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Introduction
Health care is one of the most important factors in human life. 

Good health care is a major contributor to quality of life, and ready 
access to a physician is an important component of a good health 
care system. The number of doctor visits for a household over a 
fixed interval is a useful metric for studying factors that affect phy-
sician accessibility. In this study, we introduce a new regression 
model for studying count data occurring in medical studies. The 
count variable in this study is number of doctor visits over a fixed 
time period.

There are numerous publications describing applications  
of count models to healthcare demand data, and applications of  
negative binomial models in particular. The negative binomial 
model has been applied to cross-sectional data, and in economet-
ric models to analyze cross-sectional data with multiple outcomes  

 
per observation [1]. Modelling count data using a random effects 
negative binomial regression model is discussed in [2], and ap-
plication of the negative binomial hurdle model to physician visit 
data is demonstrated in [3].

The Conway-Maxwell Poisson (CMP) distribution-a gener-
alization of the Poisson-was introduced in [4] with applications 
to queues and service rates. The CMP distribution belongs to the 
exponential family and the two-parameter power series family of 
distributions. In the 50 plus years since its introduction, the CMP 
model has not been widely employed; however, a revival has aris-
en of late from a recognition of its utility in fitting discrete data [5]. 
The CMP distribution has two parameters and can handle both un-
der- and over-dispersed data. This is in contrast to the commonly 
used negative binomial model which can only handle overdisper-
sion. 
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We found several studies describing the properties of the CMP 
model with a variety of applications. The CMP distribution was 
applied to model timing of bid placement and the extent of multi-
ple bidding in online auctions [6]. A Bayesian analysis of the CMP 
distribution is discussed in [7] and conjugate priors for the distri-
bution parameters are derived. A flexible cure rate survival model 
is expanded to follow the CMP distribution in [8]. The joint gener-
alized quasi-likelihood estimating equations are compared to the 
marginal equations in a CMP generalized linear model describing 
the number of car breakdowns in [9]. The structural properties of 
the CMP distribution, including moments and probability generat-
ing function are derived in [10]. Notwithstanding the many pub-
lished applications, we have yet to find the CMP distribution used 
in a medical context-which is the motivation for this paper. 

In many real world applications, the problem of excess zeros 
is encountered-the actual zero frequency outcome is higher than 
that predicted by the theoretical model. When this is the case, a 
hurdle model may be used that models the zero outcome sepa-
rately from the non-zero outcomes [11]. In a hurdle model two 
densities are used, one that generates the zeroes, and another 
called the zero-truncated density that generates the positive val-
ues. The finite mixture distribution generated by combining two 
densities is discussed in [12]. The mechanisms by which excess 
zero frequencies occur for various types of count data, and how 
the zero-inflated Poisson model has application to such data in a 
medical context are described in [13]. Excess zeros in count data 
with application to public health employing a likelihood ratio test 
is addressed in [14].

Another aspect of our paper focuses on extreme values in the 
context of the CMP model and the adverse effect of troublesome 
‘outliers’ on estimates of the CMP distribution mean and variance. 
The effect of outliers is to inflate the variance to make it larger than 
the mean, which is the definition of over-dispersion in the CMP 
model. One approach for reducing over-dispersion is right trunca-
tion, where values greater than a fixed constant are removed from 
the sample. A right-truncated Poisson regression model for han-
dling over-dispersion is discussed in [15]. Applications of hurdle 
models with right censoring are the hurdle generalized Poisson 
regression model and the hurdle negative binomial regression 
model applied to the number of fish caught by fishermen at a state 
park, where the response was right censored [16,17].

The main focus of this study is on regression analysis based on 
CMP distribution. CMP has two parameters and this feature makes 
the distribution more flexible compared to Poisson model. Nega-
tive binomial (NB) model is a competitive model for CMP, however 
the dispersion parameter in NB model can only deal with over-dis-
persed data. CMP model is more flexible in that sense and can han-
dle both over- and under-dispersion scenarios. The application 
part of this study (including read data example and simulation 
study) illustrates the performance of CMP model over alternative 
models under both under- and over-dispersed data.

