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Abstract
Several classes of generalized higher order parametric sufficient optimality constraints for a discrete minmax fractional programming
problem are investigated toward establishing advanced results on higher order fractional programming. These results are established by
applying advanced partitioning schemes and various types of generalized second-order (F(,m,¢,p,0,m)-univexity assumptions. The obtained
results are new and generalize most of the results on (Ef,,p,0)-univexity in the literature.
Keywords: Discrete minmax fractional programming; Second-order univex functions; Generalized sufficient optimality conditions
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Introduction

In this paper, we intend to establish several sets of
generalized parametric sufficient optimality conditions for the
following discrete minmax fractional programming problem:

fi(x)
ma
1<i<p g;(x)

(P): Minimize

subject to Gj(x) <0, /€9, H(x)=0, Ker,x€eX,

where X is an open convex subset of R" (n-dimensional
Euclidean space), f, g, icp = {1,2,...,p},G, j€¢,andH,, Ker
, are real-valued functions defined on X, and for each j€¢ , g
(x) > 0 for all x satisfying the constraints of (P). Let F denote the
feasible set (assumed to be nonempty) for (P) defined by

F=xex: Ggi(x)< O,jeg,Hk(x)zO,keﬁ}.

The present investigation is aimed at establishing various
second-order necessary and sufficient optimality conditions for
several types of optimization problems, using the generalized
concepts of second-order pseudoinvexity, and

quasiinvexity originally defined by Hanson [1], and a set of

invexity,

second-order necessary optimality conditions by introducing the
new classes of generalized second-oder invex functions. We shall
apply two partitioning schemes by Mond & Weir [2] and Yang
[3], in conjunction with the new classes of generalized second-
order invex functions to formulate and discuss numerous sets
of generalized second-order sufficient optimality conditions for
(P). To the best of our knowledge, all the second-order sufficient

optimality results established in this paper are new in the area of
discrete minmax fractional programming and encompass most
of the investigations in the literature. The generalized optimality
conditions established here can be utilized for constructing some
generalized second-order parametric duality models for (P) and
proving numerous weak, strong, and strict converse duality
theorems. For more details on the discrete minmax fractional
programming and related literature, we refer the reader [1-9].

Therestofthis paperisorganized as follows. Inthe remainder
of this section, we generalize a few basic definitions and recall
some auxiliary results which will be needed in the sequel. In
Section 2, we state and prove various second-order parametric
sufficient optimality results for (P) using a variety of generalized
(E,B,m,,p,0,m)-sounivexity assumptions. Finally, in Section 3 we
summarize our main results and also point out some further
research opportunities arising from certain modifications of the
principal problem investigated in the present paper.

We next define some new classes of generalized second-
order univex functions, called (strictly) (F,¢,m,p,06,m)-sounivex,
(strictly) (FB,¢,m,p,06,m)-pseudosounivex,
(EB,@,m,p,0,m)-quasisounivex functions.
extensions of the classes of second-order (strictly) (¢,n,p,6,m)-
sonvex, (strictly) (¢m,p,0,m)-pseudosonvex, and (prestrictly)

and (pre-strictly)
These are further

(m,p,0,m)-quasisonvex functions which were introduced
recently in [4]. The second-order univex functions are also
referred to as “sounivex functions” in the litera-ture. For more

on the generalized F-convex and other related functions, we
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refer the reader [8,9]. Now we present the new classes of
(EB,m,¢,p,0,m)-sounivex functions at x*. Let f : X - R be a
twice differentiable function.

Definition

The function f is said to be (strictly) (FB,m,@,p,0,m)-

sounivex at x* if there exist functions g:xxx >R _=(0x),

¢9:R—>R, p:XxX->Rmx, 9: xxx —R", asublinear function
F(x,x;): R" >R, and a positive integer m such that for each

xeX(xix‘) and, zZ e Rn
B - F(r NG) = Fax 3 BGnx IVF(x )
Hrea w2 r65z)

1 * *
(292762 + o) 106 I

where ||-|| isanorm on R" and (a,b) is the inner product
of the vectors a and b. The function f is said to be (strictly)
(EB,m,¢,p,0,m)-sounivex on X if it is (strictly) (FB,m,,p,0,m)-
sounivex at each x*€X.
Definition

The function f is said to be (strictly) (FB,,m,p,0,m)-
pseudosounivex at x* if there exist functions g: xxx >R =(0x),
p:R>R, p:XxX->Rx, 6:xxx->R" Hybrid optimality
constraints a sublinear function r(.x:): R" >R, and a positive
integer m such that for each xe X(x#x") and zeR",

F(x,x 5 B(x, x WVf(x)
+ <7z(x,x* ),sz(x*)z>
1 *
-3 <z,V2f(x )z>
> —p(x,x ) [ 00, <) |I"

= /()= S(x NE) 2 0.

