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Abstract
The overall goal of this work is to make numerical comparison of Sinc function based method versus other quadrature rules utilized in
statistical modeling. Some typical test examples were used to demonstrate the applicability of Sinc quadrature. Results had shown that the it
has great potential to be utilized in statistical modeling, since the order of convergence is exponential, works very well in the neighborhood of
singularities, in general quite stable and provide high accurate with double precisions estimates.
Abbreviations: SAS: Statistical Analysis Software; GLM: Generalized Linear Model; GLMM: Generalized Linear Mixed Models; ML: Maximum
Likelihood; MLE’s: Maximum Likelihood Estimates; EM: Expectation- Maximization Algorithm; FFT: Fast Fourier Transform

Introduction
With the fast pacing and rapidly changing environment from
the advent of Pascal’s simple calculating machine to today’s high
performance computers now it’s possible to solve complex and
intricate problems by utilizing numerous efficient numerical
methods, as these numerical methods are the only ultimate choice
to rely on since analytical or closed form solutions are either
unavailable or could not be obtained. Henceforth, these scientific
computational methods are desiderata of any mathematical
models whether its formulation is based on deterministic
or probabilistic approaches. Whereas, the statistical models
are totally based on probabilistic ideas and are commonly
observational or experimental data. Moreover, as this era is the
century of the ‘Information’, whereas the source of information is
in the form of the ‘Data’. While the today’s data is mammoth, huge
and gigantic in nature and emerging from diverse field of studies
such as from astronomy to the medical imaging. For example,
according to in a special report published by ‘The Economist’
data is everywhere: the Sloan Digital Sky in New Mexico (USA)
collected the data in few weeks were almost equivalent to what
it had collated in the whole history of astronomy, and within a
decade it’s archive had 140 tetra-byte of information, whereas
radiological modalities are generating thousands of images
in few seconds [1-12]. Henceforth, it requires an amalgam of
computational scientists to unify the computational tools and
techniques at a converging platform where an astrophysicist and
a radiologist may have a better discourse on some common issues
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and could play a pivotal role to uncover the some of mystery of the
nature’s complex phenomenon.
A summary of this paper is as below:

First, it gives a general outlines of the Generalized Linear
Models, as well as the it’s extended models such as Generalized
Linear Mixed Models. Next section deals with some definitions
and mathematical theorems related with Sinc function and
adopted from Dr. Stenger’s book [1] and also briey explains the
Gaussian quadrature rules, as they are most commonly been used
in statistical software packages such as SAS (Statistical Analysis
Software), Stata and R packages. The Results and Discussion
section presents few typical examples of the quadrature integrals
and will be compared with the Sinc based quadratures, and
conclusion with future work will be given. In this paper only
some test functions will be shown and discussed, and the detail
results dealing with Sinc based quadrature rules to apply in
GLMM algorithms is under progress [13-17]. It seems that this is
the rst paper which attempted to apply Sinc Based Approach as
it has nowhere been utilized in statistical literature, and only an
exception to the Sinc based methods in vast statistics field is by
Robert Strawderman [16] from Cornell University, published in
StatisticaSinica 2004’s paper: Computing Tail Probability.

Statistical Models

As the theory of generalized linear model (GLM) had been
unifided by McCullagh & Nelder [5] in 1989, as well as Nelder &
0091
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Wedderburn [4] as the response variable or dependent variable
could assume different type of probability distributions such
as discrete or continuous. Basically, the GLM 1 has three main
components as below:
The random component: The response variable in the
GLM could be the family of exponential function or any discrete
outcome variables like Poisson, Bernoulli, and Binomial, and
selects the probability distribution.

The systematic component: The systematic component
deals with the independent variables and of the form as:
y1 ( x ) = β 0 + β1 xi1 +  + β n xin , and this combination of predictors is
simply the known as the linear predictor.
The link function: The link function is establishes a relation
between the expected mean µ = E (Y ) and the function g ( µ ) = ni
and given as: g ( µ ) = β 0 + β1 xi1 + β 2 xi 2 +  + β n xin , or in compact
notation is can be described as below:

ηi = xi′β

(1)

whereas this function g(.) connects the random and systematic
components.

