave
potential and the shear stress is

] [ ’p  op

" oro0  ro0

The equations in (7) will be re-expressed in terms of the

j (11)

even Legendre polynomials, because all boundary conditions are
in half-, not full-, space. Such technique is already discussed [1].

From [1]-
2m+1 Z}/mn Zrz (123)
L J".PZ""' (), () (@) ()Y @me ) 2n)
Where [1]:7 j(P () du 27 (21— 2m+1)(2n+ 2m +2)(n!)’ (m!)2 (12b)

Then (7) becomes

[T o (k) o (). < 0
Do Do s (k) By, ()2 d. (13)
This new expression gives
09" | 2o oY s (k7) P (), < ds
00 |3 P W) (k)P ()2 ds (1)
Where PM (u) is the first derivative of the Legendre

oP, (1)
0

4

polynomial with order 2n with respect to @ —i.e. P (u)=

From (11) and (14), %|,.n = due to (p(ﬁ‘) is

2 - Yo (k) 1
”Zn 0 DYoo e [héif)—;]}j (u),r<d;
) (15)
3 2 sa)| Oh kr) 1
’ qun nzma7mu anfl)[%_; le”(u),er.

stress boundary condition r,| ,=0 is again automatically

2

Since P (0)= 0att9=% for Te half-space surface, the shear

satisfied.
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Therefore go(r) can be verified to be the reflected wave from
the half-space (without any topography). In addition, the (p(ff)
defined in (7) is the free-field wave for a point-source P-incidence
in the half-space.

The Scattered Waves

The scattered waves are generated in the presence of the
hemispherical canyon. The same methodology is applied as in
[1] that the scattered wave’s potentials will again be expressed
in terms of odd Legendre polynomials only. So that

)= ZAzmth(In)tl (kzzr)szl (u),
=0

Zm = 2C2n+|h;|u)+w (kﬁr) 2 u (1 6)

Where =2 is the shear wave number, with C; the shear
wave speed in the half-space. From (12a), the wave potentials
can also be expressed in terms of the Legendre polynomials of
even degrees as

o= 3 S Al () ),

=0

=3[ Sl . (07)

n=0 \_n=0

The summation of all the waves 4, ¢("> ,and »* need to

satisfy all boundary conditions on both the half-space surface
and the hemispherical canyon surface, which are

O—”‘(/:% Tt zz:g =0, (18)

and

o}

r

= TrH r=a =O' (19)

r=a

All boundary conditions will be discussed as follows:

half-space surface. o,| , =0

Ll
2

The zero normal sT‘ess boundary condition on the

Only the scattered P- and S-wave potentials will be taken
into consideration when evaluating normal stresses since 4 is
already shown to satisfy this boundary condition. With (16), the
P- and S- potentials with argument u = cos @ have the following
expressions of the normal stress on the half-space surface [1]:

= Y [AuBD 201k )+ Co B (20 1,kyr) JP. (0).(20)

n=0,1.2....

Equation (20) is the summation over all the odd integers,
n =135,..,and P, (O)=0 forall r > a %‘Lg:OOdd n-degree
Legendre polynomials, and thus for all , is always automatically
satisfied. All the E, functions above and following in the paper

are listed in Appendix A.

The zero shear stress boundary condition on the half-
space surface .

As in Boundary Condition 1, only the scattered P- and S-wave
potentials are used to satisfy the shear stress on half-space
surface. Here the expressions in (17) are adopted, and then the
shear stress by the P- and S-waves is expressed as [1]:
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> (At

=0.1.2.

7, 5 (2m+ Lk, 1)+ Cop B (2m+ 1Ky )7, )P (0

il

2

(2 1

P'(0) [s the first derivative of £, (0) so that P,, (0) is odd when n
iseven? Summing up alongn=1,2,3,..,, the result is definitely zero
since every term is multiplying an odd function with argument
zero. Therefore conclusion could be reached that the zero shear
stress is also satisfied on the half-space surface. Now two out
of the four boundary conditions are automatically satisfied
(removed), so then the remaining two boundary conditions will
next be utilized to solve for the two sets of unknown coefficients,
{4,,,}and {C,,.,} for n =0, 1, 2, .., of the P- and S-wave
potentials.

