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Abstract

In this paper, we have established several new explicit expressions and recurrence relations satisfied by the quotient moments and 
conditional quotient moments of dual generalized order statistics from Exponentiated Pareto distribution, to enable one to evaluate the single 
and product moments of all order in simple recursive manner. The results for order statistics and record values are deduced from the relations 
derived. Further, recurrence relation for conditional quotient moments of dual generalized order statistics we obtain a characterization of 
exponentiated Pareto distribution.
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Introduction
The concept of generalized order statistics ( )gos  was 

introduced by Kamps [1] as a general framework for models of 
ordered random variables. Moreover, many other models of 
ordered random variables, such as, order statistics,  -th upper 
record values, upper record values, progressively Type II 
censoring order statistics, Pfeifer records and sequential order 
statistics are seen to be particular cases of   These models can 
be effectively applied, e.g., in reliability theory. However, random 
variables that are decreasingly ordered cannot be integrated 
into this framework. Consequently, this model is inappropriate 
to study, e.g. reversed ordered order statistic and lower record 
values models. Burkschat et al. [2] introduced the concept of 
dual generalized order statistics ( ).dgos  The dgos models enable 
us to study decreasingly ordered random variables like reversed 
order statistics, lower k-record values and lower Pfeirfer records, 
through a common approach below:

Suppose ( )1, , , , ,dY n m k 

  ( ), , , ,dY n n m k  

( )1,     is a real number ,k m≥  are  n dgos  from an absolutely 
continuous cumulative distribution function (cdf) ( )F y  with 
probability density function (pdf) ( ) ,f y  if their joint pdf is of the 
form

( ) ( ) ( ) ( )
1 1 1

1 1

i
n n m k

j i i i i
j i

k F y f y F y f yγ
− − −

= =

  
        

  
∏ ∏                            (1.1)

 
for  ( ) ( )1 1

1 21 0 .nF y y y F− −> ≥ ≥ ≥ >

where ( )( )1 0j k n j mγ = + − + >  for all ,j  1 ,j n≤ ≤  k  is a 

positive integer and 1.m ≥ −

For convenience, let us define ( ), , , 0.Y r n m k =  It can be seen

that for ( ), , , 0.Y r n m k =  i.e., 1;i n iγ = − +  1 1,i n≤ ≤ −  we 
obtain the joint pdf of the ordinary order statistics. In the similar 
manner, choosing the parameters appropriately, some other 
models such as thk  lower record values ( )1 ;1 1,r im n i i nα= − + ≤ ≤ −

( )1 2 1 1,  ,   . .,   ,   1 -1n im m m k N i e k i nγ−= = = − ∈ = ≤ ≤
 sequential order 

statistic ( ( ) ( ) 11 - 1;r r rm n r n rα α += − + − −  1, , 1,r n= −
 ;nk α=

1 2, , , 0,nα α α >  i. e. , ( )1 ;i in iγ α= − +  1 1i n≤ ≤ − ), order

statistics with non-integral sample size ( 1 1 0,nm m −= = =   
1k nα= − +  with 1 ,n Rα− < ∈  i.e., 1;1 1i i i nγ α= − + ≤ ≤ − ) 

[3,4], Pfeifer’s record values ( 1 1,r r rm β β += − −  1, , 1r n= −  and ;nk β=   
1 2, , , 0,nβ β β >  i.e., ;i iγ β=  1 1i n≤ ≤ − ) and progressively type-II 

right censored order statistics ( )0 ,im N k N∈ ∈  can be obtained [5].

In view of (1.1), the marginal pdf of r−th dgos is given by 

( ) ( ) ( ) ( ) ( ) ( )( )1 11
, , , .

1 !
r

d

rr
mY r n m k

Cf x F y f y g F y
r

γ − −−=   −                   (1.2)
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, , , , , , ,

1

,
1 ! 1 !

, ,

d d

s

m rs
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s r

m m

Cf y z F y f y g F y
r s r

h F z h F y F z f z y z
γ −
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− −
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 × − >   
   (1.3)

http://dx.doi.org/10.19080/BBOAJ.2018.06.555698


00139

Biostatistics and Biometrics Open Access Journal

How to cite this article: Devendra Kumar. Relationship for Quotient Moments of Ordered Random Variables from Exponentiated Pareto Distribution. 
Biostat Biometrics Open Acc J. 2018; 6(5): 555698. DOI: 10.19080/BBOJ.2018.06.555698.