As the fixed effects models assume that all the observations
must be linearly independent of each other, and violation of this
assumption may lead to the inapplicability of these models. Hence,
to analyze correlated data such as repeated measures analysis of
variance, longitudinal data analysis, hierarchical or clustered data,
so for such studies a random cluster and or subject effects should
need to be included in the regression model as to take into account
correlation of the data. So, consider i denote the level-2 units
whereas j denote the level - 1 units, further assume that there are
i=1,2,....,N subjects and j=1,2,...,ni repeated measures within each
subject. A simplest mixed model would be a random-intercept
model for subject i is given by

=
ηi xi′β + vi

(2)

where vi is the random effect for each subject, and the expected
value of the response variable is related to the predictor through
the link function as:

µij E Yij vi , xij 

(3)

Now, extending the above model by including multiple random
effects and the model would be given as:
(4)

where vi is a vector of random effects and should have
multivariate normal distribution with mean vector 0 and
variance-covariance matrix Σ v ; and the conditional mean µij
is E Yij vi , xij  . Furthermore, based upon the response variable
such as: dichotomous, ordinal, nominal, counts (Poisson), the
generalized linear mixed models (GLMM) could be modeled via
the link function g(.), detail description could be found in Nicole
Michel [14] as well as Jiming Jiang [15] and some other textbooks.
The estimation of the parameters is usually done by the maximum
092

likelihood (ML), along with heavy use of numerical computation.
As it is clear that the nature of the probability distribution dictates
the form of the response variable. Consider P (Yij vi ) be the
conditional probability for any kind of response distribution and
Yi conditional on vi is equal to the product of the probabilities of
the level-1 responses as below:
ni

l (Yi vi ) = ∏ P (Yij vi )
i =1

(5)

And the above represents the conditional independence
assumption, i.e., a subject’s responses are independent give the
random effects., and the marginal density of Yi could be given as
the integral of the conditional likelihood l(.)

h (Yi ) = ∫ l (Yi vi ) f ( vi )dvi
vi

(6)

where f(vi) is the distribution of the random effects, assumed
to be having multivariate normal distribution. Furthermore,
similar integral as above also appears in Bayesian inferences, and
is based upon the following steps as:
a) Specifying an unknown parameter values in a probability
model which requires some prior knowledge about the
parameters,
b) Updating knowledge about the unknown parameters by
conditioning this probability model on observed data, and

c)
The fit model of the model need to be evaluated for the
data and the sensitivity of the conclusions to the assumptions.
According to the Bayes’ law:
π (θ R ) =

p (θ ) L (θ R )

∫θ pθ L (θ R ) dθ

α p (θ ) L (θ R )

(7)

where R is the observed data. Moreover, the integral as above
appears to be ubiquitous in other scientific computation field such
as in modeling credit risk, stock exchange, learning machine, etc.,
where as in deterministic models, namely as in the numerical
computation of parabolic, elliptic, and hyperbolic type partial
differential equations where closed form integral are intractable,
and only approximation based approach is only available. The
maximum likelihood estimates (MLE’s) are done in general via the
approximate methods such as:
a.

Penalized Quasi Likelihood,

c.

Gauss Quadratures, and

b.
d.

Laplace Approximation,

Markov Chain Monte Carlo.

Penalized Quasi Likelihood and Laplace Approximation’s
related work could be found in Tierney & Kadane [8], Breslow &
Clayton [7], and Breslow & Lin [6]. Whereas, utilizing Markov Chain
Monte Carlo has been also utilized to compute the above integral, a
discussion could be found in the work of Sun & Ronnegard [9], also
EM (Expectation- Maximization Algorithm) would be utilized but
it’s slow. Adaptive Quadrature rules were used in Rabe-Hesketh, et
al. [10]. The next section presents an outline for the Sinc function
related stuffs [18-20].
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Sinc Function based Quadratures Rules
As Cardinal Pope beautifies the sainthood, Professor Frank
Stenger had coronated with jewel the cardinal basis function
commonly known as Sinc function, as this function is the support
when the solution for complex integrand with singularities
may not be feasible and could not be achieved by currently
available almost all the existing computational techniques, and
it is expected that Sinc based approximation will excel for such
intricate integrand with achievable precision and accuracy. Now, a
brief outline is shown in the following paragraph for Sinc function
based approach to compute the integrand. In mathematical
sin π z
literature sinc function as define as: sin c ( z ) =
, where Z is
πz
dene over the real and complex plane. Moreover, for an arbitrary
k and a positive number h, as shown in Dr. Stenger’s book [1] the
Sinc function is defined as below(some definitions and theorems
are adopted from his book on Sinc Function as well. Dr. Stenger in
his book, explained that the sinc function has come from B-spline
as follows:
2
N

 x 
∏
1 − 2 
k 
k =1 

BN=
( x)

