Biostatistics and Biometrics
Open Access Journal
ISSN: 2573-2633

“» Juniper
%n. JJ BBLISHERS

key to the Researchers

Review Article

Biostat Biometrics Open Acc ]
Volume 3 Issue 2 - October 2017

DOI 10.19080/BBOAJ.2017.03.555606 Copyright © All rights are reserved by Qiqing Y

Consistency of the Semi-Parametric MLE under
the Piecewise Proportional Hazards Models with
Interval-Censored Data

Qiqing Y'* and Diao Q?
Department of Mathematical Sciences, SUNY, USA
Submission: August 24, 2017; Published: October 02, 2017

*Corresponding author: : Qiging Y, Department of Mathematical Sciences, SUNY, USA, Email: qyu@math.binghamton.edu

Abstract

We consider the piecewise proportional hazards (PWPH) model with interval censored (IC) relapse times under the distribution-free set-up.
The partial likelihood approach is not applicable for IC data, and the generalized likelihood approach is studied by Wong et al. [1]. It turns out
that under the PWPH model with IC data, the semi-parametric MLE(SMLE) of the covariate effect under the standard generalized likelihood may
not be unique and may not be consistent. In fact, the parameter under the PWPH model with IC data is not identifiable unless the Identifiability
assumption is imposed. They proposed a modification to the likelihood function so that its SMLE is unique. Under certain regularity conditions,

PH

we show that the SMLE is consistent and is asymptotically normally distributed.
Keywords : Coxs model; Time-dependent covariates; Semi-parametric MLE; Identifiability; consistency; Asymptotic normality

Abbreviations : PWPH: Piecewise Proportional Hazards; IC: Interval-Censored; PH: Proportional Hazards; TIPH: Time-Independent Covariate

Introduction

We establish the consistency of the semi-parametric MLE
under the piecewise proportional hazards (PWPH) model,
with interval-censored (IC) continuous survival time Y. The
proportional hazards (PH) model specifies that a covariate
vector Z has a proportional effect on the hazard function of Y. It
is a common regression model for survival analysis. The PWPH
model is a special PH model.

For a random variable Y, denote its survival function by
SY(t)=P(Y>1), its density function by fY(r), and its hazard
function by hNF% . Given a covariate (vector) Z which does
not depend on time Y,(Z,Y) follows a time-independent covariate
PH (TIPH) model or Cox’s regression model if the conditional

hazard function of Y | Z is
h(t|z)=hy,(t|2)= ho(t)e’, for t<z (1.1)

B,=pzp is the transpose of the vector
,8,2'=sup{t:ho(t)>0} , and ho is an unknown baseline hazard
function.

where

IC data consist of n time intervals with the end-points
L, <R.i=1,.., n  where the true survival time Y; falls inside the
interval. Noticethat (L, R,) iscalledleft-censoredif £, = o right-
censored if R;=oo strictly interval-censored if 0<Li< Ri< and

exact if =R, . Schick & Yu [2] proposed the mixed case interval
censorshipmodeltospecifythelCdatawithoutexactobservations
as follows. Let K be the number of follow-up time for a patient.
Conditional on K=k, Yand(C  C,) are independent,
where CM’_”’ Ck’k are the k follow-up times. The observable
random vector is(L,R) =% (C,,Cy..)I(Y €(C,,C, .,],where
C,o=0and C,,,, = .If P(K=m)=1, then the mixed case
model becomes the case m interval censorship model [3].
For Cox model with IC data, we assume that Z and (Y,K,C) are

independent, where C={Ci € {l,......k},k 21} .

The Cox model has been extended to the time-dependent
covariates proportional hazards (TDPH) model. Cox & Oak [4]
give a typical example of time dependent covariate in medical
research, namely,

h(t)z)=e"*n, (1), t <z, where z=z(t)= Lisey - (12)

and c is the admission time to a treatment for a patient. They
also give another example of time-dependent covariate. The
TDPH model has been commonly used for right-censored (RC)
data (see, for instance, Therneau & Grambsch [5], Platt et al. [6],
Stephan & Michael [7], Masaaki & Masato [8], and Leffondre et
al. [9]).