The function f is said to be (strictly) (FB,m,¢,p,0,m)-
pseudosounivex on X if it is (strictly) (FB,m,@,p,0,m)-
pseudosounivex at each x*€X.

Definition

The function f is said to be (prestrictly) (FB,m,¢,p,0,m)-
quasisounivex at x* if there exist functions #:Xxx >R _=(0m),
p:R>R, p:XxX->Rx ¢:xxxX->R" a sublinear function
F(x.x;): R" >R, and a positive integer m such that for each xeX
and zeR” ,

PO N 0=
P’ B x V()
+<zz(x,x‘),v2f(x”)z>
~5{=vren)

<—plax) | 6"

J. 2017;2(1): 555579. DOI: 10.19080/BBOAJ.2017.02.555579.

The function f is said to be (prestrictly) (FB,m,¢,p,0,m)-
if it is (prestrictly) (FB,m@,p,0,m)-
quasisounivex at each x*€X.

quasisounivex on X

From the above definitionsitis clear thatiffis (F,8,m,¢,p,0,m)-
sounivex at x*, then it is both (Ff,m,¢,p,6,m)-pseudosounivex
and (FB,m,@,p,0,m)-quasisounivex at x*, if f is (F,(3,m,¢,p,0,m)-
quasisounivex at x*, then it is prestrictly (Ef,m@,p,0,m)-
quasisounivex at x* and if f is strictly (Ef,me,p,0,m)-
pseudosounivex at x*, then it is (F3,m,¢,p,0,m)-quasisounivex at
x*,

In the proofs of the duality theorems, sometimes it may be
more convenient to use certain alternative but equivalent forms
of the above definitions. These are obtained by considering
the contrapositive statements. For example, (FB,m,¢,p,0,m)-
quasisounivexity can be defined in the following equivalent way:
The function f is said to be (F,,m,,p,0,m)-quasisounivex at x* if
there exist functions g: xxx 5 & _=(02). p: R > R, p: X xX > R,7,
6: xxx —»R", a sublinear function r@,x";y: R" > ®, and a positive
integer m such that for each xeéX and z e R",

Fx,x 5 B(x,x WVf(x))
+<7r(x,x*),V2f(x*)z>

1 N
7E<Z,sz(x )z>
2 —p(x,x ) [ 00,3 |["

= 4/ (0~ f(x N) 2 0.

We conclude this section by recalling a set of second-order
parametric necessary optimality conditions for (P). The form
and features of this result will provide clear guidelines for
formulating various sets of second-order parametric sufficient
optimality conditions for (P).

Theorem

[4] Let x* be an optimal solution of (P), let A* = ¢(x*) be
defined by

2 =)= max £/ g, ()
I<i<p
and assume that the functions f, g, i< D GJ., J €4, and
H, k € r, are twice continuously differentiable at x*, and that
the second-order Guignard constraint qualification holds at x*.
Then for each z*€C(x*), there exist v cU=@weR’ :u20,3u =1},
v eR =fveR’:v=0; and w eR’ such that

Sul v/, ()-2'Vg (+ s vvG, )+ % WVH, (x) =0
i=1 ) k=1

i=1

<z*,{§u;‘ [V, (x)-2'Veg,(x' )+ £ vV G, (X )+ 3 Wi VH, (x*)}z*> >0

i=1 Jj=1 k=1

]

W) -2 g (Hl=0, 1P
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VG (x)=0 JE€q
g ) *,

where C(x*) is the set of all critical directions of (P) at x*,
that s,
* n S 3 *
C(x )={zeR :<Vfi(x )—-AVg;(x ),z> =0, ie A(x )

<VG j(x*),z> <0,je B(x‘),<VHk(x*),z> =0,ker}

A(x*) ={J eg:f,(x*)/gj(x*) = maxf‘(x*)/g‘(x*)}, and B(x*) ={j eg:G/(x*) =0}.

1<i<p

Second-Order Sufficient Optimality

In this section, we discuss several families of sufficient
optimality results under various generalized (Ff,¢,m,p,0,m)-
sounivexity hypotheses imposed on certain combinations of
the problem functions. This is accomplished by employing a
certain partitioning scheme which was originally proposed in
[2] for the purpose of constructing generalized dual problems
for nonlinear programming problems. For this we need some
additional notation.

Let {J, ],,...J,) and {K, K,,..,K, } be partitions of the index

sets 4 and L, respectively; thus, /, <4 for each # € M {0}
, J,nJ, =éfor each y, vemu {0} with x=v,, and U:':OJH =q
. Obviously, similar properties hold for {K, K,,..,K, }. Moreover,
if M, and M, are the numbers of the partitioning sets of and,
respectively, then M= max{M M} and ], = @ or K, = @ for p >
min{M,,M,}

In addition, we use the real-valued functions §-®i(§,v,w,A),
, E=dD(&,u,v,wA), and E=At(E,v,w) defined, for fixed u, v, w, and A
on X as follows:
o (eww.i) = f(€) - 4g, (£)+ ; 50 A Ezko WHKO: e p
o (cvmd) = Su[ (& 4g(8)]+ T vGO+ T wl, (@),

i=1 ey keky

AEvw = TGO+ T W@, e M.

jel; keK,
In the proofs of our sufficiency theorems, we shall make

frequent use of the following auxiliary result which provides an

alternative expression for the objective function of (P).

