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Abstract
In this paper, the elastic and inelastic instability of isotropic and composite thick laminated plates with different end conditions are studied
using the finite layer method (FLM). This method is an extension of the well-known finite element method, which efficiently transforms threedimensional problem into one-dimensional because of the trigonometric properties. By assuming appropriate interpolation for in-plane and
out-of-plane displacements and using energy approach in conjunction with the assumption of deformation theory for inelastic buckling of each
layer, the stiffness and geometry matrices are obtained. Afterward, these matrices are assembled and the eigen value problem is solved to obtain
the elastic and inelastic critical buckling load. Numerical results are presented to demonstrate the accuracy and efficiency of the method.
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Introduction
Plates are often utilized in the situations which are probable
to be subjected to in-plane compressive loading. Therefore,
the buckling is a very probable phenomenon in which the
plate experiences large deformation while the stresses are not
considerable. Thus, it can be critical and the accurate buckling
solution is inevitable. According to the width to thickness ratio
of the plate, it may undergo elastic or inelastic buckling. In the
plates with low width to thickness ratio, the inelastic buckling
may occur, while the elastic buckling is more probable in the
plates with high width to thickness ratio. In the recent years,
thick laminated composite plates are increasingly used in
various branches of engineering and industrial products such as
building structures, aerospace, aircraft, marine, and so on. This
is due to their high strength and stiffness, low weight, excellent
resistance to corrosion, low thermal expansion and satisfactory
durability under fatigue loading.
Composite materials are obtained by combining two or
more materials in the microscopic scale. Laminated plates are
made of several individual layers, in each of which the fibers
are oriented in a specific direction to provide required strength
and stiffness parameters efficiently. The elastic and inelastic
buckling of plates has been investigated by many researchers
using different methods and theories. Among the theories
applied for the buckling analysis of the laminated plates, it is
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the classical laminated plate theory which is an extension of
Kirchhoff or classical plate theory (CPT) to laminated composite
plates. This theory assumes that the planes normal to the
mid-surface remains straight and normal to mid-surface after
deformation. This theory neglects the transverse shear stresses
and usually underestimates deflections, while overestimates the
buckling loads and natural frequencies of thick and moderately
thick laminated composite plates. Consequently, the CPT is
not applicable for the analysis of moderately thick laminated
composite plates [1-3].

Another group of theories are shear deformation theories,
first of which is the first-order shear deformation theory (FSDT)
which assumes uniform transverse shear stress through the
thickness of the plate. The FSDT requires a shear correction
factor to produce accurate results. It is important to note that
because some parameters such as geometry, lamination, loading
type and boundary conditions affect the determination of shear
correction factor, it is not easy to determine its exact value [4-6].
To avoid the shortcoming of the first-order shear deformation
theory, Reddy developed the higher order shear deformation
theory [7,8] in which there is no need to use shear correction
factor. This theory assumes parabolic distribution of transverse
shear strains throughout the thickness which satisfies the
transverse shear-free surface conditions. Accordingly, this
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theory provides more accurate results for thick laminated plates
[9-11].

Among the available researches about the numerical
solutions of thick plate buckling problem, the finite layer method
(FLM) has been found to be particularly appropriate for this type
of problems and proved to have good efficiency and accuracy. The
finite layer method was first applied by Cheung and Chakrabarti
for the static analysis of simply supported thick laminated plates
[12]. Cheung et al. [13] studied the buckling of sandwich plates
by FLM. Using this method, Cheung et al. [14] investigated the
free vibration of thick laminated rectangular plates. Based
on the Reissner’s mixed variational theorem (RMVT), Wu & Li
[15,16] developed unified formulations of the RMVT-based finite
layer methods for the static, vibration, and stability analyses
of simply supported, multilayered functionally graded elastic
plates and laminated composite ones. This method is also used
and developed by Timonin [17-20] to analyze the interlaminar
stresses and delamination of laminated plates as well as their
bending and twisting behaviors.

[21], Ilyushin [22] & Bijlaard [23], while Handleman & Prager
[24] used the flow theory. The researches have shown that in
comparison with the flow theory, the deformation theory gives
more accurate results for inelastic plate buckling.