Zhou formulates a PWPH model with k cut points:
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), where a,=0<a, < <a,,, = (1.3)

2%

h(t | z) = éh‘) et 1t e [a. a

z=(z,, 2, ..., Z,) is a time-independent covariate vector.
Model (1.2) is a special case of the PWPH model (1.3) with a
single cut point at ¢ [10]. Wong et al. [11] applied the PWPH
model to analyze their cancer research data. In a cancer research
data set, Yiis the relapse time of a cancer patient after surgery, Zi
is a vector with numerical or categorical coordinates, containing
information about the age, tumor size at surgery, nodal number,
bone marrow micro metastasis (bmm) or other information
about the i-th patient. One is interested in the conditional
survival function §Y | z instead of SY. For instance, Wong et al.
[11] considered a problem of studying the relation between the
covariate bmm with IC relapse time Y of a breast cancer patient
after the surgery. The covariate bmm is a categorical variable
taking two values, say 1 (bmm positive) and 0 (otherwise). Some
medical doctors suspected that the bmm effect might depend on
time T. Then a PWPH model is as follows.

Let

h(t|z)=h,(t)e” and t < T, where B=(B.B). 2=(z.2,)
1 ifbmm=1and t. 4 years
{0 ow.

2

1 ifbmm=1andt<4
1 { if bmm= 1 an years 4
0 ow,

Or

and z,= vi(t>c),
fixed constant, u and v are time-independent covariate vectors.

morez,=ul(t<c) general where a is a

Under the TDPH model with RC data, a common approach
is the partial likelihood approach. However, if the data is
interval censored, even with the time-independent covariates,
this approach does not work, thus Finkelstein [12] proposes
the generalized likelihood function approach, making use of
the generalized likelihood. Let So be the baseline survival
function corresponding to ho andS(t|z) be the conditional
survival function corresponding to h(t|z) in (1.1). Given IC
data (L,R.z) which may contain exact observations, the

27

generalized likelihood is

Zf)fs(Rz

L=L(B, $,)=T1[(S(L,12)~S(R |2)"* (S(L, - =)'] a4

where § =1(L,=R) and S ()= S(-|0) . The semi-parametric
maximum likelihood estimator (SMLE) of (B.,S,) - denoted by
(ﬁ’ﬁo) , maximizes L over all survival functions So and all
possible values of f.L defined in (1.4) is applicable to all IC
data.

The semi-parametric problem under the PWPH model with IC
data was studied by Wong et al. [1]. It turns out that under PWPH
model(1) with IC data, the parameter § is not identifiable unless
further assumptions are imposed (see Example 1). Moreover, in
general, the SMLE of 3 under the likelihood function (1.4) may
not be unique. Both phenomena do not occur if the covariates
Identifiability
condition for such problems and studied the estimation problem
of deriving the SMLE. Their simulation results suggest that
the SMLEs of So and {8 are consistent under the mixed case IC

are time-independent They specified the

model [2]. We give the proof of the consistency and asymptotic
normality of the SMLE in this paper.

The Main Results

We study consistency of the SMLE under the PWPH model
with one cut point assuming Y is continuous in this paper. In
particular, we consider the model hy‘z(t‘z):hu(t)e‘xp(z’ﬁ'l(tZC)) ,
where Z is a time-independent covariate vector (2.1). Y is subject
to interval censoring under the mixed case IC model with the
following up times C,; and the random number of follow-up
times K. We first present some preliminary results [13].

Proposition 1

Under model (2.1), if Y is continuous, then

S (nift <c
SY\Z (t‘u) = 1=e#'u o
(S, ()™ (S, () ift>c

Abusing notations, we Write a(r|z)=h,, ([),5(:|z) =5, (t]z) and £ (¢]2)=1,,t]2)

. Without loss of generality (WLOG), we can assume that the

covariates Z e R’ and take at least p linearly independent
values.

Given a random variable, say Y , let SFY be the
support set of Fy, in the sense that if x € .S,., then
F, (x + e)—Fy(x— €)>0V e>0 . SFL and SFR are defined in a
similar manner.