Where,
1

1

,
r

r i
i

C γ−
=
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 ( )
11 , 1

1
In , 1

m

m

y m
h y m

y m

+− ≠ −= +
 − = −

and

( ) ( ) ( )1 ,m m mg y h y h= −  [ )0,1 .y∈

Several authors like Pawlas & Szynal [6], Ahsanullah [7], Mbah 
& Ahsanullah [8], Khan & Kumar [9,10], Kumar [11,12], Kumar 
[13] have done some work on dgos.

The remaining of the article is organized as follows. In Section 2, 
the cdf and pdf of exponentiated Pareto distribution are explained 
along with some graphs at some particular values of parameters. 
In Section 3, we derive the relations for quotient moments of 
exponentiated Pareto distribution. We obtained relations for 
conditional quotient moments of from this distribution in Section 
4. In last section of the paper we prove a characterization result 
on this distribution based on recurrence relation for conditional 
quotient moment of the dgos.

The exponentiated pareto distribution

Figure 1: Plots of the EP distribution pdf for some parameter values.

Figure 2: Plots of the EP distribution hazard function for some parameter values.
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Figure 3: Plots of the EP distribution survival function for some parameter values.

The exponentiated Pareto (EP) distribution was first 
introduced in the literature by Gupta et al. [14]. The probability 
density function (pdf) is given by

( ) ( ) ( ) ( )1 1; , 1 1 1 ,    0,   , 0f y y y y
θλ λα θ θλ λ θ
−− − + = − + + > >                  (2.1)

and the cumulative distribution function (cdf ) is 

( ) ( ); , 1 1 ,  0,   , 0,F y y y
θλα θ λ θ− = − + > >    	                                               (2.2)

the survival function

( ) ( ); , 1 1 1 ,  0,  , 0S y y y
θλε θ λ θ− = − − + > >                       (2.3)

and the hazard function

( )
( ) ( ) ( )

( )

1 11 1 1
; , .

1 1 1

y y
h y

y
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θλ
α β

−− − +

−

 − + + =
 − − + 

                                                     (2.4)

One can observe from equation (1.1) and (1.2) that the 
characterizing differential equation for EP distribution is given by

( ) ( )
1

2

11; , ; , ,  t

t
F y y y f y

t

λ λ
α θ λ α β λ

θλ

+

=

 +  
= +  

  
∑                             (2.4)

Where θ  and λ are two shape parameters. When 1θ =  the 
above distribution corresponds to the standard Pareto distribution 
of second kind [15] (Figure 1-3).

Relations for quotient moments of dgos

Lemma 3.1: For distribution as given in (2.1) and non-negative 
integers , ,α β τ
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                                                                                                                    (3.1)

Where,

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( ), 10 0
, , .

iy

i j m mj

y F y f y h F z h F y F z f z dzdy
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+
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  (3.2)

Proof: From (3.2), we have

( ) ( ) ( ) ( ). 0
,0, ,i

i j y F y f y P y dy
α

φ α τ
∞

=   ∫   	         (3.3)

Where,

( ) ( ) ( ) ( )1

0
.

y jP y z F z f z dz
τ− +=   ∫   		          (3.4)

By setting   in (3.4) and simplifying the resultant expression, 
we obtain the relation in (3.1).

Lemma 3.2: For the distribution as given in (2.1) and any non-
negative integers   and  
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Proof: On using Lemma 3.1, we establish the result given in 
(3.5).

When 1,m = −  we have
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0
1 0.v

v v

β β
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Since (3.5) is of the form 0
0  at 1,m = −  therefore, we have 
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Differentiating of (3.7) β  times with respect to ,m  we get
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On applying L’ Hospital rule, we have
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                                                                                                                       (3.8)

Hence we have the result, [16] given in (3.6).

Theorem 3.1: For 1 2,r s≤ ≤ −  1, 2, ,k =   1,2, ,i =   1,2, ,j = 
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(3.9)

Proof The proof can be established on the lines of Lemma 3.2. 

Remark 3.1: Under the assumption of Theorem 3.1 with 
0,m =  1k =  we shall deduced the relations quotient moments of 

ordinary order statistics of the EP distribution.

Remark 3.2: Putting 0,k =  1m = −  in Theorem 3.1 we obtain 
the relations for quotient moments of lower record values for EP 
distribution. 