Lemma

For each x€X, [7]

@(x) = max Silx
I<i<p g(x

) P fi(x)
= max .
R >Pugi(x)
Making use of the sets and functions defined above, we can
now formulate our first collection of generalized second-order
parametric sufficient optimality results for (P) as follows.

Theorem

Let x*€F, let 1" = p(x"), and assume that the functions f, g,
i€p,G,J€q ,andH, ker aretwice differentiable at x* and
that for each there exist - _, , ,cgr, and ¢ R, such that
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P o« * * * 9 « * Ik * %
Zu[Vfi(x )= 4 Vg (x )]+ X v/vcj(x )+ T wgVH (x )}z =0
i=1 J=1" k=1

(2.1)

i=1

* P ox 9 * 0 *k_D * % 4 x_n ® ok ox_o ENE
m(x,x ), X ui [Vofi(x )=A Vogi(x )]z + X v,V Gj(x )z + X WV Hp(x )z
j=1 k=1

®* P o o w9 * x4 % 9 N ) ENE
z X ui [V fi(x )=A Vigi(x )z + X vV Gj(x )z + X WiV Hp(x )z
i=1 J=1 k=1

> 0Vx e F (22)
W) -2g (=0, L€ pE3)

v;G/_(x”):o i€ P (2.4)

Assume, furthermore, that any one of the following four sets
of hypotheses is satisfied:

a.

1. §E-PEu* v whA*¥) is prestrictly (FB,g,mp ,0,m)-
quasisounivex atx*and 4 (a)20=>az20;

2. Foreach , & = At(§,v*w*) is strictly (F:B'(Z, ,T, 2 ,0,m)-
pseudosounivex at x*, ¢7} is increasing, and 451 (0)=0;

3. for all X€F;

* *
plx,x )+Z?;[1,5,(x,x )= 0
b.

1. (=0 ur vy w¥A¥)is(EB, ¢ , p ,6,m)-pseudosounivex
atx*and ¢ (a)z0=az0;

2. For each , § - A(zv*w*) is (FB,4 , mp3 ,6,m)-
quasisounivex ¢Ztat x*, isincreasing, and é (0)=0;
t
* *
3.p(x,x )+Z£l;[1ﬁt(x,x )20 forallx € F;
c.
1. §E-PEu* v whA*) is prestrictly (FB,g 1 p ,0,m)-
quasisounivex at x* 5 and (a)20=>az0;
2. For each , & > A(Eviw*) is (EB,¢ ,mA ,6,m)-

quasisounivex at x*, ¢ isincreasing, andg (0) = 0;
S.p(x,x*)JrZ{‘Zlﬁ,(x,x*) > o for all X€F;
d.

1. E->d(&u* v*,w*A*) is prestrictly (
quasisounivex at x*and (a)20=>az0;

EB, ¢ ,m, P ,6,m)-

2. for each , E-At(Eviw*) is (FB,4 ,mp5 ,0,m)-

quasisounivexat x*, foreach ,; ey 20 E-AL(E, v w*) s
strictly (EB, & ,m, A ,6,m)- pszeudosounivex at x*, and
foreach re M, ¢ft is increasing and ¢, (0) = 0, where {M1 M,
}is a partition of M ;

_ * M ~ *
3.006,x )+ 22 pr(x,x )20 forallx €F
Then x* is an optimal solution of (P).

Proof

Let x be an arbitrary feasible solution of (P).

(a): In view of the sub linearity of rw.x'; ), it is clear that
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(2.1) and (2.2) can be expressed as follows:

)4 *
F{x,)c*;ﬂ(x,)c*)@u? [V/i ()= Vgi ()] £ VjVG(x*)+ § kaHku*)}J

i=1 iely keKy

=1

M * *
+F[X>X*;ﬂ(x‘X*)Z{ T viVGi(¥)+ T kaHk(x*)D >0 (2'5)

iel, kek,

<;r(x,x* ) S IV ()= Vg, ()] + 3 vVEG, ()2 + £ wiVPH, (x*)z*>

i=1 Jj=1 k=1

+<7z(x,x*),g[ DRASCHEDTD) w;vzﬁk(x*)}z*>

=1| jeJ, kek,

—2{<z SU IV (-4 Vg, () + X VVIG (3 )2 + S wiVAH (x)z >}

i=1 Jj=1 k=1

M
+{ X T viVG )+ X wVPH (x|

kek,

\
(e}

t=1| jeJ;