The novel contribution of our paper is the introduction of a 
hurdle model based on the CMP distribution, the truncated hurdle 
Conway-Maxwell Poisson (THCMP) distribution, which can han-
dle excess zeros in right-truncated count data. We illustrate the 
THCMP model in an application involving an analysis of the num-
ber of doctor visits over a fixed interval and compare it with the 
truncated hurdle Poisson (THP) model—a less suitable, but pos-
sible choice among presently available alternatives. In section 2, 
we describe the health care data set and variables for a case study 
analysis. Inasmuch as we have found no published study applying 
the CMP distribution to an outcome in medicine or public health, 
our paper is unique in this regard. In section 3, the THCMP regres-
sion model for right truncated data is introduced and parameter 
estimates derived. A case study analysis of the THCMP model is 
presented in section 4 along with a description of the methodolo-
gy for a simulation study in which the THCMP model is compared 
to the truncated hurdle Poisson (THP) model on both over- and 
under-dispersed data. In section 5, we discuss results of a simula-
tion study and evaluate the performance of the THCMP regression 
model versus the THP model.

Description of RWM health care data

The RWM data set [18] used in this study is taken from the 
German Socioeconomic Panel (GSOEP). The GSOEP, conducted by 
the German Institute for Economic Research in Berlin, surveys 
a representative sample of East and West German households. 
Researchers have recently used this cross-sectional data set to 
evaluate performance of their proposed count regression models 
[18,19]. The RWM data set is an unbalanced panel survey of health 
care utilization of 27,326 German individuals. The frequency table 
for the number of visits to the doctor is given in Table 2.

Table 1: Descriptive statistics for RWM data variables1, n = 27,326.

Variable Mean Variance Minimum Median Maximum

Doctor visits 3.18 32.37 0 1 121

Sex (=1 if female;0 otherwise) 0.48 0.25 0 0 1

Age (years) 43.53 128.38 25 43 64

Children (=1 when children are present;0 otherwise) 0.40 0.24 0 0 1

Education (years) 11.32 5.41 7 10.5 18

Married (=1 when head of household is married; 0 otherwise) 0.76 0.18 0 1 1
 1Data source: German Institute for Economic Research
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Table 2: Observed frequency counts of RWM doctor visits, n=27,326.

DocVis Count DocVis Count DocVis Count DocVis Count

0 10,135 10 524 20 113 30 46

1 3,692 11 174 21 37 31 16

2 3,412 12 354 22 36 32 7

3 2,711 13 129 23 20 33 10

4 1,584 14 143 24 47 34 4

5 1,169 15 176 25 44 35 14

6 979 16 91 26 16 36 16

7 539 17 63 27 10 37 7

8 489 18 65 28 14 38 7

9 275 19 31 29 12 >38 115

The dependent variable in our analyses, DocVis, is a count 
variable—the number of visits to a doctor (including dentists) 
during a fixed time interval. The RWM data set is viewed as a 
cross-sectional dataset in our analysis [18,19]-the outcome is not 
time varying, as contrasted with [18]-and we assume that counts 
among study subjects are independent. The particular irregulari-
ties/anomalies of this dataset make it a good candidate for illus-
trating the unique features of the THCMP model. In Table 1, the 
mean and variance of DocVis are 3.18 and 32.37, respectively, 
which indicates substantial overdispersion in the data; minimum 
and maximum values are 0 and 121, respectively. In addition, the 
frequency of the zero response in DocVis is higher than expected 
(median=1, mode=0) (Table 2).

The explanatory variables consist of socioeconomic charac-
teristics and demographic variables. All count regression models 
on DocVis were fitted as functions of sex (1=female, 0=male), age 

(years), education (years of schooling), marital status (1=married, 
0=single) and children in the household (1=children present). In-
dependent variables are summarized in Table 1 which shows that 
48% of visits are by females, average age is 43.5, children are pres-
ent in 40% of households, average years of schooling is 11.3, and 
24.1% of respondents are single. The base case count model used 
in the analysis included the following variables in addition to the 
constant term:

( ), , , ,i i i i i iX sex age children education married=
The frequency distribution of DocVis is shown in Table 2. 

According to the percentage of zeros in the response variable 
(37.1%), there is an excess of zeros. In addition, the 95th percen-
tile is 12 which means that there are some extreme values in the 
sample. It is apparent from the histogram in Figure 1 that the zero 
count frequency of DocVis exceeds that expected in a Poisson dis-
tribution. 

Figure 1: Histogram of number of doctor visits.
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Methodology

In this section, the right-truncated hurdle Conway-Maxwell 
Poisson (THCMP) regression model is introduced for handling 
count data with excess zeros and right-tail data truncation. Param-
eter estimation and the goodness-of-fit statistics are discussed.