The Inelastic buckling of simply supported plates using the
finite element method is studied by Pifko & Isakson [25]. To
solve this problem, Lau and Hancock used the Spline finite strip
method [26]. In addition, Azhari & Bradford [27,28] studied the
inelastic buckling of plates and plate assemblies. For solving
the inelastic buckling of thick plates by means of the finite layer
method, the three-dimensional formulation is needed to achieve
accurate results. This is due to the nature and formulation of the
theory. Moreover, the deformation theory and Ramberg-Osgood
representation of the stress-strain curve is employed in this
study.
This paper is organized into the following sections. In section
2, the finite layer method is overviewed and mathematical
formulation of the problem for the buckling analysis of thick
plates in the elastic and inelastic region is presented. In section
3, numerical results and discussions are presented to show the
implementation of the model for analysis of thick plates with
different geometries. Finally, some concluding remarks are
presented in section 4.

Finite Layer Method
Figure 1: Plate behavior model.

The finite layer method may be considered as an extension of
the finite element method which enables a full three-dimensional
analysis. FLM considers the transverse shear stiffness, thus
the results are more accurate for elastic and inelastic buckling
analysis of thick plates. In this paper, the elastic and inelastic
buckling of plates with different boundary conditions is
studied using the finite layer method. To this end, the plate
behavior is modeled as shown in the Figure 1. In this figure kb
and ks represent the flexural and shear stiffness, respectively.
According to the Figure 1, ke which represents the equivalent
plate stiffness, is expressed as:
1
1 1
=
+
………………………………(1)
k e kb k s
It should be noted that in the classical plate theory ks is
neglected which means that k s = ∞ , thus the equivalent
stiffness is equal to the flexural stiffness ( ke = kb ) . However,
for the thick laminated plates, neglecting k s overestimates the
buckling load; therefore, both ks and kb should be considered
to obtain accurate results. Due to the fact that thick plates
are usually prone to experience inelastic buckling, the FLM
formulation is extended to consider the plasticity effects using
different theories. Moreover, due to plasticity effects, kb and
ks decrease in the inelastic range. Therefore, by considering
the shear and plasticity effects, the equivalent plate stiffness
decreases. Deformation and flow theories are used for inelastic
buckling problems and the buckling behavior is sensitive to
the selected theory. The deformation theory is used by Stowell
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General finite layer method:

Figure 2: (a) The whole plate, (b) A layer.

In the finite layer method, the plate is divided by one or
more finite layers. The plate and one of its finite layers are
shown in Figure 2. The axis of the coordinate system, x, y and
z, are selected as shown in the figure while the surface of the
plate ( a × b ) is parallel to the xy plane and z shows the direction of
the plate thickness (h). As shown in Figure 2. u, v and w are the
displacement components of the plate along x, y and z directions,
respectively. Moreover, c is the thickness of each layer.

Displacement functions

Depending on the boundary conditions of the plate, different
trigonometric functions are used for the in-plane interpolation
of displacement field. On the other hand, polynomial functions
are employed in the thickness direction. In this study, the second
order polynomials are used to achieve more accuracy. The
displacement functions of each layer may be written as:
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Where r and s represent the number of harmonics used in
i
i
x and y directions, respectively. umn , vm ni and wmn
(i = 1, 2, 3)
denote the corresponding nodal displacement parameters in the
i
thickness of each layer (see Figure 2b). wmn
and Yn ( y ) which
are listed in Appendix Ι, are the eigen functions satisfying the
boundary conditions in the x and y directions, respectively;
'
'
besides, X m ( x) and Yn ( y ) are their first derivatives. Equations.
(2-a) to (2-c) can be rewritten for each layer in the matrix form
as:
……………………………..(3)

in the Equation (3), N mn a 3 × 9 matrix which contains the
th
shape functions corresponding to the ( m, n ) mode, while
is the corresponding nodal displacement vector and is expressed
as:

{

2
2
2
3
3
3
ä emn = u1mn , v1mn , w1mn , umn
, vmn
, wmn
, umn
, vmn
, wmn

respectively; and finally, ν ij represents the Poisson’s ratio and is
equal to ε j / ε i when the material is subjected to σ i . It should
be noted that the moduli of elasticity and Poisson’s ratios are not
independent and are related by ν ij E j = ν ji Ei .
Stress-strain relations for inelastic buckling: In the
inelastic buckling the stress-strain relations for each layer may
be expressed as [29]:
………………….(7)

In Equation (7) the matrix H ̅considers inelasticity in the
stress-strain relations and is presented in Appendix ΙΙ.