The zero normal stress boundary condition on the
canyon surface .

The total normal stress o, is composed of the free-field

wave and the scattered waves that

o %:O'f/f)

r|r=

r=a + O-)(S) | rea — 05

(22)

Thus the following relationship is then obtained:

() — _ )
Gr r=a _O-r =a * (23)
Where " is the normal stress due to the free-field potential,
and _( is that due to the scattered waves.

Their expressions in the spherical coordinate system are
given as [1]:
. zaerlEl(l) (2”+lvkaa)P2n+1 (”)’
n=0
o

O =i(AMEff>(2n +1,k,2)+ Gy ES (2041, k,2) P, (), (24)
=0
Combining (23) and (24), there is

o\

r

i(AME,'i)(2;1+1,kﬂa)+(,‘Z,H,E,‘?(2;1+1,/(/,a))l)2 A Zaz LED (2n+1,k,2)
=

(- (25)

Then to apply the orthogonality of odd Legendre polynomials
over the half-space, (25) is simplified to be, forn =0, 1, 2, ...

A

2n+1 2n+1

EY (2n+1,k,2)+Cy, B (20 + 1 kja) ==y, EY) (20 + 1 k,2). (26)

The zero shear stress boundary conditions on the
canyon surface.z,|,_, =0

Trg

r=a

As in to Boundary Condition 3, the zero shear stress
is from both the free-field wave and the scattered waves, so that

[1]:

A

r0

() 27)

T

r=a r=a?’

(s)

Where7,, , rfem are respectively the shear stresses due to
the scattered waves and the free-field waves. Here
2], =y B 2+ k)P ().

. (28)
8 |a = 2 (Aot S (2014 Lk,2) + G,y B (214 LE,2) P (1)
Equations (27) and (28) give
Z(Az” B (204 1k,2)+ Gy, B (214 1k ,2) P '(u):—g(azm 0 (2n+1k,2)P ( (29)

After applying the orthogonality of {Pi,,,‘ (“)}Jl =0,1,2,......, that

P- Point Source. Civil Eng Res J. 2017; 2(2): 5655598.

is a set of even Legendre functions, for each n the coefficients
A4,,.,and C,,,, have the following relation, for n =0, 1, 2, ...

4, EC

2n+1

'(2n+1,k,a)+C,, ES (2n+1.kj2) = —a,,,E\ (2n+1,k,a) (30)

2n+1

(26) And (30) can be rearranged to be: forn=0, 1, 2,...

EY (2n+1k,a) ES(2n+1k,a) {A} EY (2n+1,k,a)
=-a n+!
Ey) (2n+1k,a) E(2n+1 k)| Con " ED (2n+1,k,a)) (31)
Therefore, the coefficients 4, and C, are given by, for n =
1,35 ..,

{An}7 —a, | EY (nksa) —EQ(mksa)|[E(nk,a) 32)
CJ Det(n)| g (nk,a) B (nk,a) || (nks0)
With the determinant 2et(n)=E (nka) £ (nkja)~ £ (nkja) 5 (n.k,a).

Note that a,,,, should be 4\
below the canyon with ,. _ , . 4.

of (8a) because the source is

The free-field coefficients in (32) are
~(4n+2)igh, " (k,d)  1=13,5 . ,(33)
Surface Displacement

Vertical Displacements

The displacement amplitude at a point is a very important
assessment of the devastation at that point resulted by the
seismic waves. The vertical displacement amplitude |U.

z

will be
focused here because the problem presented in this paper is an
axisymmetric problem with the longitudinal wave from a point
source vertically below the canyon. U. Canbe calculated from the
spherical components U, andU, ( U,=0 from axisymmetry)
by the transformation between the two coordinates, where,

U,=U,cos@-U,sin@ (34)

U,= i [a,,D,(:)(n,kua)JrA,,D,(,})(n,kma)JrCnD,(;’(n,kﬁa):lff,(u), (35)

n=135,...,

[a,,Dé',) (n,k,a)+A4,D) (n,k,a)+C,D) (n,kﬂa)]%

It is noted that, for P-point source,U. , the vertical
component, is the dominating component of motion. Here Dﬁ?

are the displacement-potential expressions given in Appendix A.

