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Editorial
There are many circumstances where the effect of shear 

deformation on the buckling of columns needs to be included. 
The problem appears to have been first studied by Engesser 
[1,2], with the purpose of estimating the buckling load of 
built-up columns. The Engesser result has been described in 
many textbooks as the approach to be used for shear-sensitive 
columns (e.g., timoshenko & Gere [3], and Simitses [4], with 
the interesting result that the critical load   can be expressed in 
terms of the shear stiffness per unit length GA , denoted by SP  , 
and the euler load of the shear rigid column EP   by

                                      1 1 1

crit S EP P P
= +

Thus the critical load is bounded above by both  and  . The 
Engesser formula appears to work well for built-up columns and 
also for beams of sandwich construction. It was rederived for 
sandwich beams by plantema [5], apparently without knowledge 
of the work of Engesser since it is not referenced in his work. 
plantema was the first to express the solution in the above 
form there are, however, situations where the Engesser formula 
is excessively conservative in the prediction of the buckling 
load. An alternative formulation of the buckling problem was 
developed by Haringx [6] in a series of reports published by the 
phillips research institute in holland over the years 1947-49. The 
purpose of this research was to predict the mechanical behavior 
of springs-helical steel and elastomeric-to be used as vibration 
isolators for electrical equipment. In the Haringx formulation,  
the buckling load for very weak shear is

                                            crit S EP P P=  .

It is clear that for weak shear columns where SP is very much 
less than EP , there will be a very large difference between the 
predictions of the two theories. On the other hand, when SP  is 
much larger than 

EP , both approaches give the same result; 
most textbooks have tended to ignore the Haringx solution or 
include it without explanation as an alternative but essentially 
similar solution.

In this paper i will use three different models to demonstrate 
how they differ and in what situations they are applicable: case 
1 will be of the Engesser type, case 2 the Haringx type, and case 
3 a model between the two. The solutions will be done using 
equilibrium analysis and linear material models in order to 
emphasize the physical underpinning of the theories.

Equations of Shear Deformation in Beams
In this paper we will restrict attention to rectangular beams 

with the cross-section dimensions of width b  ,depth h and 
length l  (although the theory could also be applied to beams 
of arbitrary symmetric cross section with some increase in 
algebraic complexity). The kinematic variables used to describe 
the deformation, all functions of coordinate  x  directed along 
the axis of the beam 0 x l≤ ≤  are . , , , andu v ψ φ  In terms of 
these, the displacement field, as functions of   and  are

                 ( , ) ( ) ( ) ( ) ( )
( , ) ( )

u x y u x x y f y x
v x y v x

ψ φ= − +
=

 .
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The function ( )f y   is chosen to be orthogonal to both 1 and  
/ 2 / 2h y h− ≤ ≤ on , and the function selected is

                                   3 23( )
20

f y y h y= −  .

Figure 1: Displacement Field for Beam with Shear Deformation 
and Warping.

Thus u  represents the displacement of the middle surface 
in the x  -direction,  v  the deflection in the y  -direction,   is the 
average rotation of a section normal to the un-deformed middle 
surface, and ψ  is a measureφ  of the warping of the originally 
plane section Figure 1.

The resulting strains are

( )

( )223 20

xx

xy

u y f y

hv y

ε ψ φ

γ ψ φ

′ ′ ′= − +

′= − + −

Per Tsai & Kelly [7], at this stage the warping function could 
be retained as an independent kinematic variable, but for this 
analysis we select  φ  such that 0xyγ =  at 2y h= ±  , leading to

                      ( ) ( )

( )

2

2

2

5
3

5 1 44

xx

xy

u y f y v
h
yv h

ε ψ ψ

γ ψ

′′ ′ ′= − + −

 ′= − − 
 

 .

The stresses are assumed to be xx xxEσ ε=  and xy xyGτ γ=  , 
and stress resultants N   and V  are defined by

   2 2 2

2 2 2

h h h

xx xx xy
h h h

N b dy M b ydy V b dyσ σ τ
− − −

= = − =∫ ∫ ∫
 .

Following these integrations the basic constitutive equations 
are

( )5
6N EAu M EI V GA vψ ψ′ ′ ′= = = −  .

Because the intention here is to solve buckling equations for 
the different examples simultaneously the equation above will 
be rewritten as

    ( )s sN EAu M EI V GA vψ ψ′ ′ ′= = = −

For example, for the sandwich beam, the sGA  is the area of 
the core times the shear modulus of the core material; for an 
elastomeric bearing the GA   is modified according to the ratio 
of the total height to the total thickness of rubber; and for 
the warped section it is  5 6GA . The bending stiffness, EI  , is 
similarly modified for the three types as needed.

Equilibrium in the Buckled Configuration
The effect of the axial load depends critically on the 

assumption of the direction of the resultant axial load, denoted 
here by N  .there are three choices. Namely:

Figure 2: External Loads and Internal Forces in Buckled Con-
figuration for Case (1).

a.	 Case (1): Axial load parallel to the deformed middle 
surface (or external surfaces, top and bottom); see Figure 2.