1.1. The model

Let the response variable *, 1, ,iY i n= 
 be the number of 

visits to a doctor over a fixed time period. The HCMP regression 
model ( )*, , ,i if v yλ  is given by
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Where ( )*
i iE Yλ =  of a Poisson distribution associated with 

observation , and 0v ≥  is the dispersion parameter. The CMP re-
gression model can handle both over-dispersion ( )1v <  and un-
der-dispersion ( )1 ,v >  and when 1,v = the probability func-
tion (1) reduces to a Poisson model. A geometric distribution is 
obtained from (1) when 0v =  and 1.iλ <  When v →∞  in 
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 the result is a Bernoulli distribution.

In many practical applications, it is common to assume that 
the parameter iλ  depends on a vector of explanatory variables 

( )1 2, , , .i i i imx x x x= 

 When there is interest in capturing possi-
ble systematic variation in iλ  as a function of ,ix  explanatory 
variables are commonly incorporated in the context of a log-linear 
model, where log indicates the base e or natural logarithm,
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The 'j sβ  are coefficients of the explanatory variables in the 
regression model and m  is the number of explanatory variables.
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( )1 21, , ,i i i imz z z z= = 

 is the i-th row of a covariate 
matrix ,z  and ( )1 2, , , mδ δ δ δ= 

 is an m-dimensional column 
vector of unknown parameters. In this model set up, the non-neg-
ative function 0w  is modeled using a logit link function.

The moments of the HCMP distribution are obtained as

( ) ( )
( )

1 * 1
0

,
1

, 1
ir r

i i
i

Z v
E Y w E Y

Z v
λ

λ
+ +   = −   −

Where * 1r
iE Y +    is derived using [5], as

( )*

* 1
* * *

1 0

0
r

i i
r

i r
i i i i

i

E Y r
E Y d E Y E Y E Y r

d

λ

λ
λ

+

 + =
  =       + >      

 (3)

Now, we can define the right truncated hurdle Conway-Max-
well Poisson regression model as
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Where t  is the truncation point for .iy  This means that we 
truncate the response variable when ,iy t>  leading to the defi-
nition of B  as
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Thus, the log-likelihood function for the HCMP model with 
right truncation can be written as
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Where k  is the number of observations after truncation.

Parameter estimation
In this section we obtain parameters estimates using maxi-

mum likelihood. The likelihood equations for estimating ,r tβ δ  
and v  are obtained by taking the partial derivatives of (4) and 
setting them equal to zero yielding
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These partial derivative equations cannot be further simpli-
fied. Calculating the Hessian matrix directly is computationally 
laborious, and so the Conjugate Gradient Optimization method 
implemented in SAS was used to numerically obtain the Hessian 
variance-covariance matrix. In approximating standard errors of 
the parameter estimates, the Hessian matrix must be computed at 
least once, regardless of the optimization technique.

The Fisher information matrix for the THCMP regression 
model is obtained as

The elements of the Fisher information matrix are available in 
the Appendix.
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Model selection and test for dispersion

Goodness-of-fit statistics for the THCMP model are based on 
the deviance statistic, defined as 

( ) ( )ˆ ˆˆ2 log ; log ;D L L yθ µ θ = − − 

Where ( )ˆ ˆlog ;L θ µ  and ( )ˆlog ;L yθ  are obtained from 
the model likelihood function evaluated at µ  and ,y  respective-
ly. The log-likelihood function is defined in equation (4). 

The deviance statistic can be approximated by a chi-square 
distribution when ' sµ  is large. In the application section, we use 

2 ,LL AIC−  and BIC to compare the different regression models 

in terms of goodness-of-fit. For all of these statistics, a smaller val-
ue indicates a better fit. 

From section 3.1, it is obvious that the THCMP model reduces 
to THP model when 1.v =  To assess the adequacy of the THCMP 
model over the truncated hurdle Poisson model, we test the hy-
pothesis 

0 : 1 : 1aH v against H v= ≠  (5)

The purpose of (5) is to evaluate the significance of the dis-
persion parameter. It follows that the THCMP model should be 
used instead of the THP model whenever 0H  is rejected. To test 
the null hypothesis 0H  in (5), the likelihood ratio statistic can be 
used. An alternative statistic for the parameter v  is the asymp-
totic Wald statistic where the dispersion parameter is calculated 
after fitting the THCMP regression model.

Results

Case study

In this case study using the RWM data set (n=27,326), the THC-
MP regression model is used to model the number of doctor visits 
(DocVis) per patient over a period of three months as a function of 
the independent variables sex, age, children, education and mar-
ried. The THP model is also considered as an alternative model in 
the analysis of the RWM. The THCMP model will be compared to 
the THP model relative to parameter estimates, standard errors, 
goodness-of-fit statistics and accuracy in modelling the response. 