The displacement amplitude is the magnitude of a complex-
valued displacement, so that for U.

~[Re(U,)+ Im? (1) ] (36)

As was stated in (1) that ¢,
wave potentials, this scale factor should be determined before
proceeding to the numerical calculation. According to the plane
P-wave incidence, ¢ can be determined by the displacement
amplitude at the original point such that such that [V.| resulted
by the free-field wave at the canyon center is always “2”.

+lm

UZ

is the scale factor for the

ik, ik, T
. () = EP T () _ exp ”
Given? =% and ¢ =0 ——

due to the incident wave is

,the vertical displacement
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a(p(f)

7

U= !

2
7

=9, exp(ikar){% -

|67
And that due to the reflected wave is

(7) ;
= ¢, exp(ik,7) [ ik,

} (38)

Combining (37) and (38), the total vertical displacement at
the origin O, where ¥ =7 =d (r=0),is

UZ

Tk, 1
oo =20, exp(—ik,d )[7 E

} (39)
Therefore, define
—1
ik, 17 (40)
=exp(-ik,d)| —*+——
¢0 p( o )|: d d2:|
So that

Uz

at the center of canyon equals to number “2”, and

the coefficients of free-field potentials can be expressed as, from
(8a) and (8b):

(r<d) _ _

-1
iy

(8n+6)ikaexp(—ikad)[ik7"—%} (ki) n=0.1.2.....(412)

—(8n+6)ik, exp(fikad)[ikjf !

(r2d) ?T Jora (ko) n=0,1,2,.... (41b)

Dt

Alternatively, a, in (41a) and (41b) for the calculation of 4,
and C, is then given by, withr=a<d,
- —(4n+2)ikahi”(kad)exp(fikﬂd){%fﬁ} In:1,3,5,.,. (42)
0n=0,2,4,..
Which contains both the source depth d, and the wave
number £, .

77, following the definition in [11], where the dimensionless
frequency, 7] , is used:

da=50

nek o/

Figure 6: Vertical displacement amplitude .| along x/a for the
normal point-source incidence:”7 = 0- 10 and d = 5.0a.

Figure 7: Vertical displacement amplitude .| along x/a for the
normal point-source incidence: 77=10 - 20 and d = 5.0a.

da=18

S
38

| o

Figure 4: Vertical displacement amplitude |U.| along x/a for the
normal point-source incidence: 77 =0-10and d = 1.5a.

o/a =200

Figure 8: Vertical displacement amplitude [U.| along x/a for the
normal point-source incidence: 77=0- 10 and d = 20.0a.

da=185

Figure 5: Vertical displacement amplitude

U.
normal point-source incidence: 77 =10 -20 and d = 1.5a.

along x/a for the

/a =200

u.

Figure 4 to Figure 9 are the vertical displacement amplitudes

Figure 9: Vertical displacement amplitude

normal point-source incidence: 77 =10 — 20 and d = 5.0a.

along x/a for the

. . o : _o 2 _ka _2a 43
U.lalong the dimensionless radial distance (x/a) for a fixed ”—”ﬁ— 5z _/1,,
wave source location and various dimensionless frequencies
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The azimuthal angle @ will play no part because the model
is axisymmetric, the axis x/a is the radial distance r/a along any
direction.¢ The range of x/a from 0 to 1 represents the distance
from the center to the rim along the canyon surface when goes
from % to 0. When x/a > 1, the half-space surface is under
discussion.

Figure 4 and Figure 5 are the vertical displacement
amplitudes v respectively from 77 =0 to 10, with the same
source depth of d = 1.5a. One can see that can be as high as 20
at x/a = 0, the bottommost point of the canyon, when is very
small, but it decays quickly along the radial distance. There is
little oscillation observable on the half-space surface in the
low range when x/a > 1. With increasing , the magnitude of
on the canyon surface levels off to 2, and there are clear wave
patterns on the half-space surface showing that the particles ata
relatively far distance from the canyon center start still oscillate.

