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Abstract

In this paper, we have established several new explicit expressions and recurrence relations satisfied by the quotient moments and
conditional quotient moments of dual generalized order statistics from Exponentiated Pareto distribution, to enable one to evaluate the single
and product moments of all order in simple recursive manner. The results for order statistics and record values are deduced from the relations
derived. Further, recurrence relation for conditional quotient moments of dual generalized order statistics we obtain a characterization of
exponentiated Pareto distribution.
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Introduction

The concept of generalized order statistics (gos) was
introduced by Kamps [1] as a general framework for models of
ordered random variables. Moreover, many other models of
ordered random variables, such as, order statistics, -th upper
record values, upper record values, progressively Type II
censoring order statistics, Pfeifer records and sequential order
statistics are seen to be particular cases of These models can
be effectively applied, e.g., in reliability theory. However, random
variables that are decreasingly ordered cannot be integrated
into this framework. Consequently, this model is inappropriate
to study, e.g. reversed ordered order statistic and lower record
values models. Burkschat et al. [2] introduced the concept of
dual generalized order statistics (dgos). The dgos models enable
us to study decreasingly ordered random variables like reversed
order statistics, lower k-record values and lower Pfeirfer records,
through a common approach below:

Suppose vy (1,n, 7, k),..., Yu (n.n,m, k),

(k>1,m isareal number), are n dgos from an absolutely
continuous cumulative distribution function (cdf) F(y) with
probability density function (pdf) f(y), if their joint pdf is of the
form

([T [T 00 o0t 0

(1.1)

for F’1(1)>y12y22...2yn >F’1(0).

where 7, =k+(n—j)(m+1)>0 forall j,1 < Jj<n,kisa

positive integer and m > —1.

For convenience, let us define Y(r, n,m, k) =0. It can be seen
that for Y (r,n,m,k)=0.ie, y,=n—i+l; 1<i<n-1, we
obtain the joint pdf of the ordinary order statistics. In the similar
manner, choosing the parameters appropriately, some other
models such as k" lower record values m, =(n—i+1l)e;1<i<n-1,
(my=my=---m_ =-1,keN, ie, y,=k, 1<i<n-1) sequential order
L r=lL.,n-1k=a,;
e, >0, i.e., ¥ =(Vl—i+1)05i; 1<i<n-1), order

statistic (m, =(n-r+1)a,-(n-r)a

statistics with non-integral sample size (m;, =---=m,_ =0,
k=a—n+1 with n-1<aeR, ie, y,=a-i+l;1<i<n-1)
[3,4], Pfeifer’s record values (m, =8, -B.,~L r=1...,n-1 and ¥ = 5,3
BB B,>0,1e., v, =B;1<i<n-—1) and progressively type-II
right censored order statistics (m, € N,k € N) can be obtained [5].

In view of (1.1), the marginal pdf of r-th dgos is given by

Fosemmny (%)= (rc j’{),[F W] F () (F(2)- (1.2)
Frsemmirzatsmmp (2) = W[F(y)]m F») el (F(y)
(1.3)

x[hm(F(z))_hm(p(y))]"r" [F(z)]" f(z).7>=
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Where,
Cr—l :Hyn
i=l
1 |
—y" m#-1
h,(y)= mal”
—Iny, m=-1
and

g, (»)=h, (»)=h,(1), y €[0,1).

Several authors like Pawlas & Szynal [6], Ahsanullah [7], Mbah
& Ahsanullah [8], Khan & Kumar [9,10], Kumar [11,12], Kumar
[13] have done some work on dgos.
The exponentiated pareto distribution

Theremaining of the article is organized as follows. In Section 2,
the cdf and pdf of exponentiated Pareto distribution are explained
along with some graphs at some particular values of parameters.
In Section 3, we derive the relations for quotient moments of
exponentiated Pareto distribution. We obtained relations for
conditional quotient moments of from this distribution in Section
4. In last section of the paper we prove a characterization result
on this distribution based on recurrence relation for conditional
quotient moment of the dgos.
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Figure 1: Plots of the EP distribution pdf for some parameter values.
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Figure 2: Plots of the EP distribution hazard function for some parameter values.
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Figure 3: Plots of the EP distribution survival function for some parameter values.