Strain-displacement relations

The following relations between the strains and
displacements are used in the analysis of both elastic and
inelastic buckling analysis [1]. First, the strain vector, ε, is
defined as:
…………………..(8)

and
as:

in which,
contains the linear terms of the strains
contains the nonlinear flexural strains. may be written

}

T

…………… (9)

......................(4)

Stress-strain relations
In the following sub-sections the stress-strain relations for
both elastic and inelastic range are presented.

Stress-strain relations for elastic buckling: In the elastic
buckling the stress-strain relations in the principal coordinate
system for each layer can be stated as:

 ε1 
ε 
 2
ε 3 
ålayer =
=

ε 4 
ε 5 
 
ε 6 layer

 S11 S12 S13 0 0 0  σ 1 

  
 S21 S22 S23 0 0 0  σ 2 
……….(5)
 S31 S32 S33 0 0 0  σ 3 
(Dlayer )−1 ó layer

 =

σ
 0 0 0 S44 0 0   4 
0 0 0 0 S
0  σ 5 
55

  
 0 0 0 0 0 S66  layer σ 6 layer

Where
and
are strains and stresses in the
principal coordinate system of each layer. Also Sij is defined by
the properties of each layer as follows:
ν 31
ν 21
1

where, B is a 6 × 9 matrix and is called the strain matrix
mn
of the (m, n)th term. This matrix is obtained by proper derivation
of u, v and w which are defined in terms of shape functions in
Equation (3).
is also defined as:

; S12 =
−
; S13 =
S11 =
E1
E2
E3

……… (10)

ν 32
v
1
……………………..(6)
− 12 ; S 22 =
; S 23 =
S 21 =
E1
E2
E2
ν
ν 23
1
− 13 ; S32 =
; S33 =
S31 =
E1
E2
E3

1
1
1
S 44 =
−
; S55 =
; S66 =
G12
G23
G31

where E1, E2 and E3 are the moduli of elasticity or Young’s
modulus in 1, 2 and 3 principal directions of the layer, respectively;
G12, G23, and G31 are the shear modul in the 12, 23, and 31 planes,
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Stiffness and geometry matrices
The stress-strain relations in the global coordinate system
for each layer can be stated as:

How to cite this article: Nasrin S, Mahmood S B, KavehOstad A A, Saeid E. Assessment of Drainage Slope on the Manning Coarseness coefficient in
Mountain Areas. Civil Eng Res J. 2017; 2(4): 555593. DOI: 10.19080/CERJ.2017.02.555593

Civil Engineering Research Journal

where:

(11)

and
are the strains and stress vectors in the global
coordinate system of each layer.
is the generalized elastic
matrix, which is obtained from the elasticity matrix in the fiberfixed local coordinate transformation. The transformed material
stiffness matrix is given by:
……………………….(13)

In which
is the elastic matrix in the material
coordinate system.
is the transformation matrix and is
defined in Equation (14):

 cos2 cos2 θ
sin 2 sin 2 θ

2
2
cos2 cos2 θ
 sin sin θ

0
0
T=
sinsin θ coscos θ − sinsin θ coscos θ

0
0

0
0


0

0
1
0
0
0

0 

sinsin 2θ
0
0 
0
0
0 

2
2
2
2
cos cos θ − sin sin θ
0
0 
0
coscosθ sinsin θ 

− sinsin θ coscosθ 
0
− sinsin 2θ

0

…… (14)

where the angle
is measured from the x-axis of the
reference coordinate to the 1-axis of the material principle
coordinate. After assuming the displacement functions and
using energy approach, the stiffness and geometry matrices are
obtained for each layer. The strain energy U is given by:
……………………………… (15)

