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Abstract
The paper shows that, in the system of two seemingly unrelated regressions with linear restrictions, there are two methods can be used to
obtain the best restricted least square estimator for the parameter of interest which involves a matrix power series, and thus conclude the best
restricted least-square estimator only has unique simpler form.
Keywords: Seemingly unrelated regressions; Linear restrictions; Covariance-adjusted; Regressions; Biostatistics and econometrics; Non-
diagonal; Matrix; estimator; Covariance-adjusted; Algebra; Kronecker; Unbiased; Uniqueness; Equivalent; Unique simpler version; Restrictions
regression model; Less covariance; Semi-definite matrix; Unrelated regressions
Abbreviations: SUR: Seemingly Unrelated Regressions; LSE: Least-Square Estimator; GLSE: Generalized Least-Square Estimator
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Introduction

The system of seemingly unrelated regressions (SUR)
introduced by Zellner [1] and later developed by many authors
which include, for example, Zellner [2], Revankar [3], Swamy &
Mehta [4], Schmidt [5], Wang [6], Liu [7], Bhattacharya [8], Velu
& Richards [9], Wang [10] and so on. So far SUR has been widely
used in the field of biostatistics and econometrics, etc. Consider
the system of two seemingly unrelated regressions, denoted by

n=Xp+uy

v, =X,y tu,, (1.1)

in which yl.(i =1,2) are 1 X1 observation vectors;
X,(i=12) are n X p, matrices with full column rank; £ and
Y are vectors of unknown regression parameters; U, and U,
are correlated error vectors with mean zero and variance-
o,1,. where > (o;) is a 2 x 2 non-
diagonal positive definite matrix. Suppose that it is known that

covariance matrices Cov(u,,u,)=

the regression parameter [ satisfies linear restrictions
LB =d,

where, without loss of generality, it is assumed that [, is a
given ¢ X P, matrix with full row rank and (J is a given ¢ x1
vector. Combining [ § = d with the first equation of (1.1), the
well-known restricted least-square estimator (LSE) for ﬂ would
be

(1.2)

B, = (lp, ()" L () L'T L),B () L[ L(xx) L'T d

with B, =(XX,)" X{y, 11

(1.3)

Obviously, ﬁL only contains the information of the first
equation but it does not make most use of all information of the
system since o7, # 0.

In the followings, under the condition that Y, is known,
firstly, we employ the covariance adjusted technique to improve
,BL and step by step we come to the best restricted LSE for
the parameter 3 Secondly, we show that the best restricted
LSE of /3 can be obtained by integrating the generalized least-
square estimator (GLSE) of § with LS = d. Finally, we prove an
interesting fact which shows that the best restricted LSE only
has unique simpler form, which allows us to study it in more
details.

The best restricted LSE

Covariance-adjusted method: First, we state the
covariance-adjusted lemma which introduced by Rao [12]and
later developed by Wang [6] and Baksalary [13], etc.

Lemma 1: Let él and & be k, x1 and k, x1 statistics with
£[4]=0 and £[4]=0. where @ is an unknown parameter vector.

Denote
coul @ _(Vn Vuj
0,) Vu My
If V12 # 0, then there exists an  unbiased
estimator 0=6, -V, 7,6, over a class of estimators
DZ{]}@I +th§2 T,,T, are nonrandom matrices}, and

COV(é) =V, =V, =Vl <V, = COV(él),

Where Vz_z denotes any a generalized inverse of V22 and
A 2 B denotesA — B is areal positive semi-definite matrix.
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Proof: Omitted.

Wang [6] applies Lemma 1 to the system of m SURs and
obtains a covariance adjusted estimator of regression parameter
and discusses its properties. From Lemma 1, we find that as two
unbiased estimators of 9, obviously, @ is more efficient than él
in the sense of having less covariance.