Since foreacht e M ,
A, (v, W)= Z V,G,(x)+ >, w,H, (x)<0 (by the feasibility
of x) jed, ke,
D ViG,(x0)+ Y wH, (x)
jeJ, kek,
(by (2.4) and the feasibility of x*)

= A[(X*,V*,W*),

and hence g (A (x',v',w)-A,(x"v',w)) <0 it follows from (ii)
that

F[x,x*;ﬂ(x,x*){z v;Gj(x)+Z w,H, (x)D

Jjed, kek,

+{ m(x, x*),{z V;Gj (x)+ Z w.H, (x)}z*

jeJ, kekK,

jel, kek,

_;<Z:{z VG, 0+ w;Hk(x)}z*>
<=p,(x,x) || 0Cx, x) |I"

Summing over? € M and using the sublinearity of F(x, X ;)
, we obtain

M % % *
Flxx®fxx*) 2| X viVGi(x)+ ¥ aoxVHg(x )
t=1| ieJ; kek;

+<;z(x,x*), f{zg‘vzq (N +Y o V'H, (x*)}z*>

t=1 | iel, kek,

‘;<Z‘af[2v}V2Gi<x*>+Zwlvsz(x*)}z‘>

t=1| ieJ, kek,

u N N 2.
<=3 5 ) 0 . F7

=1
Combining (2.5)-(2.7), and using (iii) we get

P o« * *
F[X,X*;ﬂ(%x*){z ui [Vfi(x*)=2*Vgi(x*)+ £ viVGi(x*)+ X kaHk(x*)}]

i=1 icJy keKg

J. 2017;2(1): 555579. DOI: 10.19080/BBOAJ.2017.02.555579.

+<7r(x, x*),zp:u;‘[v%f,(x*) —AVig(N+ Y VVIG,(x)+ Y oV H, (x*)z*>

ieJ, kek,

;<z*,{zﬂ:u:[v2 [ =V (N]+ Y VIVIG, (x*) + Zw;VZHk(x*)}z*>

= kek,

>= 5,062 |00, x) " 2 =p(x,x) || 0(x,x)||", (2.8)

t=1
which by virtue of (i) implies that
- * * * * * * * *
¢(CD(X,M sV, W 9/1 )_(D(xau sV, W 9/1 )) > 0.
But ¢ (a) 20 =a=0,and hence we get
* * * * * * * *
d(x,u ,v ,w, A )>2D(x,u,v,w,A)=0
where the equality follows from (2.3), (2.4), and the
feasibility of x*. Since x€F, the above inequality reduces to
P *
z u [ fi(x)-24 g(x)]20 (29)
i=1

Now using (2.9) and Lemma 2.1, we see that

5

p(x) =2 < TS o Rt

< 2 < @(x).
Zleui &g (x) uel Zl’;] uigi(x)

Since x€F was arbitrary, we conclude from this inequality
that x* is an optimal solution of (P).

(b) : Proceeding as in the proof of part (a), we see that (ii)
leads to the following inequality:

T vVG () X W;VZH,{(x')D

jel, kek,

M
F [x,x*;ﬂ(x,x*)z

t=1

=1 | jeJ, kek,

+<7r(x, x‘),zw:[z V;VZG/. (x)+ Z w,V’H, (x*)}z*>

M

—;<z*,Z{ZvWZG,(x*>+ > w;vsz<x*>}z*>s—Zﬁl<x,x*>9<x,x*)||"‘

=1 | jeJ, keK,
Combining this inequality with (2.6) and (2.7), and using
(iii) we get

P o« * *
F|oxx* B0, 2 u; [V (x)-2*Vgi (s + £ v;VG;(x*)+ 2 kaHk(x*)}]

i=1 ieJy keK
,
+<zz(x,x*),2u,"[v2f;(x*)—/fvzg,(x*)]+Zvjvzc,(x*>+ Zw;VZHk(x*>z‘>
i=1 iel, kek,

—;<z*,{iu7 [vzf;(x*)—z*VZg,-(x*>]+Zvjvzc,(x*wZwZVZHk(x*>}z*>

= kek,

M

>3 p,(x,x) 1006, X)) " 2 =px, ) [ 00e, x ) |I",
t=1
which by virtue of (i) implies that

(D(x,u’ v, w A= D(x,u’ v, w, A7) > 0.

The rest of the proof is identical to that of part (a). (c) and

(d): The proofs are similar to those of parts (a) and (b).
Theorem

Let x*€F, let A*=¢(x"), and assume that the functions f,g 7€ »
,G,j€q ,and H,ker , are twice differentiable at x*, and that
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for each z*€C(x*), there exist u*€U,v R’ , andy’ e R" such
that (2.1)-(2.4) hold. Assume, furthermore, that any one of the
following seven sets of hypotheses is satisfied:

a.