\ J
The exponentiated Pareto (EP) distribution was first Proof: From (3.2), we have
introduced in the literature by Gupta et al. [14]. The probability “
3.3
density function (pdf) is given by ¢ (a 0, T J y [F ] f(y)P(y) dy, (3.3)
. Where,
f(y;a,H):t%[l—(l+y)7 T (1+y) D3>0, 1,050 (2.1) ere

B R V)] :
P(y) = IO z I:F(Z):| f(z)dz. (3.4)
By setting in (3.4) and simplifying the resultant expression,
we obtain the relation in (3.1).

and the cumulative distribution function (cdf) is
F(y;a,9)=[1—(1+y)"]g,y>0, 2,050, (2.2)

th ival functi
¢ survivatiunction Lemma 3.2: For the distribution as given in (2.1) and any non-

0
S(y;g,e)zl—[l—(l+y) q ,y>0,1,0>0 (2.3) negative integers and
S $ gy (+1),(p/2),,
and the hazard function ¢, (a.B.1)=—— ﬂ zzzzz / l[lj—'l'
K f) 91[1—(1+y)7q571(1+y)’“‘”’ » 770470 120 =0 0 w plqll! y
yia.p)= ey : . A .
=[i-0e)7] @9 x (/2), ,m#—1 (3:5)

One can observe from equation (1.1) and (1.2) that the [o{r+1v(m+)}+q][0fa+r+2+ f(m+1)}+p+i]
characterizing differential equation for EP distribution is given by ; ) )I__w_j_l ( i ) (j + 1)(p) (p/ﬂ)(q) (W/ﬂ“)u)
w

F(yia.0)= [in( j } f(viaf), 4 (2.4) LGOI plgll!

p=0 g=0 [=0 w=0
Where @ and A are two shape parameters. When 9=1the x 1 m=-—1.

f+1 >
above distribution corresponds to the standard Pareto distribution [9(7 +1)+ ‘I] [9(0‘ +TH2)+ p+ l]
of second kind [15] (Figure 1-3).

(3.6)

Proof: On using Lemma 3.1, we establish the result given in

Relations for quotient moments of dgos (3.5).
Lemma 3.1: For distribution as given in (2.1) and non-negative When m = —1, we have
integers a, B, e b, (a0 1) =_ as Z [ ]:
S i (W n\P o \WA ),
B e e SR LY
P it w)  plg[0[r+1]+q] 31 Since (3.5) is of the form 6 at m = —1, therefore, we have
1 .
D S E _
[Ofavr+)+1-q] N (g M LT L
(o, B,7)= - s
" i VIV:O (m+1)b[0{a+r+2+ﬂ(m+l)+p+l}] 3.7)

Where,

0@ p.0)= [ [ 2 PO F O (FE) - (FON] [FE)] 1)y o
(3.2) v=03222

plg'l!

i(—l)[wjl(w](]ﬂ) \(P/A)g (/2 )y
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Differentiating of (3.7) S times with respect to 77, we get

V[O(z+1)+q]
0ﬁ v+ﬂ >O.
9.,(h.7)= z ( j[@(a+r+2)+p+l] A
On applying L Hospital rule, we have
~(8+1)
y* Yii v”[9(7+1)+q:|
1 w6’ g :
fim ., (e B.7) = Z( (vjl:é’(a+r+2)+p+l:| (3.8)
Hence we have the result, [16] given in (3.6).
Theorem 3.1: For1<r<s-2 k=12,....i=12,..., j=12,...,

E[ Yi (r,n,m,k) o°C,, . iii% :

Y/ (s,n,m k)} (r=D(s=—r=1)(m+1)"" 13315 = =
S SR e

(3.9)

Proof The proof can be established on the lines of Lemma 3.2.

Remark 3.1: Under the assumption of Theorem 3.1 with
m =0, k =1 we shall deduced the relations quotient moments of
ordinary order statistics of the EP distribution.

Remark 3.2: Putting £ = 0, m = —1in Theorem 3.1 we obtain
the relations for quotient moments of lower record values for EP

distribution.
Theorem 3.2: For 1<r<s-2, k>1, i=0,1,2,...,and j=12,...,
- Jj+l £ Srnmk) _E Yij(r,n,m,k)
oA, Y/ (s,n,m.k) Y/ (s—l,n,m.k)
(3.10)

LU A o Vi(rmmk)
Oy, =\t Y (s,n,m.k)
Proof: For 1<r<s-2, k>1,

have from (1.2) and (1.3),
E|:Yd‘(r,n,m,k):|_ C., ) JW)Y'[F(y)m}f(y)g;;](F(y))L(y)dy

i=0,1,2,..., and j=12,..., we

Y/ (s,n,mk) _(r—l)!(s—r—l 190
(3.11)

Where,
O, [ (FE)-h (FON] P f (@) @az)

Integrating L(y) by parts and using (2.4) and substituting the
resultant expression in (3.11), we get the result given in (3.10).

Remark 3.3: Under the assumptions of Theorem 3.2, with
m =0, k = ] we shall deduce the recurrence relations for quotient
moments of ordinary order statistics from the EP distribution.

Remark 3.4: Putting k = 0, m = —1 in theorem 3.2, we obtain
the recurrence relations for quotient moments of lower record of
the EP distribution.