Lemma 1: Assume the PH model h(t|u)=hn(t)eﬁ'“l“zc) ,
with the parameter (B.S,) and without censoring. Then the
parameter (4,S,) is identifiable, provided 7 > ¢ that, where
T :sup{Su (6)> 0} .

Lemma 2: Assume h(¢|u)=h,(t)e’"' (t2¢) . Under the mixed
case IC model and assuming that S is absolutely continuous,
the parameter ,8 is identifiable if °

Ja,b e(Sy, VS )N[c,) such that S, (b)> S, (a)>0 . (2.2)

The parameter S,(c) is identifiable if £ # 0 in addition
to assumption (2.2). If assumption (2.2) is violated, ﬁ is not
identifiable, as is the case in the next example.

I Example 1. Assumep(t|z)=h, (t)e”" (t2c) Let
Z ~bin(1,05) . Suppose that S e ((), l)on (0’ 4) . Moreover,
assume the Case 2 model, that is, the observable random vector
is (L,R)=(~0,U)1(Y <U)+(U, ¥ )I(Y (U, ])+(V,)1(¥ >V) , where the
censoring vector (y,y)=(1, 3) and So be absolutely continuous,
where

S, (1)>5,(2)>S,(3)>5,(4)=0
Then is notidentifiable. The proof is given in the Appendix.

The likelihood function with IC data is given by (1.4),
L=T1,(S(L|z)-S(R|z)) ie, .For the PH model, there are two

i

differences between right censoring and interval censoring:

(a) One can show that the SMLE is unique and is consistent
under the standard RC model but may not be so under the
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standard interval censorship model, unless further assumptions
are imposed (due to Identifiability).

(b) The SMLE of So assigns weight to the cut point ¢ under
the IC model, but not under the RC model unless there exists an
exact observation at c.

Let 4,,...,4, be all the innermost intervals induced by 7’5
. If the covariates are time independent, it is well known that
in order to maximize L, it suffices to put the weights of So to
the right-end points of the IIs. Lett S be the rlght end point of
the II's,or c,or oo , f;=—c0<t,<- <t
Write S;=S,(t;). For each let (I..r)

=c<t <t =oand .

x(+l

tri<Ri<t, and t,<L <t , if L. <R <o
satisfy<t, =t and t, <L <t if L<R =
t.=R, and t,= if R.=L

rll

Theorem 1

Suppose that (7| z)=h,(r)e”' (1> c) h, Y is continuous and
subject to the mixed case IC model, £(K)<«» , and the identifiable
condition in Lemma 2 is satisfied. Then the SMLE of is consistent.

Proof. We shall give the proof in 4 steps. Abusing notation,

write S (r)=S(t|u) and S\ (t)= S,(t) - LetQ) be the
sample space.

Step 1: (preliminary). Under the mixed interval censhorship
model, by (1.4), the normalized generalized log-likelihood
becomes Ln(S,b)

1(Rj2c)

1 z 7@””/1“/2‘ & 2c 7217”/ 2c e/’”f -
= Zlog(S(@)" (ST =S SR
— L5 tog(s“ (L)~ 5" (R)). {5
== 2 log(S"'(L,) = 5" (R).{S"" "} e c
nJ=

where C is the collection of all nonincreasing functions
S from [0,00) into [0, 1] with S(0)=1 and S(c0)=0 . By the
strong law of large numbers (SLLN), Ln(S,b) converges almost
surely to its mean

L(S,b)=E(log(S™ (L)~

(R = E(E(E(w (C.K)) 1 2) K,

where
(u) (u) (u) (u)
Wy (€ ) :(17s0" (Cpy ) log(1 ! (ckl))+s0“ log 5" (C)
g (u) (u) (u) (u)
u u u
ISy () =S, (CDla(s (Cpp =S (Cy)