* * * *
1. Foreachiel+s{ie£:ui>0},§—><Dl.(<§,v,w,i) is

(Faﬂaaiaﬂ-aﬁl’aeam)

2.  Pseudosounivex at x*, 51 is strictly increasing, and
q?l.(O) =0 ;

3. Foreach ,§— At(E,v*, wi“) is (EB, ,m,,0,m)-quasisounivex
¢3t atx*, isincreasing, and ¢t (0)=0;

4.5 up (x,x )+ T p(xx) 20 forall x€F;

b.

1. Foreach ics &> v, w,4) is prestrictly (EB, 4,m,

P, , 0, m)-quasisounivex at x*, g, is strictly increasing, and ¢

(0) =0;

2. ForeachteM ,t- A&, v, wx) is strictly (F,B,gt ,T, P,
,0)-pseudosounivex at x*, is increasing, and¢, (0) = 0;

3. %, ":ﬁi (x,x )+ XM 5, (xx )20 forallx € F;

c.

1. Foreachics ,§->®i(§,v*w*A*) is prestrictly (EB, # m,
;,8,m)-quasisounivex at x*, ¢l.

5 (0)=0;

2. Foreacht € M ,g— A(Ev*, w¥)is (FB,g, ,m 5 ,0,m)-

% (0)=0;

is strictly increasing, and

quasisounivex at x*, is increasing, and

3. %0y, 4P, (6,3 ) + XM By (v > 0 for all x€F;

d.

1. For eachicl , E-®i(§,v ,w*A*) is (EB,4, ,m, 5, ,0,m)-
, E-Di(E v ,w*A*) is
prestrictly (F, ,m, ,6,m)- quasisounivex at x*, and for each
i<l g is strictly increasing andqjl_ (0) = 0, where {I1+, 12+}
is a partition of [+;

pseudosounivex at x*, for eachies,

2. For eachte M , E-At(§v*w*) is strictly (FB,4; m, 2,
,0,m)-pseudosounivex at x*, ¢ s increasing, and&t (0)=0;
3.5, 4,5 (x,x )+ XM, p,(x,x") 2 0 for all xEF;

e.

1.  Foreach €/, #0 g5 di(E,v*,w*A*)is (FB. ¢ m A, ,0,m)-
pseudosounivex at x*, for each i e 12+ , EoDi(E, v, w*A*) is
prestrictly (Ef, ,m, ,0,m)-quasisounivex at x*, and for each
iel, @ is strictly increasing and% (0) = 0, where {I+ L+}
is a partition of I ;

2. Foreach L€M & A(gviw*) is (EB,4 A, ,0,m)-

2y J. 2017;2(1): 555579. DOI: 10.19080/BBOAJ.2017.02.555579.

quasisounivex at x*, ¢t is increasing, and @ (0)=0;

3.2, ufﬁ[_ (x,x )+ XM 5,(xx") = 0 for all x€F;
f.

1. Foreachies ,§—®i(§v*w*A*)is prestrictly (F(, 71 JT,

A, ,8,m)-quasisounivex at x*, is strictly increasing, and 4
(0)=0;

2. Foreach reM =0 ,&->A (Ev*w*)is strictly (EB, 4, ,m, 7,
,6,m)-pseudosounivex at x*, for each € M, , & A (§v*,w*)
is (FB, ¢,' ,T, 2, ,8,m)-quasisounivex at x*, and for each, eM
is increasing and&t (0) = 0, where {M ,M,} is a partition of M;

3., P, (x,x)+ XM, py(x,x") > 0 for all x€F;
8.

1.  Foreachi€l, ,&-®i(Evyw*A*)is (EB, 4. ,m A, ,0,m)-

pseudosounivex at x*, for each;j e 7 , §E=®i(§,v*w*A*) is
y +

prestrictly (E,B, ¢z’ JT, [7[ ,0,m)- quasisounivex at x*, and for

each i</l ¢i is strictly increasing andﬁt (0) = O,where {1,

I, } is a partition of I ;

2. For each 'SM| | £5A (§v*, w*) is strictly (ER.% m,
p,,6,m)-pseudosounivex at x*, for each , £&-A (§v*, w*) is
(EB, ;m, ,6,m)-quasisounivex at x*, and for each te M
, #%1isincreasing and ¢,' (0) = 0, where {M,,M_} is a partition
of M ;

3. %, 4P (x,x )+ X, 5 (x,x") 2 0 for M€ F

M

4, ,0r . v * . .
]1+ # 4 Zieu uipi(xax )+zz=l p(x,x)>0

Then x* is an optimal solution of (P).