Figure 6 and Figure 7 arelU.| respectively from 77 =0 to 10,
and from 77 =10 to 20 with now source depth of d = 5.0a. This
time the maximum in both Figure do not exceed 3.0 from the fact
that the source is much farther from the canyon. As in Figure 4
and Figure 5 max gradually levels to 2 as increases. The wave
oscillation is now substantial, particularly in the high frequency
range. At the rim of the canyon with the ground, where x/a =1,
the” dip and spike” phenomenon, which is described in [1], is
also observed.

Figure 8 and Figure 9 contain the more intense wave motions
at frequencies of 77 = 0-10 and 77 = 10-20 respectively, when
the depth of source is at d = 20a below the origin. One notes
that the amplitude of shaking is more oscillatory, compared with
the prior two sets of Figure at d = 1.5a, and d = 5.0a, for a given
7] . This is because when the source is deep below the canyon,
there is now greater difference in phases and radiation distances
for any two points on the half-space surface, resulting in greater
differ in the wave amplitudes. At the low frequency range
where 77 is close to 0, the amplitudes along the radial distance
are almost constant and this agrees with the observation of the
normal plane P-incidence in the previous paper [1]. Moreover,
the” dip and spike” phenomena at the rim (r = a) become more
apparent and stable.

Next, Figure 10 consists of/U| four plots of atd/a= 1.5 for =
0.02, 0.5, 1.0, and 1.5, respectively. It is apparent that|U.| at the
origin, corresponding to the lowest point of the canyon that is
closest to the source decreases with increasing . However, for a
location outside the canyon, r/a > 1, its amplitude for 77 = 0.02
or 77 = 0.5 are generally smaller than thatof 77 =1or 77 =1.5.To
conclude, for a near source incidence with an equivalently scaled
potential, the low incident frequencies accumulate energies at
the origin, while at higher frequencies the energy is spread out
by the wave propagation. Figure 11 to Figure 13 display the
vertical displacement amplitudes |U.| at d/a=1.5, 5, and 20 for
17=0.02, 1, and 20, respectively.

P- Point Source. Civil Eng Res J. 2017; 2(2): 5655598.

Point Source Incidence: d/a=1.5
T T

15 2 25 3
radius x/a

Figure 10: Vertical displacement amplitude along x/a for the
normal point-source incidence with d/a =1.5and 77 =0.02, 0.5,
1.0and 1.5.

Point Source Incidence: n=k a/x=0.02

—dfa=15
--d/a=5.0
Wa=200

15 2 25 3
radius x/a

Figure 11: Vertical displacement amplitude along x/a for the
normal point-source incidence with d/a =1.5, 5, and 20 for =77
0.02

It is shown from Figure 11 that for the very low frequency
incidence-i.e. 77 =0.02, if the source is shallow (d/a = 1.5 here),
the bottommost point of the canyon has the most substantial
deformation. While on the other hand, if the epicenter is deep,
the plots appear to have comparable amplitudes on the half-
space surface outside the canyon to those on the canyon surface.

Point Source Incidence: 1=k /=100

Figure 12: Vertical displacement amplitude along x/a for the
normal point-source incidence with d/a =1.5, 5, and 20 for 77
=1.0

Figure 12 and Figure 13 show that when 77 gets higher,
the canyon bottom (where x/a = 0) still has the same high
displacement amplitude and hence the same severe damage
from a shallow source-at d/a = 1.5. Unlike the other three Figure
atlower frequencies, Figure 13 at 77 = 20.0 shows that the waves
at the canyon and half-space surfaces are more oscillatory, even
far from the canyon.

Figure 14 provides x/a = 0 to 100 to investigate the
amplitudes in the perspective of a longer range far from the
canyon. Apparently, the amplitudes resulted by a shallow wave
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source decay faster along the radial distance than that resulted
by a deep source. In addition, the amplitudes from all the point-
sourced cases will eventually drop to zero, at some points on the
half-space surface that is sufficiently far from the canyon.