Five independent variables are used in the model and all are 
incorporated into both the logit and non-logit parts of the model. 
Therefore, the link functions can be written as 

0 1 2 3 4 5log sex age children education marriedλ β β β β β β= + + + + +

0 0 1 3 3 4 5logit w a a sex a age a children a education a married= + + + + +

Thus, the parameters ( )0 1 3 3 4 5 0 1 2 3 4 5, , , , , ,a a a a a a β β β β β β+ + + + +  
plus the dispersion parameter (when used) will be estimated us-
ing the ML method.

Three truncation points, t=10, t=15, and  t=20 are employed in 
comparing the effects of truncation, and correspond to truncation 
percentages of 6.65, 3.08 and 1.75, respectively.

Parameter estimates for the THP and the THCMP model were 
obtained for the specified truncation points and are summarized 
in Table 3. Link functions are obtainable from the estimates shown 
in Table 3. For example, the respective log and logit link functions 
for the THCMP regression model for truncation point 1 10t =  is

log 0.1863 0.0471 0.0036 0.0307 0.0081 0.0297sex age children education marriedλ = − + + − − −

0logit 0.0766 0.6756 0.0217 0.3609 0.0655 0.0211w sex age children education married= − − + + −

Using the log link function coefficients in Table 3, one can see 
the estimated change in DocVis per unit change in each indepen-
dent variable, all others being held constant. To illustrate, the posi-

tive 1β  coefficients corresponding the variable sex in the HP mod-
el in Table 3 for the three truncation times are 0.0997, 0.11 and 
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0.0935, which indicate higher values of ( )log DocVis  for females 
compared to males for all truncation points. For the THCMP mod-
el, decreases in ( )log DocVis  of 0.0158 and 0.003 for females 
versus males are predicted for 2 15t =  and 3 20,t =  respective-
ly. For a one-unit increase in age, expected ( )log DocVis  is es-
timated to increase by ~0.01 on average using the THP model and 
~0.003 using THCMP model for all truncation points. Thus, older 
patients are predicted to have a higher number of doctor visits 

per unit time. ( )log DocVis  is estimated to be lower for house-
holds with children relative to those with no children for both THP 
and THCMP models at all truncation points—with the exception 
of THCMP when 2 15.t =  For a one-unit increase in the num-
ber of years of schooling, the estimated change in the number of 
doctor visits decreased for all truncation points. ( )log DocVis  
showed more frequent doctor visits for married versus single in-
dividuals for all truncation points. 

Table 3: Parameter Estimates of THP and THCMP models for three truncation scenarios, RWM data

Parameter
 

Truncated at t=10 Truncated at 15t = Truncated at 20t =
HP1 HCMP2 HP HCMP HP HCMP

Log link parameters

0β
0.955 -0.1863 1.0489 -0.1328 1.2042 -0.126

(-0.0378) (-0.0284) (-0.0334) (-0.02) (-0.0318) (-0.0168)

1β
 0.0997 0.0471 0.11 -0.0158 0.0935 -0.002

(-0.0097) (-0.0077) (-0.0085) (-0.0047) (-0.008) (-0.0047)

2β
0.0072 0.0036 0.0091 0.003 0.0096 0.0026

(-0.0005) (-0.0004) (-0.0004) (-0.0003) (-0.0004) (-0.0002)

3β
-0.0418 -0.0307 -0.0359 0.0074 -0.035 -0.0119

(-0.0115) (-0.0086) (-0.0101) (-0.0051) (-0.0095) (-0.0046)

4β
-0.0091 -0.0081 -0.0116 -0.0126 -0.0186 -0.0103

(-0.0022) (-0.0018) (-0.002) (-0.001) (-0.0019) (-0.0009)

5β
-0.0437 -0.0297 -0.0387 -0.0112 -0.0504 -0.0209

(-0.012) (-0.0087) (-0.0104) (-0.0053) (-0.0098) (-0.0051)

v
 0.108   0.069  0.0621

(-0.0078) (-0.0023) (-0.0019)

Logit link parameters

0α
 0.1506 0.0766 -0.0186 -0.0757 -0.0172 0.0365

(-0.0954)* (-0.1304) (-0.0944) (-0.1896) (-0.0941) (-0.1821)

1α
 -0.5548 -0.6756 -0.566 -0.3004 -0.5755 -0.4729

(-0.0267) (-0.0369) (-0.0264) (-0.0466) (-0.0263) (-0.0469)

2α
-0.0155 -0.0217 -0.0163 -0.0345 -0.0165 -0.034

(-0.0013) (-0.0021) (-0.0013) (-0.0024) (-0.0013) (-0.0025)