By using Equation (15) and some mathematical
manipulations in the stiffness matrix of each layer, can be
obtained by:
'

…………………………………(16)

in Equation is a matrix consists of a set of D matrices
corresponding to (m, n)th mode.
D

Moreover, the potential energy for each layer can be
expressed as:

  ∂u 2  ∂v 2  ∂w 2   ∂u 2  ∂v 2  ∂w 2  
σ x0   +   +    + σ y0   +   +    +  …………. (17)
1   ∂x   ∂x   ∂x    ∂y   ∂y   ∂y   
Vp = ∫  
 dv
2 v   ∂u  ∂u  ∂v  ∂v  ∂w  ∂w 

 
 
0  
2σ xy     +     +    

  ∂x   ∂y   ∂x   ∂y   ∂x   ∂y 


and

Where
and
are the in-plane compressive stresses
is the shear stress acting on the edges of the plate.
The first derivatives of u, v and w may be expressed as:
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………………. (18)

…………………..(12)

Where
and
are each
matrices
and obtained after proper derivation of Equation (2).

Applying Equation (18) to Equation (17), the potential
energy can be rewritten in the matrix form as:
……………………. (19)

In which

. (20)

Therefore, the stability matrix for each layer, , is given by:
……………………….(21)

Critical elastic buckling load
Afterward, by assembling the stiffness and the stability
matrices of all layers of the plate, λ the eigenvalue equation for
buckling of plates may be obtained as:

(K S − λ K G )=
0 ……………………………..(22)

in which K S and K G are the global stiffness and geometry
matrices of the whole laminated plate, ∆ is the critical buckling
load, λ and the eigenvector is the global displacement vector of
the system.

The eigenvalue equation in the elastic buckling can be
solved for the critical buckling load of the plate. By setting the
determinant of the left hand term of Equation (22) to zero, the
critical buckling load, , for the elastic buckling will be derived.

Critical inelastic buckling stress

For the inelastic buckling analysis, by assuming the stress
value and solving the eigenvalue problem of Equation (22), the
value of λ will be determined. If λ = 1 , the assumed stress
will be the critical stress of buckling, otherwise, we should try
another stress value to obtain the critical inelastic buckling
stress.

Numerical results

Numerical results are presented to demonstrate the accuracy
and efficiency of the present method. Based on the finite layer
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formulation developed in the previous section, computer
programs are developed in the MATLAB environment to study
the elastic and inelastic buckling of plates.

Elastic buckling

The elastic buckling results include both isotropic and
laminated composite plates. For the elastic buckling, the critical
stress obtained from the eigenvalue problem is normalized
in terms of local buckling coefficient by Eqs. (23) and (24). In
these equations, ki indicates the local buckling coefficient for
the isotropic plates, where kl represents the local buckling
coefficient of laminated composite plates.
12σ cr b 2 (1 −ν 2 )
ki =
……………….(23)
Eh 2π 2
σ b 2 ……………………………………….. (24)
k = cr
l

E2 h 2

In the examples presented in this section, (except for section
4.1.3) the Poisson’s ratio of the isotropic plates is assumed 0.3
and the properties of the cross-ply laminated composite plates
with the layer orientation of (0°/90°/90°/0°) are as below:

Convergence study: As the results of the FLM depend on
the number of layers, a convergence study is carried out for
isotropic plates with all edges simply supported. The plate is
subjected to uni-axial uniform compression loading and the
width to thickness ratio is assumed 10. The results obtained
by the ﬁnite layer method developed herein are given in Table
1. Table 1 shows the convergence pattern for the elastic local
buckling coefficients, ki, by dividing the plate into different
numbers of layers. It is shown that the accurate results are
obtained by using twelve layers. It should be noted that required
number of harmonic terms, r and s, to obtain accurate results
are different depending on the aspect ratio of the plate. Figure 3
shows the variation of local buckling coefficient vs. aspect ratio
for different values of r and s. It is shown that by increasing the
aspect ratio, more harmonic terms should be employed to get
accurate results.
Table 1: Convergence of uni-axial local buckling coefﬁcient (ki) for all
edges simply supported isotropic.
Number of layers

