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Abstract

As alternatives to the generalized forced quantitative randomized response model that is provided in this research, we have offered two other
randomized response models. We have looked into the characteristics of these suggested models and discovered that they are more effective
than the ones that are already in use. The previous estimate relied on two independent samples and randomized response models; however,
this method raises survey expenses. As a result, we provide two different randomized response models based on a single sample that solves this
problem without raising the survey’s expenses.

Keywords: Randomized Response Model; Simple Random Sampling With Replacement (SRSWR); Mean Squared Error; Scrambled Response;

Sensitive Variables.

AMS Subject Classification: 62D05
Introduction

Politicians and social scientists are regularly interested in
gathering data on stigmatizing issues, and many surveys’ aim
parameter ends up being the population fraction of people who
have a sensitive trait. Sometimes respondents are asked delicate
questions, including as on their normatively charged beliefs and if
they engage in humiliating behaviors like browsing pornograph-
ic websites or criminal ones like tax fraud. In certain surveys,
participants may be questioned whether they have ever had an
abortion, about their history of drug misuse, whether they have
ever engaged in homosexual behavior, or whether they have ever
been infected with AIDS. Respondents may decide not to answer a
question or may knowingly give incorrect information if they be-
lieve their responses may be used against them. Direct question-
ing techniques may result in denials and slanted responses that
are likely to result in a significant underestimating of . The ran-
domized response method (RRT), developed by Warner in 1965, is
frequently used by researchers since it has been shown in several
field studies to significantly boost respondent participation. These
researchers include [1-17], who suggested a multiplicative mod

el to gather data on sensitive quantitative variables like income,
tax evasion, the amount of drug used, etc. Think about the popu-
lation. Q=(Q,,Q,,....Q,) of N units. Let a sample of size n units be
drawn from the population Q using simple random sampling with
replacement (SRSWR) design. Let X, be the real value of the sen-
sitive quantitative variable X under consideration for the i unit
Q,(i=1,2,..,N) of the population ) . According to the Eichhorn
and Hayre model, each respondent in the sample is requested to
report the scrambled response Y, = ZX,, where X, (i=12,..,n) is the
real value of the sensitive quantitative variable X for the "
of the sample and Z is the scrambling variable, whose distribution
is assumed to be known. In other words, £:(Z)=x. and V,(Z)=0?
are assumed to be known and positive, where £, and y, denote
the expected value and variance over the randomization device.
Then an unbiased estimator of the population mean u‘:%gx of

unit

the sensitive quantitative variable X under SRSWR design is given
N 1
by Hemy = ;Z Y
i=1

with variance
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where C?=¢2/u? , and C?=o?/p? .
Existing models 1* and 2™

An unbiased estimator of the population mean is given by:

N 1 u
= MY
o =y 2

with variance under SRSWR sampling given by
ﬂz
y _Ix 2 2 2
V(lux(BBB)) - T[Cx +(1+ G )Cp]
and
1 n
(;Z Y- psFJ
~ — i=1
Hr (Pl +P2F)

with the variance £, of is given by

2 2 2 2
. My 1+C«}Jl’ +pouz\1+C: %
V(#x(r))=*[( — g Ly
n (ps+poua.)
pli=p)F? ~2F(p, + pogi ), |
(ps+ popt. Y 1]

+

The Suggested Randomized Response Model

Observing the optimum value of F, we select two appropriate
values of F as

3 _M’ ( . is known)

O (1_p3)
and gy, it paZ).
(1—P3)

Thus, we have suggested randomized response model.

In the suggested model RRM-I, each respondent chosen from
the SRSWR sample is given access to a randomization tool, such as
a spinner (or deck-D of cards) with three different sorts of state-
ments: (i) Report the true value of the sensitive variable, say x, ;
(ii) Report the scrambled response, x,z ; (iii) Report the scram-

bled response 1:‘(”:% .
3

with proportion p,, p, and p; respectively, such that
p;+p,+p;=1 and Z is a scrambling variable which is defined
previously (Figure 1).

e N
Spinner Corresponding to Proposed RIRM-1T MNModel
Feal
D Fesponse
Xl
Scrambled
Feasponss
£ o+ poss WX,
o (- ps)
Figure 1: Proposed RRM-I randomized response device.
\ J

Mathematically, the distribution of the responses will

X; with probability p,
Y, =1X,Z with probability p, (14)
X,
M with probability p;,
(1 —P3

where x, denotes the true response, x,z denotes the scram-

bled response and % also denotes the scrambled response.
—P;

Thus we have the following theorems:

Theorem- 5.1- An unbiased estimator of the population mean
u, 1s given by

]l n

;Z}Yi(l_pj') "
TR R ] § 4
Hsto (P1 + leuz) n EI( //0)
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(p, +pous.)
(1 - P3) '
Proof- Let £, be the expected value over all possible samples
and E, be the expected value over the randomization device. Then
the expected of 4. is given by

where €=

Thus is an unbiased estimator of the population mean

Theorem-5.2- The variance of the estimator 4, is given by
2 2 2 2 2
va, 1));%{(1—173) (1+c?)p, + P (1+c2 )}—1+p3(1+Cj):|'
n (ps +pos.)