3α
0.247 0.3609 0.2391 0.0698 0.2452 0.3268

(-0.0304) (-0.0443) (-0.0301) (-0.0472) (-0.0299) (-0.0491)

4α
0.0287 0.0655 0.0397 0.1606 0.039 0.1463

(-0.0056) (-0.0102) (-0.0056) (-0.011) (-0.0056) (-0.0107)

5α
-0.1123 -0.0211 -0.0781 -0.0294 -0.0818 0.0726

(-0.0338) (-0.0435) (-0.0335) (-0.0497) (-0.0334) (-0.0503)

*Standard errors in parentheses.
1Hurdle Poisson
2Hurdle Conway-Maxwell Poisson

The THCMP regression model indicated overdispersion in 
the RWM data. Dispersion parameter estimates corresponding to 
truncation percentages of 6.65,3.08 and 1.75 were 0.108,v =  

0.069v =  and 0.0621v =  respectively, where 1v <  indicates 
overdispersion. 

THP and THCMP regression model coefficients for the RWM 
analysis based on the logit link function are also given in Table 3. 
These coefficients correspond to the excess zeros component of 
the models. Both models show a negative effect of sex for all trun-
cation percentages, indicating a higher rate of zero doctor visits 
in males than in females. The log odds of excess zeros increases 
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for each unit decrease in age in both the THP and THCMP models 
at all truncation points. This means that zero doctor visits were 
increasingly more likely with aging. A positive coefficient for chil-
dren in both THP and THCMP models indicated that households 
with children exhibited a higher rate of zero visits to a doctor com-
pared to households without children for all truncation percentag-
es. The log odds of excess zeros increased for each unit increase in 
the number of years of schooling for all truncation points for both 
regression models. This indicates that fewer years of schooling 
were associated with higher odds of zero visits to a doctor. Both 
THP and THCMP models resulted in negative coefficients for the 
married variable for all truncation points with the exception of 
the 3 20t =  truncation point for the THCMP model. So, generally, 
single individuals exhibited higher rates of zero doctor visits than 
married individuals.

Table 4 compares the THP and THCMP regression models on 
three goodness-of-fit measures: log-likelihood (LL), Akaike’s In-
formation Criterion (AIC) and the Bayesian Information Criterion 
(BIC). The right-truncated Poisson (TP) and right-truncated CMP 
(TCMP) regression models are included in Table 4 as special cases 
to investigate whether a zero frequency of 37.1% should be con-
sidered an excess zero scenario. We were also able to investigate 
whether the TP and TCMP regression models (without excess zero 
scenario) were able to fit the data as well as the hurdle regression 
models. The THP and THCMP models demonstrated better good-
ness-of-fit than the TP and TCMP models on all measures (smaller 
is better). The THCMP regression model exhibited superior good-
ness-of-fit compared to the THP regression model for all trunca-
tion levels in the RWM data analysis. 

Table 4: Goodness-of-fit measures for THP and THCMP regression models, RWM data.

Goodness of fit* Truncated at 10t = Truncated at 15t = Truncated at 20t =
HP1 HCMP2 P3 CMP4 HP HCMP P CMP HP HCMP P CMP

-2LL 99,625 95,034 117,595 96,259 118,293 106,771 143,350 109,348 129,498 111,829 158,667 114,751

AIC 99,649 95,060 117,607 96,273 118,317 106,797 143,362 109,362 129,522 111,855 158,679 114,765

BIC 99,747 95,166 117,656 96,330 118,416 106,903 143,411 109,419 129,621 111,961 158,729 114,822

*LL=Log-Likelihood, AIC=Akaike Information Criterion, BIC= Bayesian Information Criterion
1Hurdle Poisson
2Hurdle Conway-Maxwell Poisson
3Poisson
4Conway-Maxwell Poisson

Table 5 shows that the THCMP regression model exhibit-
ed a better fit to the RWM data versus the THP model based on 
the predicted versus observed frequency count criterion for all 
truncation points. The RWM dataset observed zero frequency 

was 10135. Predicted zero frequencies for THCMP/THP at the 
truncation points were 

1 :10118 /10012;t  2 :10319 / 9971;t  and 

3 : 9626 / 9008.t

Table 5: Observed versus predicted doctor visit counts for THP and THCMP models at three truncation points.