Point Source Incidence: 1=k ;a/7=20.00

radius x/a

Figure 13: Vertical displacement amplitude along x/a for the
normal point-source incidence with d/a =1.5, 5, and 20 for 7 =
20.0

various depths are visualized and compared. Both the point
source and the plane wave are normalized to have unit
amplitude displacement at the origin, or center of the canyon,
corresponding to free field displacement amplitude of 2 at the
half-space surface, after adding the reflected wave. The patterns
of amplitudes always agree at the lower range of x/a first
closer to the canyon, and then start to differ slightly when the
referenced point moves farther away from the canyon. For the
case of =1 1in Figure 15, the plot of d = 100a can visually match
the result of the plane incidence up to x/a = 2.5; but for 7 = 4 in
Figure 16, the agreeable range shrinks to be around x/a = 2 along
the horizontal axis; and for N =8in Figure 17, this number of
the upper-bound is only less than two. Thus, for a point-sourced
incidence at a fixed depth, the high incident frequency narrows
the efficient range of a substituted plane incidence.

Point Source Incidence: =k a/x=1.00

—d/a=15
--d/a=5.0
10 ‘d/a=20.0 |
8l 4
5 1
4 4
30 40 80 60 70 80 00 100

radius wa

Figure 14: Vertical displacement amplitude along x/a to 100
for the normal point-source incidence with d/a =1.5, 5 and 20
and =1.0

Comparison with plane wave incidence: d >> a

The plane wave incidences can, intuitively, precisely
simulate the point-sourced incidences if the wave sources are
deep enough. This sub-section is to examine the conditions for
a vertical plane incidence to replace a vertical point-sourced
incidence. First of all, the free-field coefficients of a deep normal
point-sourced incidence in (33) can be proven equal to the
coefficients of the normal plane free-field potentials provided in

(1]

From (33), when d >> a is very deep, the coefficients can be
simplified as (n=0,1,2,...):

. =—(8n+1)ik, exp(—ikad)‘i%] W), (k) (44)
While the coefficients for plane wave incidences are [1]:

_ (8n+6)i®"

a, . =
2n+1 .
ik,

(45)
From the mathematical relationship of asymptotic expansion:

A (kad) -

2n+l

1 (kyd+(n+1)7)
(k.d)
(44) and (45) can be shown to be equal.

when d — oo, (46)

In Figure 15 to Figure 17, the results of the normal plane
incidence and of the normal point-sourced incidences with

P- Point Source. Civil Eng Res J. 2017; 2(2): 5655598.

Comparison: qskﬂaln=1 00

— Point Source Incidence with d=100

35- -- Vertical Plane Wave Incidence |
* Point Source Incidence with d=200

0 05 1 18 2 25 3 35 4 45 5
radius x/a

Figure 15: Vertical displacement amplitudes along x/a for
various d with = 1.0.

Comparison: qshﬂal:lstﬂo

! ! ! ! —Vertical Plane Wave Incidence

a5 -~ Point Source Incidence with d=100 |
* Point Source Incidence with d=500

(] 05 1 15 2 25 3 35 4 45 5
radius xa

Figure 16: Vertical displacement amplitude along x/a for
various d with =4.0.

Gomparison: 1=k ;a/n=8.0

' ! ! ' — Vertical Plane Wave Incidence

351 ~-Point Source Incidence with d=100
= Point Source with d=1000

Figure 17: Vertical displacement amplitude along x/a for

various d with = 8.0.
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For this, when the frequency is not super high, the plane
incidences can be used for the simulation of the point-sourced
incidence assumed to be located deep such as d = 200a for 77
=1,d =500a for =4, and d = 1000a for 77
guarantee the good matches along the radial distance up to 5
in these figure presented. Note that in all cases, the differences
show up as phase shifts, while their amplitudes do agree.

= 8 which can

Conclusion

This paper applies the series expansion of odd-order
Legendre polynomials to the wave diffraction around a
hemispherical canyon by a vertical point-sourced P-incidence.
Results of various source depths and dimensionless frequencies
are discussed. Following are the major aspects summarized for
this problem:

1. The antisymmetric image method and the odd-order-
only Legendre polynomials can be effectively used to relax
the zero-stress boundary conditions on the half-space. The
calculable range of is high, although the highest selected in
the discussion is 20.