So as N → ∞, then the following relation holds

 x 2  sin π x
sin c=
( x ) Nlim
1 − =

∏
→∞
πx
k2 
k =1 
Furthermore, defining S ( k , h )( j , h ) = δ kj , in terms of the
N

Kronecker delta function as follows:
0,
1,

δ kj = 

j≠k
j=k

Definition 1: Let f be a function defined on R and let h>0 Define
the series

S ( k , h )( x ) =

∞

∑ f ( kh ) S ( k , h )( x )

k = −∞

(8)

As the series in equation (9) converges, is known as the
Whitaker cardinal series for f at h. Next now define the PaleyWiener class of functions B(h) as follows:
Definition 2: Let h be a positive constant. The Paley-Wiener
class of function B(h) is the family of entire function f such that
π
f ∈ L2 ( R ) , and in the complex plane f is of exponential type , i.e.,
h
πz h
(9)
f ( x ) ≤ Ke( ) , for some K > 0.
Theorem 1 Let fϵB(h) then for all ZϵC,
1 ∞
t−z
f ( z ) = ∫ f ( t ) sin c 
(10)
 dt.
h −∞
 h 
The following two theorems will be useful for interpolation
and quadrature formula in B(h)
Theorem 2 Let fϵB(h) then for all ZϵC,

f ( kh ) =

and

f ( kh ) =

 t − kh 
∑ f ( kh ) sin c  h 
∞

k = −∞

1 ∞
 t − kh 
f ( t ) sin c 
 dt.
∫
−∞
h
 h 

Theorem 3 Let fϵB(h) and fϵLl(h) then
093

(11)
(12)

∫

∞

∞

f ( t ) = h ∑ f ( kh ).

−∞

(13)

k = −∞

The above results for interpolation and quadrature are exact
in nature, whereas for fϵB(h), for quadrature the approximation
based techniques would be described on a strip Dd

Definition 3: Consider Dd is an infinite strip domain of domain
with width of 2d. For d >0

{

}

Dd ≡ z ∈ C : Imaginary ( z ) < d ,

B(Dd) is the set of function analytic in Dd and satisfy
d

lim ∫

f ( x + iy ) dy =
0

x →∞ − d

and N p ( f , Dd ) < ∞ where p ≥1 and

(∫


N p=
inf 
( f , Dd ) ylim
→d −


R

p

f ( x + iy ) dx

)

1 p

(14)

(15)

p
1 p
+ ∫ f ( x + iy ) dx )  (16)
R


The following result will be give the error bound

Theorem 4 Assume fϵB(Dd) and f satisfy a decay condition of
the form
f ( x ) ≤ ce

then

∫

∞

−∞

−α x

N

f ( x ) dx − h ∑ f ( kh ) ≤ Ce−α
k=−N

N

(17)

(18)

where C is constant and is independent of N if we pick

 2π d 
h= 
.
 αN 

Gaussian Quadratures

As the numerical computation of integrals become necessary
when integrand is complicated and become intractable, for
example as it’s arise in equation (6) and (7) in the likelihood
computation or posterior distribution of the integrals, hence
b
consider the general form as ∫a f ( x ) dx where xϵ[a,b] and f(x)
is single variable. To approximate this integral, consider a finite
number of values of the integrand f as: a=x0<x1... <xn=b and define
a quadrature as:

∫

b

a

n

f ( x ) dx = ∑ wi f ( xi )
i =0

(19)

whereas wi, for i=0,1,2,...,n are the coefficients known as weights
and will be determined for all xi[a,b] where i=0,1,2,...,n are the
distinct points in the interval [a,b] (see: Khuri [13]). A quadrature
rule is known as closed, if the end points of the interval are used,
else it is known as open rule as the end points are excluded when
the integral is defined over an infinite interval. Moreover, an error
estimation must exhibit that for simple polynomial function it
needs to be close to zero. And the order of a quadrature formula is
defined as the maximum degree m such that the estimated error is
zero for all polynomials of degree less or equal to m, and it is given
as: e = α f k (ξ ) , where α is a constant and ξ ∈ ( a, b ) , whereas k is
the order of the derivative, and is associated with the order of the
quadrature formula. Furthermore, computation of the quadrature
formulas is in general based upon fixed nodes such Newton-Cotes
formulas, or Gaussian quadratures where the nodes are not fixed
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and this makes the order of the Gaussian quadrature formula
doubled or less. Now, the quadrature rule could be given as:

∫

b

a

n

w ( x ) f ( x ) dx ≈ ∑ wi f ( xi )

(20)

i =0

Table 1: Weight functions in Gaussian Quadrature rules.
Type of Polynomial

Weight. w(X)

Interval

Legendre

1

(a,b)

Laguerre

xα e − x

Jacobi

(1-x)α (1+x)β

Hermite

e− x

Moreover, the choice of the weights give a family of Gaussian
quadratures rules, for example if we pick λ ( x ) e − x , then it will
give the Gauss-Laguerre quadrature, whereas for λ ( x ) e− x gives
∞
Gauss-Hermite type quadrature. Consider ∫−∞ e− x f ( x ) dx where
w ( x ) = e − x and a=-∞, b=-∞ and the quadrature formula could be
given by
(2n)
n
2

2

2

n! π f
(ς )
f ( x ) dx ∑ wi f ( xi ) +
n
∫−∞ e =
(21)
2 ( 2n ) !
i =1
∞
where ζ ∈ ( −∞, ∞ ) , whereas ∫ w ( x )dx = π . It is further
−∞
∞

The above formula is exact when f is a polynomial. Moreover,
computation of the weights and nodes for example is shown
in work of Golub & Welsch [11]. The most commonly weight
functions are given in the Table 1.

− x2

to note that Sinc based quadrature approximation requires some
transformation of the integrands and some of the techniques and
some of them are as follows:
Moreover, the above transformation are only few of them, a
complete list of these transformations is provided in Dr. Stenger’s
book [1].

Some Results and Discussion

This section discusses some typical test functions and are
computed using Sinck Pack and the quadgk. This ‘SincPack’
contains hundreds of routines written in MATLAB (MatheWorks)

(0, ∞)

2

(-∞, ∞)
(-1,1)

for solving numerous numerical problems, and it’s available in the
‘Handbook of Sinc Numerical Methods, by Frank Stenger’, at the
CRC Publisher’s site:
http://www.crcpress.com/product/isbn/9781439821589.

Whereas ‘quadgk’ could be found in the libraries of MATLAB,
this function routine is an adaptive Gauss-Kronord quadrature
methods. This quadrature method is expected to be an efficient
quadrature rule. And this rule is introduced by a Russian computer
scientist Kronord and has better precision than the Gaussian
based rules. The computed values for the test functions are
shown as below in Table 2 and Table 3. The above results in Table
2 and absolute errors as in Table 3. clearly exhibits that the Sinc
quadrature based which is simply based upon the Trapezoidal rule
is competing with an adaptive Gauss-Kronord quadrature which is
supposed to be highly efficient method and is exact for polynomial
of degree 3n+1. Definitely errors shown in Table 3 seems to be
better for Gauss-Kronord rule. But surprisingly, this so called most
∞ 1

− e − x dx succumb to
accurate method for the test integral ∫0 
 x +1

fail, as the warning message exactly quoted from the MATLAB is
as below:

Table 2: Comparison of Quadrature Rules with the Exact Value of Integral.
Test Integrals

π

∞

2 ∫−∞
∞

∫

−∞

∫

1
dx
cosh ( x )

∞

−∞

∫

∞

0

−x

e dx

2

e − x dx

 1
−x 
 x + 1 − e dx
∞

∫

0
∞

∫

−∞

x v −1e − x dx
1
dx
x x + a4

e− x x
dx
−∞ 1 − e 2 x

∫

094

∞

Exact Method

Sinc Method

Adaptive-Gauss Method

3.141592653589793

3.141592639715549

3.141592653589849

3.141592653589793

3.141592644757175

3.141592653589864

1.772453850905516

1.772453839313775

1.772453850905516

0.57721566490153...

0.577215658132206

*****

0.8862269254527579

0.8862269237751095

0.8862269254527583

2.221441469079183

2.221441457487442

2.221441469079183

1.233700550136170

1.2337005452884640

1.233700550136170
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Table 3: Absolute Error (AE) With the Exact Value of Integral.
AE in Sinc Method

AE in Adaptive Gaussian Method

1.387424442000906e-008

5.595524044110789e-014

1.159174134457430e-008

0

8.832618192400332e-009
6.769323768196500e-009

7.105427357601002e-014
*****

1.677648686637667e-009

1.159174090048509e-008

4.84770592343504e-009

4.440892098500626e-016

1.15917e-08

*****

0

[q,errbnd] = quadgk(@(x) (1./(x+1) - exp(-x)), 0,inf,’RelTol’,1e8,’AbsTol’,1e-12)
Warning: Reached the limit on the maximum number of
intervals in use.