Doctor visits Observed count

Truncated at 10t = Truncated at 15t = Truncated at 20t =
HP1 HCMP2 HP HCMP HP HCMP

0 10,135 10,011.87 10,118.24 9,970.72 10,319.23 9,008.43 9,626.32

1 3,692 2,095.52 3,896.52 1,455.30 3,668.79 1,230.78 3,689.69

2 3,412 3,361.66 3,157.25 2,752.27 2,992.24 2,524.27 3,043.88

3 2,711 3,595.20 2,448.63 3,470.07 2,373.15 3,451.44 2,448.63

4 1,584 2,883.73 1,840.95 3,281.30 1,845.17 3,539.36 1,934.88

5 1,169 1,850.44 1,351.13 2,482.24 1,412.75 2,903.62 1,507.87

6 979 989.5 972.3 1,564.81 1,068.15 1,985.06 1,161.86

7 539 453.53 688.13 845.53 799.06 1,163.21 886.71

8 489 181.89 480.04 399.77 592.28 596.42 671.13

9 275 64.84 330.65 168.01 435.46 271.83 504.26

10 524 20.8 225.17 63.55 317.85 111.5 376.41

11 174   21.85 230.48 41.58 279.31

12 354   6.89 166.12 14.21 206.15

13 129   2 119.08 4.48 151.39

14 143   0.54 84.92 1.31 110.67
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15 176   0.14 60.28 0.36 80.55

16 91     0.09 58.4

17 63     0.02 42.18

18 65     0.01 30.35

19 31     0 21.77

20 113     0 15.57
1Hurdle Poisson
2Hurdle Conway-Maxwell Poisson

Table 6: Simulation scenarios based on selected parameterizations of HCMP and HP regression models.

Scenario*

50% of data simulated from  
HCMP1 model

50% of data simulated from  
HP2 model

0β 1β 2β 0a v
0β 1β 2β 0a

Model (a) 1 0.8 0.8 0.3 2 1 0.8 0.8 0.3

Model (b) 1 1 1 2 2 1 1 1 2

Model (c) 1 1.5 0.9 1 2 1 1.5 0.9 1

Model (d) 1 0.8 0.8 0.3 0.85 1 0.8 0.8 0.3

Model (e) 1 1 1 2 0.85 1 1 1 2

Model (f) 1 1.5 0.9 1 0.85 1 1.5 0.9 1

* 1a  is solved by using the equation ( )0 0 1 1 .logit W a a z= +
1Hurdle Conway-Maxwell Poisson
2Hurdle Poisson

Table 7: Mean AIC and log-likelihood (in brackets) comparisons for fitted truncated hurdle regression models.

Scenario
Proportion of zeros=0.4 Proportion of zeros=0.3 Proportion of zeros=0.2

THP1 THCMP2 THP THCMP THP THCMP

(i) 5% truncation at the tail

Model (a)
 

703.06 691.92 774.2 758.69 826.7 806.29

(-346.53) (-339.96) (-382.10) (-373.35) (-408.35) (-397.15)

Model (b)
 

770.55 742.74 854.73 817.39 921.06 873.48

(-380.28) (-365.37) (-422.36) (-402.69) (-455.53) (-430.74)

Model (c)
 

854.48 793.68 956 876.16 1041.2 941.91

(-422.24) (-390.84) (-473.00) (-432.46) (-515.60) (-464.95)

Model (d)
 

761.15 760.85 839.51 838.76 898.03 896.9

(-375.57) (-374.42) (-414.76) (-413.38) (-444.01) (-442.45)

Model (e)
 

806.48 804.2 892.68 889.28 958.91 954.52

(-398.24) (-396.10) (-441.34) (-438.64) (-474.45) (-471.26)

Model (f)
 

855.12 848.16 950.65 941.06 1025.7 1013.68

(-422.56) (-418.08) (-470.33) (-464.53) (-507.85) (-500.84)

(ii) 10% truncation at the tail

Scenario
Proportion of zeros=0.4 Proportion of zeros=0.3 Proportion of zeros=0.2

THP THCMP THP THCMP THP THCMP

Model (a)
 

594.13 592.08 664.17 659.8 714.2 707.19

(-292.07) (-290.04) (-327.09) -323.90) (-352.10) (-347.60)

Model (b)
 

647.77 639.55 731.68 716.49 796.49 774.54

(-318.27) (-313.78) (-360.84) -352.25) (-393.24) (-381.27)
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Model (c)
 

707.16 685.25 806.9 771.56 889.89 838.79

(-348.58) (-336.62) (-398.45) -379.78) (-439.95) (-413.40)

Model (d)
 

665.24 665.61 744.51 744.68 802.65 802.59

(-327.62) (-326.80) (-367.25) -366.34 (-396.32) (-395.30)

Model (e)
 