Step 2: It can be ver1f1ed that W (c,k) is maximized by
“) < C, if S (cki) = S (cki).i e {1,...k}
- Since  sup{fplogp|: 0<p <1} <1, wg, (CK) is bounded by K
+ 1, and thus L(S, b) is finite, as E(K) < oo by the assumption
in the theorem. If the identifiable conditions hold, by Lemma 2
and the Shannon-Kolmogorov inequality, we can conclude that
(s“(1),59 (1)) =(s\" (1), (1)) v e S, Us, and VueS, .Asa

a nonmcreasmg function S

consequence, for some

and
s ) (u)
0g G '((t) 0g S‘;u)(tz)
u#0,b=—log ) andﬁ: S, (ll)
log @ Sm([z)
() og?
S

wherec c<t,<t,< 7 and

bty €8, VS, (SY(6,), 8 (1),57(1,),5” (1)) = (5, (1,),5,° (1)), S (1), S (1))

Thus =/ . Consequently, (So, ) maximizes L(S,b)
and any other nonincreasing function ¢~ and b satisfying

L(S,b)=L(So,B) satisfy S =S, as.u (the measure induces by
dFL+dFR) and b=/ .

Step 3:

lim inf, (S,,,bn)>hm inf, L, (S0, )=L(S0,) a5 Let

Q,={0cQ:L,(S0,5)(®)—>(S0.p)} - Then P(Q,)=1 by the SLLN.
Hereafter, we fix an w € Q0 and suppress it in the expressions
of most random variables. For #>0 , let Bn(®) be the
collection of all the distinct points 0,L,,R,,c, where 1<i<n .
Write Bn—{ l<]<m} where 0=¢,<gq,, <
. Denote the lntervals A, =(q,.-1,q,,j], 1<j<m, . For each j j, let
Posij = S,(q,-1)-8,(y,) . Then 2 po,,; =1 and s,0)=%
each s ¢ By, . Moreover, the normalized log- hkellhood function

with ¢ — § iSL,(S,.8) (@)

Ay eteony Poonj for

1 n If@ﬁu,l(L,Z() eﬁu,l(L, ]eﬂx I(Rjze ) (JﬁulllR,Z()
:;/_Zﬂlog S, (c) S (c) -S,(c) S,(R;)
lfeﬁujl(Lpf) l_ﬁ/]“/l(L'/ZL‘)
L log ( X Do X Poni
n Jj=l Ay ie(em) A ie(Lj o)
lieﬂu/ WRjse) eﬁ"/ (Rjze)
-1 2 p, ., X p
(An.le(u,n) o An,;s(k,,n) o
Now we assign weight pn,i to each interval A ;, with
mﬂ —
Zl.:lpn’l =1.Then
1 buj1(Ljzc) e/f"j‘(/.jzu)
1 n -
Lrl (S’b)(w) = 2 log 2 pn,i z pn,i
n Jj=1 'nie(c,o) Am,xe(Lj,w)
|,eﬁlljl(kfﬁ‘) 17@/}‘11]]( )
-1 £ p,. X p.,
(An,is((‘,w) " An,xs(Rj.l)) e
l_eb‘nul(gc) l_eén"‘l(th)
"(u) _ A A
Sn (t) - ) pn,i pn,i
n,ie(c,o) n,ie(t,0)
. . G(0) _3q — ~
is the GMLE of S’ (?). In particular, S, (1)=S,(t)=Z,  p,,.

nie(t.0)

Let {Sﬂ (x)} be a sequence in (C' . By a point wise limit of
this sequence we mean S~ € € such that S, (x) = S*(x) forall
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x and some sequence {”’}m .Let g(0+ (t) be the point wise limit
function of 5"’('0)(1) for all t and for some subsequence {n’}n,21 .
Helly’s selection theorem guarantees the existence of point
wise limits. Let b* be the limiting point of bn for some

subsequence {1} . of {n’} .

Since L, (SH,Z;”) > L, (S,, ) by the definition of the GMLE, the
claim in Step 3 is proved.

Step 4 (Conclusion). Let Qn denote the empirical
estimator of Q,  the distribution of (LRZ) and
Q’:{a}eQ:Qt (4,r2)(@) > O(I,r,z)— pointwisely in (Z,r,z)} By the

SLLN p()=10,={0,(U)»0(u)},  as. for every Borel subset
U of A= {(l,r,u):Osl <r<oo,u eSFZ} . Let Sn denote the
survival function defined by S, (x) = S*n x;0),b, d?fined by
b, =b,(w) and Q, the measure defined by Q, (4)=0, (4;0) -
For simplicity in notation we shall assume that §, (x) - $"(x) for
all xye R and b, >b" .