2. The oscillations are intensive near the rim of canyon,
in particular for the case of high . So that the “dip and spike”
effect also exists in the point-sourced problems.

3. A higher
pattern on the surface of canyon, and the half-space. The

must result in a more complex oscillatory

same conclusion was already made for the normal plane
P-incidence in the previous paper [1].

4.  For incidence with a shallow epicenter, the substantial
impacts can be caught on the canyon surface, while the
influence on the surface of the half-space is relatively trivial
and decays rapidly to zero.

5.  For incidence with a deep epicenter, its impact on
the half-space surface in the near range is comparable to
that on the canyon surface. The deeper source and higher
frequency both help extend the range of impact. However,
the amplitudes will drop to zero at a far distance eventually
as long as the incidence is point-sourced.

6. The statement in [2] “the results suggest that for the
frequencies of interest in earthquake engineering, the
plane-wave representation of incident SH waves will lead to
reasonably realistic predictions of amplification of strong-
motion amplitudes on the ground surface” still holds for the
3-D vertical P-wave incidence as well as for a larger range of
the dimensionless frequencies.

A. Mow and Pao (1973)

The stress and displacement functions:

o, E) (nk,r)= zr—fl:{nl 7n—%]zﬁ" (k,r)+2k, 2", (kﬂr)} (A 1)
i 2 i i
Efg (n,k/,r) = r—é‘{n (n + 1)[(11 —l)z,(, ) (k/,r) - k/,rzt(,fl (kﬂr)]}; (A.Z)

; it I
o, :Ei,) (n,k,r) :[—n2 —%Jrk;r']z” (k,r)=k,rz,.,, (k,r); (A3)
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Egi) (n,kﬂ}”) = —(n2 + n)[nz” (kﬂr)_kﬂrznﬂ (kﬂl"):l; (A.4)
,:E\) (n,k,r)= z—g[(n —l)z’(,f) (k,r) —k 2", (k,xr)]; (A.5)
EY (nkyr)= 2#{[712 -1- k/z;,z ]zw (lgr)+ Kozl (kpr)}; (A.6)
U, : 1(f)(n,kar)=nzfli)(kar)—karzi?l (kar);(A-7)
D](? (n,kﬂr) =n(n+ l)z,(“) (kﬂr); (A.8)
U, =D\ (n.k,r)= P (k,r); (A.9)

D;;) (n, k/,r) = (n + l)z,(,i) (kﬁr) - kﬁrzf,;)] (kﬁr)- (A 1 0)

Where ) () i=13,are separately referred to the first kind
of spherical-Bessel function with order n #j,(.) and first kind of
Hankel function with order nA" ()

B. Derivation of Scattered Waves for Normal Point-
Source P-wave Incidence

This part is to prove the validity of the odd-term-only
Legendre polynomials of the scattered P-and S-waves. The
scattered waves by a hemispherical canyon in the half-space
can be seen as the superposition of waves from two full space
models of the spherical cavity: Model 0 and Model 1.

Model 0 is described in Figure B.1, that there is a source
located below the cavity, on the positive z-axis with a distance
d, emitting the P-wave radially. The P-wave is propagating on
the x-z plane and it interacts on the spherical cavity surface then
generates the scattered P- and SV-waves. (Term exp(—iwt) is
omitted in all equations for convenience.)

The potential of the incident P-wave is given by

| Xiodk, 2ne0) B (kd) j, (k)P (<) r <d,
Pk o) 4 O () P () rza, B
Where r is the radius and u =cos@ that is the polar angle
of the spherical coordinates that is sharing the same origin with

the Cartesian coordinates in Figure B.1.

The scattered waves due to presence of the spherical cavity
can be expressed in the following form:

9 =03 A (k1) B (w),
n=0
X5 =05 CAO (k)P (u).
P =02 G (kr)E (1) (B 2)

(Figure B.1)

d \\dv‘;
s A/ x

Figure B.1: Model 0: Upward point-source incident p-wave
onto spherical cavity.
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Both expressions are independent of the spherical coordinate
since the model is axisymmetric. Coefficients 4, and C, canbe
solved exactly by the boundary conditions

0,=7,=0 (B3)

Atr = a where is the surface of the spherical cavity. Thus ¢}
and 4 form a complete solution of this wave problem that was
already solved in the 1970s [8].