Relations for quotient conditional expectation

Theorem 4.1: For the distribution given in (2.1) and for

1§r£s§n—2’ i=0,1,2,..., j=L2,..., andk=1,2,m,

)i (P12),,

p~q!

Yi(r,n,m,k) 2 &
E=| 2227 !
{Y,:(s,n,m.k) Y220

‘Yd (r,n,m, k)= } 4.1)

s—I
Do T2} 1onr

v=0

Proof: For 1<r<s-2, i=1,2,..., j=1,2,..., we have from
(1.2), and (1.3)
X;(r,n,m k y'C,
= —, k
L’j(s,n,mk)‘ rnm ) y} (9 r— 1)'C (m+1)‘r1
b5l - 4.2
- (F(z)]" ‘ [F(z)]’*‘ 7(2) (42)
><J. y/|1- dz
’ F() F() 7(v)
. F(2) . .
By setting ¢ = from (2.2) in (3.2), we obtain
F()
Y, (r,n,m,k) y'C, (-1)”
E=|2" 2y (rn,mk)=y | = — ,
|:Yd’(s,n,m.k)‘ o (rumm.) y:| (s—r=1)1C_ (m+1)""
xjoyy’j [1—{1—[1—(1+y)’qt‘/“’}iwj|i £ (1= )1 dt
. . -2
_ ey’ ii( Yo (P12)) [ 1= (14 )]
(s=r=1)1C_ (m+1)"" 125 plq! (43)

XI(,V t7\.+(q/9)—1 (1 g )""‘] dt,

Again by setting yy = #”*!in (4.3) and simplifying the resultant
expression, we get relation in (4.1).

Remark 4.1: Under the assumptions of Theorem 4.1, with
m =0, k = ] we shall deduce the relations for conditional quotient
moments of ordinary order statistics from the EP distribution.

Remark 4.2: Putting £ = 0, ; = —1 in theorem 4.1, we obtain
the relations for conditional quotient moment of lower record of
the EP Pareto distribution.

Theorem 4.2: For 1<r<s-2, k>1, i=0,1,2,...,and j=12,...,

1- Al EM‘Y rnmk) EM‘Y rnmk)
Oy, Y/ (s,n,mk) Y/ (s=1,n,mk)
]+1“' A+1 Y(rnmk
— |y, ( k
6’}/l ;( t Y””(snmk‘ rommok) =
(4.4)

Proof: For 1<r<s-2, k>1,
have from (1.2) and (1.3), we have
E|:Y/+$rnmk) ‘Y (rnmk) } 2SS L( ) -

Y (snm ) (s—r 1'C,1[F ]‘.

Substituting the value of L(») from (3.12) in (4.5) and
simplifying the resultant expression we get the relation in (4.4).

i=0,1,2,..., and j=L2,..., we

(4.5)

Remark 4.3: Under the assumptions of Theorem 4.2, with
m=0, k=1 we shall deduced the recurrence relations for
conditional quotient moments of ordinary order statistics from
the EP distribution.

Remark 4.4: Putting k = 0, m = —]in theorem 4.2, we obtain
the recurrence relations for conditional quotient moments of
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lower record of the EP Pareto distribution.

Characterization

Theorem 5.1: Let Y be a non-negative random variable
having an absolutely continuous distribution function /' (y) with
F(0)=0and 0<F(y)<lforall x > 0, then

i+l Y, (r,n,m,k) ~
_r Y, (r,n,m,k) |Yd(r,n,m,k)=y

Y/ (s—l,n,m.k)

JH1E(A+1 Y, (r,n,m,k)
B —— Y (r,n,m,k)=x|.
" tgj/s ;( t Ydj—tﬂ(s’n,m.k)' d(r - ) *

if and only if
F(z)z[l—(1+z)’qg, z>0, @>0.

Proof: From (1.2) and (1.3) and using (5.1) we have

1)

#J‘}'yfi[hm (F(Z))—hm (F(y)):r—r-z M f(z)dz

CH(S—V—I)! 0 z/* I:F(Z)]m -

G o r@)en (o] e

C._, (S—V—2)! 0z I:F(z)]y”'

e e C NAGEIN e VT

. e, w(/mj

ﬂﬂ;’xcr-l(s*r’l)!zzz t

2 r @) o] < e

(5.2)

Integrating (4.2) by parts, we get

UG (o)) )]

7,C.(s—r=1)! [F(n)]"

r=1

1 A+l

A+1
X F(Z)_gf(z)_a,; :jztf(z) dz=0. (53)

From Miintz-Sz4sz Theorem to equation (5.3) [17], we get
fz) [z 1&(a+
= —4+—
F(z) |6 a5\ ¢

which proves that

f(z)—{ﬂ 1 f[“lH 2>0,4,0>0.

F(z) |0 a5\ ¢

t
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