=
E1 30 E2 ; G=
0.5 E2 ; G=
G=
0.6 E2 ;ν=
0.25
23
12
13
12

a/b

………………..(25)

1

2

6

8

10

12

0.5

5.4162

4.2211

3.9771

3.9666

3.9619

3.9594

1

3.7647

3.3166

3.2434

3.2404

3.2391

3.2384

3.2785

3.2765

3.2755

3.2172

3.2155

0.8
1.2
1.5
2

2.5

Figure 3: Effect of the number of harmonic terms on the convergence of uni-axial local buckling coefficient for isotropic simply
supported plates with different aspect ratios (b/h = 10).

3

3.8917
3.9262
3.9949
3.7647
3.8421
3.7647

3.3344
3.5158
3.3888
3.3166
3.3111
3.3166

3.2387
3.4508
3.2829
3.2434
3.2209
3.2434

3.2347
3.4482
3.2404
3.2404

3.233

3.232

3.447

3.4464

3.2391

3.2384
3.2147

3.2391

Table 2: Local buckling coefficient of isotropic plates with simply supported boundary conditions under uni-axial load.

3.2384

a/b
b/h

0.2

0.4

0.8

1

present [7]

present [7]

present [7]

present [7]

2

1.2977

1.6851

1.3351

10

14.7176

15.658

6.7489

50

26.1225

5

20
100

6.594

22.1414
26.8346

7.0529
22.859
26.27

26.843

1.4455

1.4204

6.9853

3.8917

8.3417

4.1938

4.3615

4.6466

7.9185

8.0012

8.3373
8.4015

8.3928

Local buckling of isotropic plates with simply supported
boundary conditions under uni-axial load: The local buckling
coefficients of isotropic plates with simply supported boundary
0090

3.126

1.518

1.56821

1.6759

3.7647

3.7865

3.263

3.14745

4.1157

4.1279

3.93649

4.2052

4.1994

4.0034

3.92

4.1903

3.99489

3.2653
3.9443
3.9909
3.9977

conditions under uni-axial compressive load and different
width to thickness ratios are computed using the proposed
finite layer method and are presented in Table 2. The results are
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compared with those obtained by Reddy using the higher-order
shear deformation theory [7]. As shown in Table 2, the present
results and Reddy results are in good agreement for moderately
thick plates, but for thick plates there is difference between the
results. The difference is because Reddy has used higher order
shear deformation theory which is not able to perfectly model
the shear stiffness of thick plates and therefore leads to get
larger local buckling coefficients.

Local buckling of square laminated composite plates
with simply supported boundary conditions under uni-axial
load: Akhras et al. [30] employed the finite strip method to study
local buckling of thick simply supported laminated composite
plates according to the higher-order shear deformation theory.
Reddy [7] also used the higher-order shear deformation theory
to this end. The layer orientations are assumed as (0°/90°),
(0°/90°/0°), and (0°/90°/90°/0°). The material properties of
orthotropic laminates are taken as:

Table 3: Local buckling coefficient of simply supported square laminated composite plates.
k_l=σcr b2/E2 h2
b/h
5

(0°/90°)
present
7.73

[7]

8.628

(0°/90°/0°)
[30]

present

8.368

30.922

30.978

35.922

35.602

21.711

50

12.853

12.569

----

35.19

100

12.937

12.614

=
E1 40 E2 ; G=
23 0.5 E2 ; G=
12 G=
13 0.6 E2 ;ν=
12 0.2

12.958

……………… (26)

Table 3 presents the results of local buckling coefficient, kl
, using the FLM. As the Table 3 shows, the results are in good
agreement with those obtained by Reddy [7] & Akhras et al. [30]
for plates possessing the width to thickness ratios greater than
10; however, the local buckling coefficient of thick plates with
aspect ratios less than 10, show some discrepancies due to the
effects of the shear deformations.