Proof

(a): Suppose to the contrary that x* is not an optimal
solution of (P ). Then there is a feasible solution of (P) such that
@) <@(x )=A .Hence it follows that

%k
J;(X)=2 g;(x)<0 foreach I €p. (2.10)

Keeping in mind that v* >0 »weseethatforeachiel ,

*
wiH (%)

* * * *
(X, v ,w A ):fi(f)fﬂ g;(x¥)+ >
Je 0

*
VjGj(f)+ z
Jo kek,

%
< fl () -4 & ) (by the feasibility of X )<o0

fl.(f)—ﬂ*gl.(f)+ T OViGi @+ T wHg(®)
je k

Jo €Ky
(by (2.3), (2.4), and the feasibility of x*)
* ok k%
= CDl.(x Vv o,w ,A4)

and so using the properties of the function % , we get
* ok % * ok ok %
¢(q)l(f9v 9W :/1 )_q)l(x 5V ’W ’ﬂ’ ))<0

which in view of (i) implies that
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F[x,x*;ﬂ(x,x*){vmxﬂA*Vgi(x*)+ S VVG (4 X w;VHk(x*)}

iely keKy

+<7r(x,x*),|:V2f‘.(x*) —AVig (X + Y VVIG, (x)+ Y a),:VZHk(x*)} z‘>

icJ, kek,

‘;<Z*’{Vzﬁ(f)_wzgi(f)+ZV?VZG,-(x*HZwZVZHk(x*>}Z*>
i, ek,

— * * m
—p(x,x ) [[0(x,x )|

since 4~ > 0,1, =0 foreach € ]_7\1+ ) Z;u: =1 and

F(x, x* , ) is sublinear, the above inequalities yield

f()?,x‘;ﬂ()?,x‘){Zf;,u,'[vf,i(x’)—l'vm ()] v (x)+ “zkuw;mk(x*)}

Jj€iy keky

+<”(f,x*)7{:2[,,:[vz J(6) -2 )]+ Sv6, (¢) S wivh, (g)};)
_%<z* ,{g ,u: [Vz_ﬂ (x*)— A*Vzg‘ (x* )} + z v_;VZG,. (x*)+ Z w;VZHk (x*)} z*>

J€h keky

<=2, (x5 )160(Tx) " 211)

iel,

Proceeding as in the proof of Theorem 2.1, we see that our
assumptions in (ii) lead to

p(f,x*)i{zv;vcj (¢ e i (x')}@r(x,x*),

=1 jej

S[ywo(ergamntil

t=1| jej, kek,

;<z*,i|:2v;V2Gj(x*)+z WV, (f)}*) S—gﬁ[ (xx)I160(%.x") 1P

=1 | jej, kek,

which when combined with (2.5) and (2.6) results in
f[y,x*; ﬂ(;,x*){gy;[Vf;(;)wvg, ()] 2 )+ S v (;)H
e S [ (-9 ()] £ ()0 Zoiv ()] )

=1 J€hy keky

*%<Z* ,{i ,u: |:V2f,. (x*)fﬂ*VZGj (x*)+ Z wZVsz (x*):|}z*>
1 kek,
> B, (xx")10(x.x7)IP

1=1

In view of (iii), this inequality contradicts (2.11). Hence, x* is
an optimal solution of (P).

(b)-(g): The proofs are similar to that of part (a).

In the next theorem, we make use of a slightly different
partitioning method which appears to have been used for the first
time by Yang [3] for the purpose of formulating a general duality
model for a multi objective fractional programming problem, to
present another collection of sufficient optimality results for (P)
which are somewhat different from those stated in Theorems
2.1 and 2.2. These results are formulated by utilizing a partition
of in addition to those of and , and by placing appropriate
generalized (F,ﬂ, ¢,H,p,l9,m) -sounivexity requirements on
certain combinations of the problem functions.
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Let {109]19 'DII} be a partition of p such that
[1={0,1,2,....0} — M = {O,1,....,AL}, and let
the real-valued function §_>Ht(se7ugvyw,,1) be defined, for
fixed u, v, w, and A, by

I, v, w, 2) =Y u [ £1(©) = 28,(O)]+ 2 v,G(E) + D, wH (&), e M.

iel, Jjed, kek,
Theorem
* * *

Let X €F let A* = (D(X ) , and assume that the functions
Ji:8,i€p,G,,jeq,

and H;,k€r | are twice differentiable at x*, and that for
each z*e C(x*) , there existy*cy,»*eR? ,and y* e [R” such
that (2.1)-(2.4) hold. Assume, furthermore, that any one of the
following seven sets of hypotheses is satisfied:

a.

LET' R = [ (R0 My 1y’ V)

(F,I[},¢“;z,p”49,m) -pseudosounivex at ¥ 4, is increasing,

and¢,(0)=0 ’ L (e g
2. For each L€ 6> A VW AT) (o

(F,pB,4,,7, p,,0,m)-quasisounivex at x* g is
14.(0)=0
3. 2Zewp@a20 forall y ¢ ;

1. For each is strictly

increasing, and

b.