Let weQnQ, hereafter.iiminf, ,1,(S,.5,)>L(S,.8).5,(1)> 5 (1)

n—o’n

forall f € R and , _ p* . We shall show that

L(S,.B)<lim inf Ln( $,.5, ) () <lim sup L,( S,.5,)(@)<L(5",5")(2.3)

n—w n—w

By the previous discussion, it suffices to prove the last
inequality.

Now let S,E")(t) =S

n

(c)l—ehnul(lzc) s (t)@”""l(’zc) . Since

n

L,(8,.5,)(@) =1, tog (! (1)~ 51" (r))dQ, (Lr.u),

the desired inequality is thus equivalent to

lim sup | Alog(S,(,“) (l)—S,(,”)(r))dQn(l,r,u) <] Alog(S(")*(l)—S(")* (r))dQ(l,r,u) (2.4)

which follows from Lemma 3. It follows from inequality (2.3)
that L(S",6")> L(S,,8) . As (S,, f) maximizes L, we can conclude
thatL(S*,b*) =L(S,,B) and therefore §* =§ , as. Iu . If the
identifiable conditions (2.2) holds, we have 2~ _ i

Lemma 3. Inequality (2.4) holds.

In order to prove the Lemma 3, we will introduce the Fatou’s
Lemma with varying measures.

Theorem 2.

Suppose that H, is a sequence of measures on the
measurable space (s,5) such that x, (B)—> u(B),VBeX . Then,
with £ non-negative integrable functions and f =lim inf, f,.
Then

Iy fdu<timinfl fdu,.

n—o

Proof of Theorem 2: We will prove something a bit stronger
here. Namely, we will allow fn to converge p-almost everywhere
on a subset B of S. We seek to show that [, fdu <lim inf [, f,du, .

Letx ={x e B|/,(x) > f(x)}. Then y(s8\x)=0and,and [, fdu=1,. fdu
. ,fB fnd,u:JB\K f,du¥ne N Thus, replacing B by B\K we may
assume that fn converge to f pointwise on B.

Recall that a simple function ¢ is of the form that
#(x)=3!, o,1(xe 4),, where A’s are disjoint measurable sets.
Given a simple function ¢ we have JB gdpu=1lim, JB ¢du,
. Hence, by the definition of the Lebesgue Integral, it is enough
to show that if is any nonnegative simple function less than or
equal to f, then [, gdu <lim inf, [, f.du,

Let a be the minimum non-negative value of ¢ .
Define A:{xeB:¢(x)>a}
when [ s — oo . We must have that ,u(A)is infinite
IB ¢d,uSM,u(A)r where M is the (necessarily
finite) maximum value of that ¢ attains. Next, we
define 4,={xeB:fk(x)>aVk=n} . We have that
AgUnAn:y(UnAn):oo . But An is a nested increasing
sequence of functionslim, ,, u(4,)=u(lim,,, A,)=co., Thus
lim, yn(A”):,u(A):OO..

. We first consider the case

since

At the same time,l, /,du, > au,(4,) = lim inf, I, fdu, =o=1,¢du,
proving the claim in this case [,¢du <. It suffices to prove
the theorem in the case . We must have that y(A) is finite.
Denote, as above, by M the maximum value of ¢ and fix e>0
.Define 4, ={xeB| f,(x)>(1-€)¢(x)V k=n} . Then A, is anested
increasing sequence of sets whose union contains.

Thus, 4— A4,
intersection. Since A has finite measure (this is why we needed
to consider the two separate cases),lim, , u(A— An)=0.
Thus, there exists n such that u(A—Ak)y<e,Y kzn - Since
lim, (A—Ak) :,u(A—Ak) , there exists N such that
1, (A-4,)<e ¥ k>N .Hence, for £ = N,

-[B ﬁcdyk 2 IAk fkd;zk 2(1_ E)-[Ak ¢ dyk

is a decreasing sequence of sets with empty

At the same time, IB ¢dﬂk = ,[A ¢dﬂk = ,[A ¢dﬂk + IA_Ak ¢dﬂk

. Hence,
(1_ e)jAk ¢ d,uk 2 (1_ E)IB ¢d,uk--[A—Ak ¢dyk'
These inequalities yields that
[ fid 200l 9d, 0, , ¢d,>1,4d,-<(,¢d, +M).