Theorem 3.2: For 1 2,r s≤ ≤ −  1,k ≥  0,1,2, ,i =   and 1,2, ,j = 

( )
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( )

( ) ( )
( )

1 1

1

1
0

, , , , , ,11
, , . 1, , .

11 , , ,
, , .

i i
d d
j j

s d d

i
d

j t
ts d

Y r n m k Y r n m kj E E
Y s n m k Y s n m k

j Y r n m k
E

t Y s n m k

λ

θλ

λ
θλγ

+ +

+

− +
=

    +
− =     −     

 ++  
+   

   
∑

                     (3.10)

Proof: For 1 2,r s≤ ≤ −  1,k ≥  0,1,2, ,i =   and 1,2, ,j =   we 
have from (1.2) and (1.3),

( )
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Where,
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1 .s
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Integrating ( )L y  by parts and using (2.4) and substituting the 
resultant expression in (3.11), we get the result given in (3.10).

Remark 3.3: Under the assumptions of Theorem 3.2, with  
0,m =  1k =  we shall deduce the recurrence relations for quotient 

moments of ordinary order statistics from the EP distribution.

Remark 3.4: Putting 0,k =  1m = −  in theorem 3.2, we obtain 
the recurrence relations for quotient moments of lower record of 
the EP distribution.

Relations for quotient conditional expectation
Theorem 4.1: For the distribution given in (2.1) and for 

1 2,r s n≤ ≤ ≤ −  0,1,2, ,i =   1,2, ,j =   and 1,2, ,k = 
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Proof: For 1 2,r s≤ ≤ −  1,2, ,i =   1,2, ,j =   we have from 
(1.2), and (1.3) 
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By setting ( )
( )

F z
t

F y
=  from (2.2) in (3.2), we obtain 

 ( )
( ) ( ) ( )

( ) ( )

( ){ } ( )1

1
1

1

1 11 1

0

, , , 1
, , ,

, , . 1 ! 1

1 1 1 1 1s

ji i
d s

d s rj
d r

j
y s rj m

Y r n m k y C
E Y r n m k y

Y s n m k s r C m

y y t t t dt
λ γλ θ −

−
−

− −
−

−− − −−− +

  −
= = = 

− − + 

  × − − − + −   ∫   	

( )
( ) ( )

( )( ) ( )( ) ( )

( ) ( )

1
1

0 01

11 1

0

1 11
! !1 ! 1

1 ,s

q
ji

p qs
s r

p qr

y s rq m

j p yy C
p qs r C m

t t dt

λ

γ θ

λ −− ∞ ∞
−

− −
= =−

− −+ − +

 − +−  =
− − +

× −

∑∑

∫

         (4.3)

Again by setting 1mw t +=  in (4.3) and simplifying the resultant 
expression, we get relation in (4.1).

Remark 4.1: Under the assumptions of Theorem 4.1, with 
0,m =  1k =  we shall deduce the relations for conditional quotient 

moments of ordinary order statistics from the EP distribution.

Remark 4.2: Putting 0,k =  1m = −  in theorem 4.1, we obtain 
the relations for conditional quotient moment of lower record of 
the EP Pareto distribution.

Theorem 4.2: For 1 2,r s≤ ≤ −  1,k ≥  0,1,2, ,i =   and 1,2, ,j = 
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Proof: For 1 2,r s≤ ≤ −  1,k ≥  0,1,2, ,i =   and 1,2, ,j =   we 
have from (1.2) and (1.3), we have
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Substituting the value of ( )L y  from (3.12) in (4.5) and 
simplifying the resultant expression we get the relation in (4.4).

Remark 4.3: Under the assumptions of Theorem 4.2, with 
0,m =  1k =  we shall deduced the recurrence relations for 

conditional quotient moments of ordinary order statistics from 
the EP distribution.

Remark 4.4: Putting 0,k =  1m = −  in theorem 4.2, we obtain 
the recurrence relations for conditional quotient moments of 
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lower record of the EP Pareto distribution.

Characterization
Theorem 5.1: Let Y  be a non-negative random variable 

having an absolutely continuous distribution function ( )F y  with 
( )0 0F =  and ( )0 1F y< <  for all 0,x >  then
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∑             (5.1)

if and only if 

( ) ( )1 1 ,F z z
θλ− = − +   0,z >  0.θ >

Proof: From (1.2) and (1.3) and using (5.1) we have
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Integrating (4.2) by parts, we get 
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From Müntz-Szász Theorem to equation (5.3) [17], we get 
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which proves that    
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