1. For eachteL , &—ILE&u* v w2%) is prestrictly
(F,B.¢.7,p,.0,m)" quasisounivex at is increasing, and ;
sMoWis ks Fys Vs

$,(0)=0

2.  For each
(F,p.4,,7, p,,0,m) -pseudosounivex atx*,d,
andg,0)=0 ;

FEMALE > AEVWRI (o

is increasing,

3.2, P (56X 20 forall xeF ;
C.

1. for eachte L ,&—I1,(&,u*v¥,w*,A%) is prestrictl
y
(F,ﬁ,ﬁ,”,pﬁg,m)-quasisounivex atx*,gb, is increasing, and

$,0)=0
2. foreachre M\L,&— A (E,v*,w*,2%) is -quasisounivex at

is (F,p, ¢n”a O 0,m) x*’¢t increasing, and ¢,(0)=0;

3-ZreMpz(x,X*)ZOfOI‘ allxeF ;

d.

1. For each tel, & IL (G u*,v¥, w, A%)

is strictly
(F,pB,d,,7, p,,0,m)-pseudosounivex at x*, for each t € L,
4 5 - Hr (é’u*ﬂ V*, W*7 /’l*) iS preStriCtly (F7ﬂ3¢{7n.9pta 67m)
-quasisounivex at x*, and for each ¢ ¢ 7, , is increasing and

, $,(0) =0 where {L1, L2} is a partition of L;
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2. For eacht€M\L,&— A (5 V5w A% is  strictly
(F,B.¢,,7, p,,0,m) -pseudosounivex at x*,

nd 4,(0)=0°
3. ZteMpt(x’x*)ZO forall xeF;

is increasing,

e.
1. Foreach €L #0 & L (S u*v¥, wH, 4%) strictly
(F.,pB.¢.7,p,,0,m) - pseudosounivex at x*, for each re[,

& T1,(&,u*,v¥, w¥, A¥), is prestrictly (7, 5.4.7,p,.0,m)
-quasisounivex at x*, and for each ¢ € [, , isincreasing and

#,(0)=0, where {L1, L2} is a partition of L;

2. For each ! eM\L,S _)Az(gﬁ‘}*v w¥, %) is
(F,ﬁ, ¢,, 71',/0,,49,”1) -quasisounivex at x*, é is increasing,
and; ¢’(O) =0

3.3 u P (x>0 forall x e IF;

f.

1. Foreachf € LTl (f,u*,v*,w*,l*)‘ isprestrictly
(F,B.¢,,7,p,,0,m) _quasisounivex at x*, is increasing, and ;
$,(0)=0

2. Foreach 1€ M\L) #¢ te M\L,&E— A, (E,v*,w¥)
is strictly (F,pB.4,,7,p,,0,m) pseudosounivex at x*, for
each te(M\L),, &—-A&viwY is (F,B.¢.7p,0,m)-
quasisounivex at x*, and for each t € L, is increasing ¢,(0) =0
and, where {(M\L),, (M\L),} is a partition of M\L;

3. ) e 2, (x,x%) 0 for all xeF;

g.
1. For tel, &I u* v ws A% s
(F,B.9,7,p,,0,m)-pseudosounivex at x*, for
tel,, &I (&u* v ,w* A1*) is prestrictly
(F,ﬂ%,”’pﬂg’m)-quasisounivex at x*, and for eacht € L, is
increasing and , where {L,, L} is a partition of L;

teM\L,E— A (EVEwY) s
-pseudosounivex at x* for

each

each

2. For

(F,B.¢,.7,p,,0,m)

te (M\L), - A, (&,v*,w¥) 1S (F,B.4,,m, p,,0,m) -quasisounivex
atx* and for each , isincreasingand (0) =0, where {(M\L),,

(M\ L),} is a partition of L;

each strictly

each

3. Z et P (2,x%) = 0 for all x€F;

AL #0 0 (M\L), %07 Y P (x>0
Then x* is an optimal solution of (P).
Proof (a)

Suppose to the contrary that x* is not an optimal solution of
(P). This implies that

fi(x)-Ag,(x)<0, i€p,

for some X € F' . Since u* >0 and 3" = (), we see that for
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each te L,
2 ulfiE@)-Ag,(D)]<0
iel,
Now using this inequality, we see that
I, (%,u*0%, @, 2%) = 3 [ () = A% g (D)]+ 2, 0,G, (D) + 3 wiH, (%)

iel, jed, kek,

<2l =2*&@)] (by the feasibility of ¥ )

<0 (by (2.12))
=D [f(F)-A*g,(D)]+D. UG, (F)+ > w H, (x*)

iel, jed, kek,
(by (2.3), (2.4), and the feasibility of x*)
= Ht (x*a M*, V*a W*a ﬂ’*)a

and hence D, (I, (x*, 0, v¥, w, %) =TT, (%, u*, v, w¥, A%)) < 0,

which in view of (i) implies that
F(&,x% B, x¥) ] [Vf,(x*) = 2* Vg, ()] + D 0V G, (x) + 3w VH, (x*)})

iel, jed, jed,

Ha(®,x*), Q2 u [V2 O]+ D 0 VPG, (x¥) + 3wV H, (x¥)z %)

iel, JjeJd, kekK,

*%<Z*, D[V, (]+ 2 0 V3G, (x¥)+ 3w,V H, (x¥))z *> <=p, (X, [[0(x, X |" .
icl, jed, keK,