Hence,e— 0 letting and taking the lim inf in n, we get that

liminf, , [, f,d, >1,¢du.

Now we give the proof for the Lemma 3.

ProofofLemma3 Since iim inf, ., ~log (5! (1)~ 51 (r)) =—log ($“ (1) -5 (r)),
and —log(S,(q“) (1)- S,(I") (r)=0. ©,(U)—Q(U)for every Borel
subset U of A, where A - {(l, 7, u):—oo <l<r<ow, u EDZ}.

Thus an application of Theorem 2. yields
lim sup |, log(Si“) (l)—Si“) (r))dQ” (L,r,u)

=—lim sup]|, 7log(S,(,“) () -5 (r))dQ” (L,r,u)

n—w

<-[, lim sup—log(S,ﬁl‘) (1)- s (r))dQ” (L,r,u)

n—om
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[, log(S®" (1)-5""(r))dQ(L,r.u)

Theorem 3

Suppose that the assumptions in Theorem 1 holds and the

support set SFL USFR USFZ contains finitely many elements.

Then the SMLE of

(S,.B) is asymptotically normally

distributed.

Proof: By assumption SFLuSFR:{t,}'"=0 and m is

finite. Then the parameter (So,ﬂ) can be represented by
(So (%) - S(1,), ,B), and the problem becomes an estimation
problem of a multinomial distribution subject to certain
constraints. Thus the asymptotic normality follows and the
asymptotic covariace matrix can be estimated by the inverse of
the empirical Fisher information matrix.

Appendix

Proof of Example 1

Let
5, =1V <1 Z=0)+1(Y <1|Z =1),5,=1(Y €(1,3]| Z =1),

S

S

,=1(Y €(1, 3]|Z=0),s, =1(Y >3|Z =1),and
,=1(Y>3|Z=0).

Let

p=F,1).p,=F,(3)-F/(2). p, =5,(3), and p, = F,(2)- F,(1)

realization. The joint density is

f:(Pl)XO
For given (p,, p,, p,. )= (pl’"p;, p;"ﬂ*), let 7 =(p: +p;)1,gﬁ' o

then remains the same if (pl,pz, p3,ﬂ) = (pl*, p;, p;,ﬂ), , where (p2 N ,8) satisfies

-, ol 5 -, % Xl
l—pl—(p2+p3)l ps/j) (l—pl—p3)“((p2+p3)l p}ﬂ) pJJE

3

The latter equation yields

where ,,2 o (0, 1— pr _p;:l . Thus theIB is not uniquely

determined if z»;” + g5 < 1. .For instance, letthen7

(P+p

fe P2t

Iny

(B.1)

In Ps .
Pyt Ds

"Abusing notations, let u denote both the random variable and the

woh -

(»- +p§)H)ﬁ py =7

):0.12. Thus £ =023(r) in Eq. (B.1) is well

defined for p2 in a neighborhood of 1/8 (actually, for p2 in (0, 1-1/3-1/8]). Hence, the parameter {3 is not identifiable.

References

1.

Wong GYC, Diao QG and Yu QQ (2017). Piece-wise Cox Models with
interval censored data.

Schick A, Yu QQ (2000) Consistency of the GMLE with mixed case
interval-censored data. Scand J Statist 27(1): 45-55.

Groeneboom P and Wellner JA (1992) Information bounds and
nonparametric maximum likelihood estimation. Birkh a user Verlag,
Basel.

Cox DR and Oakes D (1984) Analysis of Survival Data. Chapman & Hall
NY.

Therneau T, Grambsch P (2000) Modeling survival data: extending the
Cox model. Springer.

Platt RW, Joseph KS, Ananth CV, Grondines ], Abrahamowicz M, et al.
(2004) A proportional hazards model with time-dependent covariates
and timevarying effects for analysis of fetal and infant death. Am ]
Epidemiol 160(3): 199-206.