Figure 3: External Loads and Internal Forces in Buckled Con-
figuration for Case (2).

b.	 Case (2): Axial load perpendicular to the rotated face at  
x ; see Figure 3.

Figure 4: External Loads and Internal Forces in Buckled Con-
figuration for Case (3).

c.	 Case (3): Axial stress distributed normal to the warped 
surface; see Figure 4.

In each case the equation of moment equilibrium taken 
about the displaced point at x   and  0y =  is

 ( ) ( )0 0 0( ) 0M x P v x v M H x+ − − − =
For case (1), resolving forces perpendicular to v′  gives
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 ( ) 0 0V x Pv H′− + =

And parallel to ψ  in case (2) gives

        ( ) 0 0V x P Hψ− + =

For case (3) It is useful to introduce θ  the local rotation of a 
line element at a point on the warped surface perpendicular to 
the surface, as shown in Figure 4. This is given by

          ( )
2

2
2

5
20

u hy v
y h

θ ψ ψ
 ∂ ′= − = + − − ∂  

Equilibrium in the x  - and  y -directions separately leads to

     
0 0

0
0 0

sin cos 0

cos sin 0

h h

xy xx

h h

xy xx

P b dx b dx

H b dx b dx

τ θ σ θ

τ θ σ θ

− + =

+ + =

∫ ∫

∫ ∫
Taking  cos 1, sinθ θ θ= =  and neglecting products and 

squares of   , ,v ϕ θ′   leads to

           
( )0

0
5 1 0
6 6

P N

H V x N vψ

+ =

′+ + + =

 .

Thus N P= −  and

                         ( ) 0
5 1 0
6 6

V x P Pv Hψ ′− − − =  .

We can write all of these shear equilibrium equations as one 
equation:

 ( ) 0V x mP nPv Hψ ′− − = −

Where for case (1) 0, 1m n= = , for case (2) 1, 0m n= =  , 
and for case (3)  

Buckling Equations
Substitution of stress resultants in terms of the kinematic 

variables leads to the following two equations

 
( )

s o o o

s o

EI Pv Pv M H x
GA v mP nPv H

ψ

ψ ψ

′+ = + +

′ ′− − − = −
These equations are coupled in the sense that v and ψ  

appear in both, but they can be uncoupled by solving the second 
for   in terms of ψ  and then for ψ   in terms of  , giving

 s o

s s

mP GA Hv
GA nP GA nP

ψ
+′ = −
− −

And

 0s

s s

GA v nP H
GA mP GA mP

ψ
′−

= +
+ +

Substituting these into the first equilibrium equation gives 
two uncoupled equations for   and  in the form

  
s

s o o o
s

s
s o

s

GA nPEI v Pv Pv M H x
GA mP
GA nPEI P H
GA mP

ψ ψ

− ′′ + = + +
+

− ′′ + =
+

 .

Thus the two equations to be solved for the two kinematic 
variables have the same form but with different right hand sides. 
The most general solutions of these equations are

 cos sin

cos sin

o o
o

o

M Hv A x B x v x
P P

HC x D x
P

α α

ψ α α

= + + + +

= + +

With α  and a new parameter β  are defined by

 ( )
( )

2 s

s s

s

s

P GA mP
EI GA nP

GA mP
GA nP

α

β

+
=

−

+
=

−

Of course the constants , , , andA B C D   are not independent 
of each other but are connected by the relations derived from 
the shear equilibrium equation. We find that C Bαβ=  and 
D Aαβ=  , giving the most general solution of the system in the 
form

cos sin

cos sin

o o
o

o

M Hv A x B x v x
P P

HB x A x
P

α α

ψ αβ α αβ α

= + + + +

= − +

 

Buckling Loads for Example Columns
There are two problems of immediate interest in applying 

these results: they are the simply supported column of length     
l for which the boundary conditions are

 ( ) ( )
( ) ( )

00 0, 0 0

0 0, 0

v v H

lψ ψ

= = =

= =

And the fixed-floating column (characterized by the isolation 
bearing) for which

  ( ) ( )
( )

0

0

0 0, 0

0, 0 0

v v v l

M H

= = =

= =
 .

For both of these examples the boundary conditions require 
that

  lα π=  .

For the first, the solutions are

 ( ) ( )sin , cosx xv x x
l l
π πδ ψ αβδ= = −

And for the second, we have

 ( ) ( )1 cos , sin
2 2

x xv x x
l l

δ π δ πψ αβ = − = 
 

with δ  being the indeterminate maximum deflection.

The result lα π=  means that 
2

2
2l

πα =  and in turn this 
means that

 ( ) 2

2
s s

E
s

P P mGA EI P
GA nP h

π+
= =

−
Where EP  is the Euler load for a regular column. If we denote  

sGA by SP  , the above equation for the buckling load becomes
2 0S E S EmP PP nPP P P+ + − =  .

It is useful to normalize this equation by defining 
Ep P P=  

and S EP Pλ = , giving the equation for the buckling load, in the 
form
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2 0mp p npγ γ+ + − =  .

If 0m ≠ , as in cases (2) and (3), the solution is

 ( )2

22 4
nnp

m m m
λλ λ++

= − ± +

When 0m =  and 1n =  , as in case (1), we have only the single 
solution:

1
p γ

λ
=

+  .