Approximate bound on error is 3.7e+000. The integral may
not exist, or
it may be difficult to approximate numerically. Increase
MaxIntervalCount
to 784 to enable QUADGK to continue for another iteration.
> In quadgk>vadapt at 317

In quadgk at 216 q = 5.509872936259971e+001
errbnd = 3.692167159054412e+000

Moreover, as Lawrence F. Shampine [20] had also pointed
out similar issue dealing with quadgk, while SincP ack provides
a comprehensive approach to deal with intractable integrals. But
it should noted be that since the advent of the field of “Numerical
Analysis” from Dr. E.T. Whittaker (the first Numerical Analyst) to
till today myriad of quadrature rules have been formulated, but
the problem is that any of the formula or the algorithm could
break down; whereas a comprehensive exposition is available in
‘Numerical Methods and Software’ by David Kahaner, et al. [18]. For
1 20000 2 −0.5 x
xe
dx as shown in their text
example: consider the
2π ∫20000
book [18], the estimation of this integral may result an underflow
error in the exponential routine, and could be upto -1010 It is
almost negligible, whereas setting this underflows as commonly
done to set it and set to zero, may cause the estimation of the
integral as 0. Furthermore, the standard software such as: SAS, R/
Splus, Stata, MATLAB, etc. mostly utilized the adaptive Gaussian
quadrature formula have built in function for the generalized
linear mixed models. Lessafarre & Spiessens [19] had pointed
out that Gauss-Hermite quadrature works well merely for simple
problems, but fatally break down for the complicated problems,
and they had shown with worked examples MIXOR (by Hedeker
and Gibbons), EGRET(Cytel Software Corporation, 1995)), and
SAS (SAS Institute, 1999), in general adaptive Gaussian quadrature
may work for simple models, but to achieve global maximum is too
difficult to get.
2
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Some Future Work Currently we are working on to extend as
well as to develop hybrid multidimensional Sinc quadrature rule
with most tempting rules would be to utilize the work of Kenneth
L Judd and Benjamin S. Skrainka[21], and their work is based on
polynomial based rules as well as Clenshaw-Curtis as discussed by
Llyod N. Trefethen [3] had shown with examples that ClenshawCurtis quadrature method is as good as Gaussian based methods
and is easy to implement using Fast Fourier Transform (FFT) as
well as with better computational time . A brief outline as below
is given for the multidimensional quadrature as below: In general,
multidimensional integrals are computed via iterated approach by
evaluating a single integral using scalar product rule. Consider an
integral in multidimensional as follows:

∫

Rd

f ( x ) dx,

where Rd is defined over d dimensional space. A product rule
to approximate the above integral could be as follow:
n1

n2

nd

i1

i2

id

∑∑∑ w w
1
i1

2
i2

 widd f ( xi11 xi22  xidd )

Hence, evaluation of a multidimensional integral is done by
applying Cartesian or Tensor product rules. Moreover, currently
only Monte Carlo based approach is most suitable if it requires
to evaluate quadrature integrals in higher dimension, and this
approach is last resort for the computational scientists. Some of
the attractive features of their paper is:
i.

10 times more accurate with a given number of nodes,

iii.

Standard errors are accurate, and

ii.

it’s faster than almost 10 times,

iv. robust and works well for the large datasets, while
remarked that pseudo Monte Carlo method is an inaccurate
method to compute the integral and results are not reliable.

Moreover, a combination of Smolyak and Sinc quadrature
along with Clenshaw-Curtis rule, and these approaches we
will explore to utilize in GLMM models for the computation of
multidimensional integrals to estimate the random effects.

Conclusion

As the test functions have demonstrated that Sinc based
quadrature has shown the computed integrand using Sinc
quadrature is comparable to the adaptive Gauss-Kronord rule. It’s
algorithm did not break down for any of the test function, hence
it shows that it has a viable potential applications and could be
craftily used to compute the intractable integrals in Generalized
Linear Mixed Models as well as posterior estimation of Bayesian
problems. The order of convergence is exponential, and Sinc based
methods had already shown a great applicabilities in deterministic
problems, and our future work will be based on to exploit it’s nice
features for statistical models.
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