Figure 4: Local buckling coefficient versus aspect ratio for isotropic plates with simply supported boundary conditions under
uni-axial load.

Figure 5: Local buckling coefficient versus aspect ratio for laminated composite plates with simply supported boundary conditions under uni-axial load.

0091

22.896

30.956

11.318
12.499

21.902

10.674

11.305
12.268

present

11.008

11.071
12.471

(0°/90°/90°/0°)
[30]

10.69

10
20

[7]

22.16

34.936

----

35.935

[7]

11.444

12.444

31.461

31.737

35.308
35.944

23.849
35.1

35.645

Thickness effect on the local buckling coefficient: Figures
4 and 5 illustrate the thickness effect on the local buckling
coefficient of the isotropic and laminated composite plates. As
Figure 4 shows, the local buckling coefficient of isotropic plates
decreases when the thickness of the plate increases. For the
laminated composite plates, the thickness effect is the same
as isotropic plates. It means that by decreasing the width to
thickness ratio, the local buckling coefficient decreases.

Figure 6: Local buckling coefficient versus aspect ratio for isotropic plates with simply supported boundary conditions (b/h =
10).

Figure 7: Local buckling coefficient versus aspect ratio for laminated composite plates (0°/90°/90°/0°) with simply supported
boundary conditions (b/h = 10).
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Loading effects on local buckling coefficient: The loading
effect on the local buckling coefficient of isotropic and laminated
(0°/90°/90°/0°) composite plates with the width to thickness
ratio of 10 and different values of aspect ratios, is studied and the
results are shown in Figures 6 & 7. The plate is under uniform
and equal compressive loading on both edges. It could be seen
from Figures 6 & 7 that the local buckling coefficient is larger
when the plate is under uni-axial loading, rather than when it
is under bi-axial one. For example, in the case of square plates,
the local buckling coefficient of uni-axial loading is twice of the
bi-axial loading.

The effect of boundary conditions on the local buckling
coefficient: The effect of boundary conditions on the local
buckling coefficient of the plate under uni-axial loading is
studied in this section. Loaded edges are assumed to be one of
these three types: both simply supported (S), simply supportedclamped (SC) and both clamped (C). On the other hands, the load
free edges conditions may be both simply supported (S), simply
supported-clamped (SC) and both clamped (C). The stiffer
boundary conditions leads to larger local buckling coefficient.
Figures 8 & 9 show the effects of boundary conditions on the
buckling load of isotropic and laminated (0°/90°/90°/0°)
composite plates with b/h = 10 and under uni-axial loading.
According to Figures 8 & 9, the plates with all edges clamped
have the largest local buckling coefficient, while the minimum
values belong to the all edges simply supported plates.

Inelastic buckling
Thick plates usually are prone to buckle in the inelastic
range. In the present study, finite layer method is used to enable
a full three-dimensional analysis for inelastic buckling of thick
plates which leads to more accurate results. This study is also
based on Ramberg-Osgood representation of the stress-strain
curve using the deformation theory of plasticity. The tangent
and secant moduli, Et and Es, are expressed respectively as [25]:
E
Et =
3n σ i n −1 ………………….(27-a)
1+ (
)
7 σ 0.7

Es =

E
……………………. (27-b)
3 σ i n −1
1+ (
)
7 σ 0.7

Where n is a shape parameter given in [25], E is the slope of
the linear portion of the stress-strain curve, σ i is the effective
stress [25], and σ 0.7 is the effective stress at which the curve has
secant moduli of 0.7E.
Table 4: Inelastic critical stress of simply supported square plate
under uni-axial compressive loading, a = b = 20 in, critical stresses
are in psi.

0.77867
0.858

0.96449
1.12019

present

[25]

64000

65000

65006

83000

85000

85005

73000

75000

93000

95000

95004

105000

105003

2.39053

116000

125000

125002

108000

115000

115002

Table 5: Inelastic critical stress of simply supported square plate
under bi-axial and equal compressive loading, a = b =20 in.