Regular beam theory is defined by SGA →∞  or 1λ >>  ; for 
case (1) this leads to

 11p
λ

→ −

 or

1 E
E

S

PP P
GA

 
= − 

 
 .

For cases (2) and (3) we have the same result if the shear 
tends to infinity; but if the shear is very weak, the situation when 

1λ << , the results for the three cases are very different.

( )1p λ λ→ − In case (1) we have   or

 1 S
S

E

GAP GA
P

 
→ − 

 
and in case (2) we find

 1
21

2( )
8 2

p λ λ λλ= ± + −

When 1λ <<  and 1 2λ  is the dominant term, this leads to

 
S EP GA P≈ ±

For case (3) we have

 ( ) ( )210 6 1 6 1 120p λ λ λ= − + ± + +

Leading to a compressional buckling load

 
6 1 6 S

S
E

GAP GA
P

 
= − 

 
and a tensile buckling load

 ( ) 0.2 7.2 0.2 6E s EP P GA P GA− = + = + .

Figure 5: comparison of normalized buckling loads for small 
values of shear.

To illustrate the differences between the three solutions, 
it is interesting to plot them over a narrow range of  λ  from 0 

to 2, as shown in Figure 5, and wide range of λ  using a linear-
logarithmic plot, as shown in Figure 6.

Figure 6: comparison of normalized buckling loads for large val-
ues of shear (log-lin plot).

Downward Displacement of Top of Column
To demonstrate the cause of the differences between the 

three types of column, we compute the downward displacement 
of the top of the column by using the work-energy balance. When 
the column buckles, the top of the column moves downward and 
the buckling load remains constant. During this process, the 
energy stored in the column is balanced by the work done by the 
buckling load. We denote the energy stored by DW and work done 
by vPδ  where vδ  is the downward displacement of the top. The 
equilibrium equations for each case are then used to derive the 
appropriate formula for the displacement. the balance of energy 
and work is given by

( )
0

1
2

l

D vW V v M dx Pψ ψ δ′ ′= − + =  ∫  .

For columns of type case (1), the equilibrium equations are  
V Pv′= and M Pv= −  , which when substituted into the equation 
leads to

 ( )
0

2 2

0 0

2

( )
2 2

l

D

l l

PW v v v dx

P Pv v v dx v v dx

ψ ψ

ψ ψ ψ

′ ′ ′= − −  

′ ′ ′ ′ ′   = − − = −   

∫

∫ ∫
Since the second term in the integral when integrated 

vanishes, we have

   2

0

1
2

l

v v dxδ ′= ∫  .

For case (2), we use the formulation due to Haringx, and the 
equilibrium equations are V Pψ=   and M Pv= −  , giving leading 
to

 

( )
0

2 2

0 0

2

2 ( )
2 2

l

D

l l

PW v v dx

P Pv v dx v v dx

ψ ψ ψ

ψ ψ ψ ψ ψ ψ

′ ′= − −  

′ ′ ′ ′   = − − = − −   

∫

∫ ∫

leading to 

( )2

0

1 2
2

l

v v dxδ ψ ψ′= −∫ .

However we also have xy vγ ψ′= − , which can be used to 
replace  ψ  in terms of xyγ   in the above equation, leading to

( )2 2

0

1
2

l

v xyv dxδ γ′= −∫  .
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This shows that in this case the shear acts to reduce the 
downward movement, requiring ha larger buckling load than for 
case (1).a similar derivation can be made for the section with 
warping, but since the shear strain varies across the section the 
inference is less clear, will not be included here.

Possibility of Tension Buckling
Note that for both cases (2) and (3), the additional solutions 

for the buckling load imply the presence of a buckling load that 
is tensile. In the case of the Haringx model, the tensile buckling 
load-see Kelly [8] -is almost the same as the compressive 
buckling load, i.e., the tension load is larger than the compressive 
load by SP  , which is considered as negligible in comparison with 

EP ). Thus applying the Haringx model to elastomeric bearings is 
not appropriate due to the phenomenon of cavitation in rubber 
under tension, but there may be other situations where Haringx 
is an appropriate model, and the tensile buckling could be an 
important aspect of behavior.

Figure 7: Comparison of Tensile and Compressional Buckling 
Loads for Case (3) For Small Shear Range (Above) and Large 
Shear Range (Below).

In case (3) the warping does permit tensile buckling, but in 
contrast to case (2), the difference between them is large, and 
tensile buckling may be impossible to achieve. as 0λ →  , the 
compression buckling load goes to zero but the tensile buckling 
load at 0λ =  is 0.2 EP  , which for small values of shear stiffness is 
a very large load compared to the compression load; see Figure 
7.

Conclusion
It has been shown that the prediction of buckling loads for 

columns that are very weak in shear is crucially dependent on 
the choice of the direction for the axial load of the column in 
the buckled configuration. Numerical analysis of three separate 
selections for the axial load direction have been shown to lead 
to very different predictions of the buckling load. The results in 
the three examples differ by orders of magnitude. Note: these 
predictions are all valid but the type of columns must be taken 
into consideration.
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