707.56 706.98 795.05 793.79 862.12 860.3

(-348.78) (-347.49) (-392.53) -390.89 (-426.06) (-424.15)

Model (f)
 

750.31 747.29 846.13 841.69 922.78 916.63

(-370.07) (-367.65) (-418.07) -414.84 (-456.39) (-452.32)
1Truncated Hurdle Poisson
2Truncated Hurdle Conway-Maxwell Poisson

A subset of RWM data where under-dispersion is present was 
considered. We have focused on the individuals with low health 
satisfaction score (<4 out of 10) and split up the data set by mar-
riage status to come up with two under-dispersed scenarios. The 
married covariate was excluded from the list of independent vari-
ables and other covariates were kept in. TP and THCMP models 
with a right truncation point of 4 applied to the data. The goodness-
of-fit statistics (-2LL and AIC) for THCMP/THP were 653.2/686 
and 675.2/706 for unmarried individuals, and 1847.5/1908.9 and 
1869.5/1928.9 for married individuals. The dispersion parame-
ter of THCMP model was significant in both scenarios (4.12 (3.02, 
5.33) and 3.42 (2.77, 4.07), p-value<0.001). 

A Simulation study

We conducted a simulation study to assess and compare THP 
and THCMP regression model performance. Goodness-of-fit was 
measured using the Akaike information criterion (AIC). Data 
were simulated with 50% of responses generated by the HCMP 
regression model and 50% by the HP model. Simulation mod-
els were structured as ( )0 0 1 1log it W a a z= +  and linear function 

0 1 1 2 2log ,i i ix xλ β β β= + +  where 1,z  1x  and 2x  were gen-
erated from a uniform distribution on [ ]0,1 .  A sample size of 

200n =  was used in conjunction with varying proportions of 
zero outcomes and 0w  set to values of 0.2, 0.3 and 0.4. Truncation 
percentages were set at 5% and 10% of the simulated distribution 
tail, although actual simulated truncation percentages were not 
always exactly equal to 5% and 10%. 

The six working simulation models, differing in their coeffi-
cient parameters, are shown in Table 6. Three are mixtures of un-
der-dispersed (υ>1) HCMP regression models with the HP regres-
sion model. These models generate count data outcomes of 0, 1, 2, 
and 3 for the most part, resulting in short-tailed count frequency 
distributions. Conversely, the remaining three models are mix-
tures of over-dispersed (υ<1) HCMP regression models with the 
HP regression model, which generate more extended right tails 
in the response distribution. Using the three combinations of co-
efficient parameters, the model with 0 1,β =  

1 1.5,β =  2 0.9,β =  

0 1a =  generates long right-tailed count distributions with high 
count outcomes; the model with 0 1,β =  1 1,β =  2 1,β =  

0 2a =  
generates distributions with tails of intermediate length; and the 
model with 0 1,β =  

1 0.8,β =  2 0.8,β =  0 0.3a =  distributions 

with relatively short tails.

The number of replications was set at 1,000, which was suffi-
cient for our purposes. Additional replications would have unnec-
essarily increased the computational burden. The simulation was 
programmed in FORTRAN. Maximum likelihood estimates were 
obtained via numerical maximization using the simulated anneal-
ing algorithm [20]. 

Simulation results are summarized in Table 7(i) and (ii) where 
the values given are the average values of 1,000 replications. From 
Table 7(i), the average AIC for the THCMP regression model was 
significantly lower than that for the THP regression model for 
simulation models (a) to (c). When the truncation percentage 
was increased to 10% as in Table 7(ii), the average AIC difference 
was smaller as compared to Table 7(i). Nevertheless, the THCMP 
regression model performed slightly better for model (a) and 
definitely outperformed models (b) and (c). For model (d), the 
average AIC difference between the THP and THCMP regression 
models was less than 2, regardless of the proportion of zeros and 
the percentage of truncation. For models (e) and (f), the THCMP 
regression model was slightly better than the THP model with 5% 
truncation in the tail, where the AIC average difference was great-
er than 2.

Discussion

In this paper, we introduce the THCMP regression model and 
illustrate its application in an analysis of the RWM data in which 
the outcome variable of interest is the number of doctor visits oc-
curring in a fixed interval. We show how the THCMP model can be 
used to handle dual data anomalies of excess zeros and extreme 
values in a count response variable. Parameter estimates and 
standard errors for the TCMP model—and the alternative THP 
model-were obtained for selected data truncation levels using ML 
estimation. Covariate effects were interpreted in the context of 
model link functions.