Hence, in order to obtain the most efficient restricted LSE
of ﬂ, we need to find the most efficient estimator for ,B and
use it to replace ﬂ in ,BL By virtue of Lemma 1 and noting
that E[ﬁ]:ﬂ and E[N,y,]=0, we firstly use N2y2 to improve 3
inside 4, and obtain a more efficient estimator ﬁ(l) Secondly
we adjust A(1). by (Since N, ¥, E[N,»]=0) and obtain 3(2), where
N,=1,-X,(X/X,)" X. Repeating this process, we come to the
following estimator sequence for the parameter B

ﬁ(zkfl):ﬁ(zkfz)chv(ﬁ(zkfz),Nzyz)[cOv(Nzyz,Nzyz)]’Nzyz, (1.4)
B(zk)=ﬁ(2k—1)—cov(ﬁ(2k—1),N‘yl)[cov(N,yl,lel)]’le,, (1.5)
k=12,...,

Where £3(0)= 4.
After performing some algebra, we know that for k>1

B2k-1)=(X/X,)" X/(R+p*N,N,) (yl 7%N2yzj, (1.6)
22

ﬁA(Zk) =(X7X, )71 XI,(E +p'N,N, )k Vi

_ k-1
-2 (x1x,) ‘Xl'(Pl+p2N2N1) N,y,, (1.7)
On :

Where pz =0, 0_21/(0110-22) and A =X, (XIVXI )7I X
Thus, we obtain the restricted LSE sequence for /3 as follows

B, (2k—1)= (1p1 ~(xxy eexy e L)/?(Zk—l)

() e[ L(xx)”! LT d, k=1, (1.8)

B, (2k)= (Ipl ~(xx) fnoxy ] L]B(z) (19)
H(x ) L () L’T d, k>1.

Then, we have the following theorem.

Theorem 1. Let ﬂAL’bm denote the best restricted LSE of ﬂ

Then

ﬁAL,be.yt = ,l(ggﬂAL (Zk_l) = }E‘;ﬁL (2k)

(1, —(xxy efLxxy e L
( [y 2] e

X(X!'/\/ly1 X!’|:1n ’pZZ(pZPzPl)IPle:KM - le Nzyzj
i=0

22

-1

+(x1x,)" L’[L(X{Xl ) L'} d,

Where P =1, - N,.
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Proof: Theorem 1 follows from the following algebra fact

(XI'XI )71 X1'(1)1 +/02N2N1 )k

=(xx,)" X{[ln + PPNN, += o+ PN, N, )k}

k-1

:(X{Xl)il |:X1'—X1'~sz2N1 _...—Xl’~(p2P2Pl) ~p2P2N1:|

— > !
=(xix,) IXI'[’,, =P 2(P'RR) PzN‘}’ k=lze a0

i=0

The proof of Theorem 1 is finished.
GLSE method

Denote ¥ = (¥}, 33 ), X =diag(X,, X,), a=(£.7') . u=(us)
We can represent the system (1.1) as the following regression
model

y=Xa+u, Eu=0, Cov(u,u) =Z®[n,

Where ® denotes the Kronecker product operator.

(1.11)

Then, the GLSE of the parameter ﬂ, say ,E, Then, the GLSE of
the parameter

(2 [z on)] x(z or)

(1.12)

Which is the best linear unbiased estimator (BLUE) of ﬂ if
> is known.

Lemma 2: In the regressions (1.1), if ), is known, then the
GLSE

E:(XI,XI) 1X]'|:1"—p22(p2P2P,)‘ })ZNI}[.VI _% zyz]v

=0 2

Proof: Set Zil@ln:(fj) From

(1.12), we know
ﬁ :(QIIXI/ZII+Q|2X2/ZZI)y1 +(Q”X]'ZIZ+Q|2X£ZZZ))/2, (1.13)
Where

and [x(ze1,)x] 2(0),,.