1.125

1.2998

1.60231
2.08258

0092

75006

100000
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Figure 9: Local buckling coefficient versus aspect ratio for laminated composite plates (0°/90°/90°/0°) with different boundary
conditions (b/h = 10).

[27]

1.36678
1.76752

Figure 8: Local buckling coefficient versus aspect ratio for isotropic plates with different boundary conditions (b/h = 10).

σcr (psi)

h (in)

present

[25]

64000

65000

84000

85000

74000
92000

75000
95000

2.77755
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Table 6: Inelastic critical stress of simply supported rectangular plate under uniform compression, a = 30 in, b = 20 in.
Uni-axial compressive loading

Bi-axial compressive loading

σcr (psi)

h(in)
present

0.75088
0.83518

[25]

1.1271

[27]

69000

65000

65004

88000

85000

85003

79000

0.95429

75000

96000

95000

0.9546

75003

1.10292

95002

1.76713

115001

3.21226

1.3596

1.39064

104000

105000

105002

2.45321

121000

125000

125001

1.80884

112000

σcr (psi)

h(in)

115000

Inelastic buckling analysis of simply supported rectangular
plates: The buckling stresses of simply supported rectangular
plates are computed in this section by the finite layer method.
The results are presented in Tables 4–6, and compared with
those of Isakson & Pifko [25] and Azhari & Bradford [27]. Isakson
& Pifko [25] studied the inelastic buckling of simply supported
plates by finite element method, while Azhari & Bradford [27]
used the complex finite strip method to achieve the results. The
material properties assumed in this section are as:

2.35683
4.46327

present

[25]

36000

65000

67000

85000

47000
80000

75000
95000

92000

105000

110000

125000

102000

115000

11, respectively. It is shown in both figures that by decreasing
the thickness of the plate, the inelastic critical buckling stress
decreases [30,31].

7
5
=
E 10=
psi;ν 0.5;
=
σ 0.7 10=
psi; n 10 ………………(28)

As shown in Tables 4–6, the results obtained by the FLM
are less than those reported in [25,27]. These references use
the classical plate theory in their analysis which neglects the
shear effects and overestimates the stiffness of the plate. This
assumption is not valid in the analysis of inelastic buckling
of thick plates [28,29]. The present formulation considers
transverse shear stiffness and enables a more actual analysis of
thick plates. By this explanation, it could be concluded that the
differences between the present results and those obtained by
Isakson and Piko and Azhari and Bradford are reasonable.

Figure 10: Non-dimensional critical stress of inelastic buckling
for simply supported square plates under uni-axial compressive
load.

Thickness effect on the inelastic buckling: Similar to the
section 3.1, the plastic local buckling coefficient is defined as:

12σ cr b 2 (1 −ν 2 ) ………………………..(29)
kp =
Eh 2π 2

Table 7:Plastic critical buckling coefficient of square simply supported
plate under uni-axial loading.
b/h
kp

100
4

50
4

33.33

3.988

25

3.913

20

3.205

10

1.08

6.667
0.543

5

0.31

Table 7 shows the values of kp for a square, all edges simply
supported aluminum plate with different width to thickness
ratios. The plate is assumed to be under uni-axial compressive
load. Comparing Tables 2 & 7, one could conclude that the local
buckling coefficients in both elastic and plastic cases are the
same for thin plates, while this is not true for thick plates because
of the reductive effects of the plastic rigidity. Moreover, the effect
of thickness on the inelastic buckling of the plates under uniaxial and bi-axial compressive loading is shown in Figures 10 &
0093

Figure 11: Non-dimensional critical stress of inelastic buckling
for simply supported square plates under bi-axial compressive
load.

Conclusion
The finite layer method is used in this study to analyze
the elastic and inelastic buckling of thick plates. This method
enables a full three-dimensional analysis of the plates in which
the transverse shear stiffness is considered; therefore, the
accurate results can be obtained for elastic and inelastic buckling
of thick plates. The finite layer method is also applied for both
isotropic and laminated composite plates. The numerical
studies show that the results are in good agreement with those
obtained in available references. Moreover, the present method
is economical and simple to program, it also saves time and
reduces the computational cost as well as storage requirement.
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