Proof- Let be the variance over all possible samples and be
the variance over the randomization device, then we have

V)= E,V (ﬁx(z))+ V,Eg (ﬁx(z))

_ ﬂf{(l—l’s)(“' 2 p, + poeli+
n (p,+pon.)

Cj)}—]+p3(1+Cf):|

which proves the theorem.

Remark- 5.1- As the quantities p,, p, p; , and #: are known,
therefore the proposed randomized response model (RRM-I) and
then the proposed estimator can be used in practice without any
difficulty.

Special Cases

Case-1: If p,=0,p,=1,p,=0 then the proposed model turns
out to be the existing model.

Case-II: If p,=p,p,=(1-p),p;=0 then the proposed model be-
comes one of the already suggested model.

Efficiency Comparison:

This section provides the condition in which the proposed es-
timator 4, is more efficient than the existing estimators.

From the above equations, we have that

V( Ax(]))< V( Ax(BBB)) if

i+ pairc2)] [, u=phlivc2)ep)
(ps+past.) (1= p W= pu. + pf’

It is to be observed from above that

4 L) )< min. V(ﬁx(F)) if

[P1 + PoM; (] + CZ)]
(p+pou. )

{1+(i+c2)i-p,)}
(1+CiX1_P3)(2_P3)

Thus, the suggested estimator 4,; is more efficient than the
existing estimator £, and estimator i) as long as the con-
ditions are satisfied. In order to see the performance of the pro-
posed estimator 4,; with respect to i,y and 4y by using

following formulae:

[c2 w21+

PRE
(qu /lx BBB [A +p3 (]+C2) 1]

x 100,

[4-1-p,(1-p,)"]

PRE(,u()/le)) [A(I ;) +}71(1+C) 1]

x 100,

where

L)+ pos (1+C2)]
(ps+ pot.)’

We have taken the parameter values:
) p=p=06,p, =03, =2

(i) py=p=045p,=045pu =3;
C,=0.102).5,

C.=0.10.2)1.5,

for computing PREs of the proposed estimator /) with re-
spect to existing models. Findings are given in (Table 1 & 2).

Itis observed from Tables 1 and 2 that the gain in efficiency is
achieved by using the suggested estimator /. over the existing
estimator ; ., is larger.

It is further observed from Tables 1 and 2 that the percent rel-
ative efficiency of the suggested estimator 4., with respect to
existing are larger than 100% for the selected parametric values
as given in (Table 1 & 2).
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Table 1: The percent relative efficiency of the proposed estimator flx(l) with respect to existing model.

p,=p=06 p,=03 p;=00 pu, =2 p,=p=04 p,=08 p;=00 pu =3
C. C, PRE(:[‘x(I)’ﬁx(BBB) ) C, €, PRE(f1,(;), f1.(355))
0.1 108.8 0.1 103.15
03 105.63 0.3 102.55
05 103.56 0.5 101.95
0.7 102.54 0.7 101.55
0.1 0.1
0.9 102 0.9 101.3
1.1 101.7 1.1 101.15
13 101.52 13 101.05
15 101.4 15 100.98
0.1 112.38 0.1 105.4
03 108.86 0.3 104.54
0.5 106.07 0.5 103.62
0.7 104.51 0.7 102.96
03 0.9 103.65 03 0.9 102.53
1.1 103.15 1.1 102.26
13 102.83 13 102.07
15 102.62 15 101.95
0.1 115.55 0.1 107.96
0.5 03 112.45 0.5 03 107.02
05 109.41 0.5 105.89

Table 2: The percent relative efficiency of the proposed estimator £.(;) with respect to existing model.

p;,=p=06 p,=03 p;=00 p_ =2 p,=p=048 p,=048 p;=00 pu =3

C. C, PREiL 1), () C. C, PRE(fty0) i(r))
0.1 122,51 0.1 123.06
0.3 118.41 0.3 120.78
0.5 115.72 0.5 1185
0.7 114.4 0.7 116.98

0.1 0.1
0.9 113.71 0.9 116.04
11 113.32 11 115.46
13 113.08 13 115.08
15 112.93 15 114.82
0.1 122.79 0.1 123.14
0.3 119.47 0.3 121.23
0.5 116.84 0.5 119.17
0.7 115.37 0.7 117.69

0.3 03
0.9 114.56 0.9 116.74
11 114.08 11 116.13
13 113.78 13 115.73
15 113.58 15 115.45
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Conclusion

It has been thought about how to estimate the population
mean of the sensitive quantitative variable. This study explains
how the randomized response model might be enhanced. The
unbiased estimate of the mean of a sensitive quantitative variable
has been proposed, and the characteristics have been examined.
Recommended estimator has been demonstrated quantitatively to
be more effective than the existing estimator. It's noteworthy to
note that there are no issues using the proposed estimator more

effectively in practice.
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