2x2

no 1 1 2 0 1
e L I e
oy l_pz 0,0y, 1 pz
a_ oy 1 I n_ 1 1 ]

n? n°

’ 2 ’ 2
0,0y 1-p oy 1=p
Following from the inverse of partitioned matrix, we obtain

1l 12 20 Vo2t !
0" = x72'"x -5 (p ) x|

-1
B 1 . P '
e

1 47!
=O—11(1_p2)(X1’X1) |:[,11_sz1ng1(le)(1) :|

= o (1-07)(X0X, )fl g[ple’gxl [+, )1} (1.14)

and correspondingly
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-1

0" =a, (l_;DZ)(Xl'Xl)_1 Xlrilipzpz}{li X, (Xz’Xz) : (1.15)

Substituting (1.14) and (1.15) into (1.13) and noting the fact
that AAN, =-BNN,, we conclude that Lemma 2 is true.

Lemma 2 has been proved.
Then, we can state the following conclusion.
Theorem 2

The best restricted LSE ﬁL 4oy €AN be obtained by combining
the GLSE with the restrictions.

Proof: Following from the above discussions, the conclusion
is obvious.

The simpler form of ,éum

Theorem 3 ﬂALJm only has unique simpler form which given
by

Psimpler v\ T v\ oy O,
Lb(ps]! =([pl_(X1Xl) 'L |:(X1X1) 1L:| L](XIX]) 1X1 [y] _?IZNzyzj

22

w0 L (xx) L'T d,

Proof: Note that the expression of By e we find it is enough
to show that if one term in X/Y.  (BR)BN, is zero then the
infinite sum is actually zero. Obviously, if X/P,N, =0, then
XY (RRYBN,=0. For any a fixed i(i > 1), if X/(RR) BN, =0,
then, firstly we have

X/(BR) BN, =0, j=i+li+2,-.

Secondly, from X/ (PR, )i P,N,=0(i>1), we have

(1.16)

le(PzPl)i(In —N,)N, =0

= Xf(Psz)i NN =0

= X/(RR)" (1, N,)N,N, =0

= X/(RR)" BN,N,N,=0

= X/(RR)" BNN,NP,(RR)" X, =0,
= X/(BR) " BN\N, =0

= X|(BR) " N,N,N, =0

= X[(BR) N,N,=0

= X/(BR) PN, =0.

Hence, step by step we obtain

(1.17)
X/(BR) BN, =0, j=0,i+Li+2,,i-1. (1.18)

Together with the above discussions, for any a fixed i(i > 0)
if X/(RR) PN, =0 then we have

s

X, p*Y(P*BR) PN, =0, (1.19)
i=0

S . . Qsimpler
Which implies the uniqueness of ,BLSIZ':;:' .

The proof of Theorem 3 is complete.
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Remark 1: Also, it is easy to prove that (1) X, (BR) BN, =0
is equivalent to X, (BR) BN,N, =0 for any i > 0; (2) if one term
in X/'p’Y" (P’RR) BN, =0, or X/p’>"" (p’PR) PNN, =0 is
zero, both infinite sums are actually zero.

Conclusion
This note shows that

(@) The covariance-adjusted method is efficient and
available, and the best restricted LSE can be obtained by
employing covariance-adjusted technique.

(b) The best restricted LSE has unique simpler version,
which allows us to discuss its properties in more details,
especially in the case that ), is unknown. Also, we find
that when there are no restrictions and 2, is unknown,
the two-stage estimator of ﬂilhas unique simpler form
P ($)=(Xx) X -3H(X'X) XNy which is the
same as that of Revankar [3] and obtained by Revankar
[3] under the condition that X, is a proper subset of X,,
also some authors obtain it under the assumptions that
PP, =PPRX/X,=0, where § and s,(i=12) denote the
estimators of 3, and o, (i = 1,2), respectively.

() The simpler form ﬁzf'b”g:’r, is just integrating the one-
step covariance-adjusted estimator with the restrictions.
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