A comparison of goodness-of-fit of the THCMP and THP mod-
els to the RWM data, as assessed by -2LL, AIC and BIC, showed bet-
ter performance for the THCMP model at the three truncation lev-
els studied (6.65%, 3.08% and 1.75%). The percentage of zeros in 
the response variable of the RWM case study was 37.1%—which 
is cited in the literature as a threshold for excess zeros [18,19]. 
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The results showed that a right truncated hurdle model can fit 
these data with inflation at zero better than a simple right-trun-
cated model where excess zero part of the model is not taken into 
account. We also examined goodness-of-fit for the right truncated 
Poisson and CMP models as well as the excess zero models in the 
RWM case study analysis.

In the RWM analysis, the THCMP model exhibited better 
agreement between observed and predicted zero frequency 
counts than the THP model for all three truncation points. Howev-
er, greater truncation levels resulted in greater bias in estimating 
the zero frequency for both models, although to a lesser degree for 
the THCMP model. In addition, the THCMP model generally exhib-
ited better goodness-of-fit in modelling counts greater than zero. 
Exceptions favoring the THP model were a few cases involving fre-
quency estimates for 2 and 7 at 6.65% truncation, and 8 and 9 at 
3.08% and 1.75% truncation. The case study analysis results sug-
gest advantages of the THCMP regression model compared to the 
THP model for analyzing ‘real life’ count data when there are both 
an excess of zeros and extreme values in the observed response. 

In the under-dispersed subset of RWM data sets, we have tried 
hurdle negative binomial (HNB) and hurdle generalized Poisson 
(HGP) models with right truncation approach to investigate the 
performance of HCMP over HNB and HGP. HNB model was not 
converged because the final Hessian matrix, though full rank, had 
at least one negative eigenvalue, and therefore the second-order 
optimality condition violated. This is expected as NB model can 
handle over-dispersion scenario not under-dispersion. HGP mod-
el also was not converged as the final Hessian matrix was not pos-
itive definite and therefore the estimated covariance matrix was 
not full rank and may not be reliable. Hence, the HCMP model out-
perform HNB and HGP when the under-dispersed right truncated 
outcome has excess zeros.

In the simulation study, mean AIC for the THCMP model was 
significantly lower than mean AIC for the THP model (AIC mean 
difference >11) in under-dispersed scenarios with 5% tail trunca-
tion, indicating substantial improvement in fitting the data [21]. At 
the 5% truncation level, a clear lack-of-fit of THP is exhibited for 
simulation models (a) to (c), indicating under-dispersed scenar-
ios, compared to THCMP. However, at 10% truncation, the mean 
AIC difference between models was smaller in under-dispersed 
scenarios. In the simulation study, the THCMP regression model 
performed slightly better than the THP model in the short-tailed 
data scenario (model (a)) and clearly outperformed THP in the 
medium- and long-tailed data scenarios (models (b) and (c)). In 
an over-dispersed scenario with short tail (model (d)), the aver-
age AIC difference for the THP and THCMP models was less than 
2 regardless of the proportion of zeros or the truncation percent-
age, implying similar performance in this case. For over-dispersed 
scenarios involving medium and long tails (model (e) and (f)), and 
less than 5% truncation, the THCMP regression model performed 
slightly better than the THP model (AIC mean difference >2). In 
short, the comparison of average AIC for the THCMP and THP re-

gression models indicated superiority of the THCMP to the THP 
model for outcome data with lower than expected proportions of 
zeros, lower percentages of tail truncation, and consists of mostly 
low values of the response variable. 

A strong point of the simulation study is that the CMP model, 
unlike more frequently used models such as the negative bino-
mial model, is more flexible and able to handle under-dispersion 
as well as over-dispersion. The negative binomial model was not 
entertained as an alternative model in this study because the NB 
model cannot accommodate under-dispersed data. The THCMP 
model clearly outperformed THP model for under-dispersed sce-
narios. Therefore, the THCMP regression model would be expect-
ed to provide better outcomes in terms of the parameter estimates 
and goodness-of-fit statistics when data are under-dispersed—
even when compared to some alternative models such as hurdle 
negative binomial model. 

In summary, we introduced the truncated hurdle Conway-
Maxwell Poisson regression model. We carried out a simulation 
study, based on data generated from a mixture of HCMP (50%) 
and HP (50%) probability models, which showed the THCMP 
regression model accommodated various degrees of truncation 
and anomalous zero frequencies better than the THP regression 
model. We recommend the THCMP regression model as a flexible 
distribution for analyzing count data exhibiting the dual anomalies 
involving zero frequencies and a low level of tail truncation in 
handling over- and under-dispersion.
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