Similarly, a 2" full space model will be considered. Different
from Model 0, Model 1 in Figure B.2 depicts a source right above
the spherical cavity in the same way. A new Cartesian coordinate

system is adopted here where,
X, ==X, y=-y, z;=—z.(B4)

(Figure B.2)

Figure B.2: Model 1: Downward point-source incident p-wave
onto spherical cavity.

(5:6-4) s the spherical coordinate system corresponding to
the Cartesian coordinate system (xl’yl’zl) . Withy, =cosé, , the
incident P-wave potential ¢/ in Fig.B.2 can be expressed as

> igk, (2n+1) 80 (k,d) j, (ki) B, (-u,).1 <d,
3 gk, (2n+1)j, (k,d)B" (k1) P, (-u,),r2d, (B-5)

9

With ¢
potentials ¢ and z ' in the coordinate system (7.6,.4) are
given by

o= (Plenh,(;l) (k.11) B, (1),

n=0

X7 :%chh,(,l) (k/ir)Pn(”l)' (36)

as its amplitude. The resultant scattered wave

Which are in the same form of # and %; . The coefficients
of the scattered potential are again completely solved because
Model 1 can be taken as an adapted case of Model 0. From
the following relationships between coordinates (,6,¢) and
(”1»‘91:¢1) from (B.4) that

n=r, =7-0, 6,=2r-¢,

There isy = cosf, = —cos@ = —u. (B.7)

And ¢and % are then also given by, w.r.to. (r,0,¢) :

P- Point Source. Civil Eng Res J. 2017; 2(2): 5655598.

o

o' =0, (r.0) =0, AN (k,)(-1) P, (w),

n=0

X5 = X3 (1,0)= 0,3 C (k) (1) P, (), (B)

n=0

with . P, ()= P, (-u,) = (-1)" P, (u)

n

The half-space model is next considered. Figure B.3 shows
a hemispherical canyon with center located at the origin of the
Cartesian coordinate (x, y, z) that of the same description as
before, and the entire x-y plane (z = 0) is the half-space surface,
with z > 0 the elastic half-space. A point-source P-wave with
potential ¢' vertically below the canyon will result in a point-
source P-wave with potential ¢" vertically above the canyon, so
that, from (B.1) and (B.5),

2:3:0 iqpﬁka (2}1 + l)hl(zl) (kad)jn (ktzr) n (—u),r, < d’
> iok, (2n+1) ), (k,d)h" (k) P, (-u).r>d,

wirt. (7.0.9) with origin at O(Figure B.1), and

iok, (2n+ 0B (k,d) ), (k) B (=) <d,
oiok, (2n+1) j, (kd )1 (k,7) P, (<).r 2 d.

w.r.t. (:-8.4) with origin at O(Figure B.2), and

(Figure B.3)

Figure B.3: Half-space model: Upward point-source incident
p-wave onto hemispherical canyon.

With both ¢' and ¢ , their superposition needs to satisfy
the zero-stress half-space boundary conditions, then ¢ =-¢, .
Take ¢, =1so that® =—1 . Then, as discussed in Section 3 above,
the two point sources together with will satisfy the zero-stress
half-space boundary conditions of (6). The half-space model
in Figure B.3 can now be considered as a superposition of the
models in Figure B.1 and Figure B.2 such that

o' of Half-Space Model = (Pé of Model 0,
¢ of Half-Space Model =¢/ of Model 1. (B.8)

In other words, the half-space model is the superposition of
Model 0 and Model 1. The presence of the hemispherical canyon
will result in the scattered wave’s and , z. which can be taken as
the superposition of the scattered waves of Model 0 and Model 1:

s S S

P =0 tor, (B.10) )

X' =X+ X5,

Which takes the form, with ¢, =1 and ¢ =1,
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