7.

10.

11.

12.

13.

Stephan L, Michael S (2007) Parsimonious analysis of time-dependent
effects in the Cox model. Statistics in Medicine 26(13): 2686-2698.

Masaaki T, Masato S (2009) Analysis of survival data having time-
dependent covariates. IEEE Trans Neural Netw 20(3): 389-394.

Leffondre K, Wynant W, Cao Z (2010) A weighted Cox model for
modeling time-dependent exposures in the analysis of case-control
studies. Stat Med 29(7-8): 839-850.

Zhou M (2001) Understanding the Cox regression models with time-
change covariates. American Statistian 55(2): 153-155.

Wong GYC, Osborne MP, Diao QG, and Yu QQ (2016) Piece-wise Cox
Models with right-censored data. Comm. Statist Comput Simul.

Finkelstein DM (1986) A proportional hazards model for interval-
censored failure time data. Biometrics 42(4): 845-854.

Wong GYC, Yu QQ (2012) Estimation under the Lehmann regression
model with interval-censored data. Comm Statist Comput Simul 41(8):
1489-1500.

How to cite this article: Qiging Y, Diao Q. Consistency of the Semi-Parametric MLE under the Piecewise Proportional Hazards Models with Interval-
Censored Data. Biostat Biometrics Open Acc J. 2017; 3(2): 555606. DOI: 10.19080/BBOAJ.2017.03.555606


http://dx.doi.org/10.19080/BBOAJ.2017.03.555606
http://onlinelibrary.wiley.com/doi/10.1111/1467-9469.00177/abstract
http://onlinelibrary.wiley.com/doi/10.1111/1467-9469.00177/abstract
https://www.ncbi.nlm.nih.gov/pubmed/15257989
https://www.ncbi.nlm.nih.gov/pubmed/15257989
https://www.ncbi.nlm.nih.gov/pubmed/15257989
https://www.ncbi.nlm.nih.gov/pubmed/15257989
http://onlinelibrary.wiley.com/doi/10.1002/sim.2742/abstract
http://onlinelibrary.wiley.com/doi/10.1002/sim.2742/abstract
https://www.ncbi.nlm.nih.gov/pubmed/19179250
https://www.ncbi.nlm.nih.gov/pubmed/19179250
https://www.ncbi.nlm.nih.gov/pubmed/20213717
https://www.ncbi.nlm.nih.gov/pubmed/20213717
https://www.ncbi.nlm.nih.gov/pubmed/20213717
https://www.ncbi.nlm.nih.gov/pubmed/3814726
https://www.ncbi.nlm.nih.gov/pubmed/3814726
http://www.tandfonline.com/doi/abs/10.1080/03610918.2011.606949
http://www.tandfonline.com/doi/abs/10.1080/03610918.2011.606949
http://www.tandfonline.com/doi/abs/10.1080/03610918.2011.606949

Biostatistics and Biometrics Open Access Journal

This work is licensed under Creative
Commons Attribution 4.0 Licens Your next submission with Juniper Publishers
BY DOI: 10.19080/BB0AJ.2017.03.555606 will reach you the below assets

¢ Quality Editorial service
e Swift Peer Review
¢ Reprints availability
¢ E-prints Service
¢ Manuscript Podcast for convenient understanding
¢ Global attainment for your research
¢ Manuscript accessibility in different formats

( Pdf, E-pub, Full Text, Audio)
¢ Unceasing customer service

Track the below URL for one-step submission
https://juniperpublishers.com/online-submission.php

m How to cite this article: Qiging Y, Diao Q. Consistency of the Semi-Parametric MLE under the Piecewise Proportional Hazards Models with Interval-
Censored Data. Biostat Biometrics Open Acc J. 2017; 3(2): 555606. DOI: 10.19080/BBOAJ.2017.03.555606


http://dx.doi.org/10.19080/BBOAJ.2017.03.555606
http://dx.doi.org/10.19080/BBOAJ.2017.03.555606

	Title
	Abstract
	Keywords
	Abbreviations
	Introduction
	The Main Results 
	References
	Appendix