Summing over and using the sublinearity of F'(x, x*; ., we
obtain

F(Z,x% B(5,x%) (> u] [Vﬁ(x‘)—ﬂ‘%(x‘)]@{zvjVG, ()+Y wVH, (x‘)}})

teL | jed,

(7 (%, x*),Z[Zu;[Vz f(x)-2Vg, (x*)]+}+ SVVIG(x)+ Y WV H, (x)}z")

teL | iel, jed, kek,

—%<z*,z{zu,‘[vz [ =2V, (O+ D viVIG,() + Y WV H, (x*)}}z*>

tel iel, Jjel, kek,
<=2 A EM 06" (2,13)
As shown in the proof of Theorem 2.1, for each e M /L,

A,V W) SA (X)),

and so

¢t (Az (xa U*a W*) - At (X*a U*a W*) < 05
which in view of (ii) implies that

& (A, (x, 0%, w¥) — A, (x*, 0%, w¥) <0,

+<7z(x,x*),[z viVG (x)+ Y wVH, (x*)]z*>

jeJ; kekK,

_;<z*,(x, XL 0VG,(x)+ Y wVH, (x*)]z*>

JjeJd, kek,

Summing over ¢ ¢ )\ / [, We get

F(x,x 5 8(3,x7) ), [D viVG,(x)+ Y wVH,(x)])

teM\L jeJ, kek,
+<7r(x,x"), DD VVG(x)+ D). wVH, (x*)]z*>
teM\L jeJ, kekK,
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Lz, D IDVVG () + Y wVH (x)]Z

2 teM\L jeJ, kek,

<=3 pE0E I

teM\L

(2.14)

Combining (2.13) and (2.14) and using (iii), we obtain
FE,x"5 B V()= A* Vg, ()]+ D uVG,(x)+ D wVH, (x)})
i=1 j=1 k=1

+<7r(x,x*), {Zp: w [VLE(x) = A Vg, (x)]+ Zq:u;VG_/ )+ Zr: w,VH, (x*)}z*>
—;<z‘,{fu;‘[vjﬁ(x‘)—/1*Vg,.(x*)]+Zq:u;vcj(x*ﬁZr:w;VHk(x*)}z‘>
i=1 Jj=1 k=1

<= pExX) 160, x)|" <0,(2.15)

teM

Now if we multiply (2.1) by g(x,x"), apply F(x,x;) to
both sides of the resulting equation, using the sublinearity
of F(x,x*;-). and adding this equation to (2.2), we obtain the
following inequality:

* * P o« * * * 9 « * ook *
PG RO V() =4 Ve, 0]+ 2 VG )+ X wiVH ()
i= j= =

®* P ox o % *_2 % 4 *_» * I x_n *_ %
+Hw(ex ), X u [V fi(x )=A Vogi(x )+ X vJ-V Gj(x X WV Hp(x )z
i Jj=1 k=1

i=1

1 ®« Pk o ® 0k 1 * 4 x_2 * I % _o * ok
511 AZui [VEfi(x )=A VIgi(x )+ X viVoGi(x )+ X wgViHp(x )z )20
i=1 Jj=1 k=1

Concluding Remarks

Based on Dinkelbach’s parametric model [1], we have
established numerous sets of higher order parametric sufficient
optimality criteria for a discrete minmax fractional programming
problem using a variety of generalized (F,p,¢,7,p,0,m)
-sounivexity constraints. These optimality models can be applied
for constructing various duality models as well as for developing
new algorithms for the numerical solution of minmax fractional
programming problems. Furthermore, the obtained results
generalize most of the results available in the current literature,
and are application-oriented in the sense of interdisciplinary
research. More importantly, duality models do have a
significant role in the semiinfinite aspects of the mathematical
programming, for example, the following semiinfinite minmax

fractional programming problem:

@ @ This work is licensed under Creative
Commons Attribution 4.0 Licens
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Minimize

max 7f’ (x)
I<i<p g;(x)

subject to G, (x,t)SO for all €7, J€4; H, (%.5)=0 for all
seS, kers xe X where X, fi, and gi, , are as defined in the
description of (P), for each j €¢q &—>G,(&,¢) and , Tj and Sk
are compact subsets of complete metric spaces, for each , isa
real-valued function defined on X for all re7,, E—>H, (§,s)
for each jegq ,is areal-valued function defined on X for all , for
each ¢, 155G, (x,) and s> H, (x,5), and are continuous real-
valued functions defined, respectively, on T, and S, for all x€X.
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