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Abstract
In this paper some of the mathematical and statistical properties including mean deviations, order statistics, Bonferroni and Lorenz
curves, Renyi entropy measure and stress strength reliability of two-parameter Lindley distribution (TPLD) introduced by Shanker et al.
[1] have been discussed. The goodness of fit of TPLD has been discussed with two real lifetime data and the fit has been compared with
three parameter generalized Lindley distribution (GLD), two parameter gamma, Weibull and Lognormal distributions and one parameter
exponential and Lindley distributions.
Keywords: Mean deviations; Order statistics; Bonferroni and Lorenz curves; Renyi entropy measure; Stress-strength reliability; Goodness
of fit
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Introduction f(x0,a)= 09 (I+ax)e”™ ;x>0,0>0,a>-0 (1.3)
+a
The probability density function (p.d.f) and the cumulative
distribution function (c.d.f.) of Lindley distribution, introduced F(X;ﬁ,a)=1—[%}’”;x>o,6>0,a>—0 (14)
by Lindley [2] in the context of Bayesian analysis as a counter e i
example of fiducial statistics, are given by - o
2 o Pdf ol TPLD el afa=0.05 ” ] Pﬂ‘olTPLDa]a\;a:Gﬁ
x0)=——(1+x)e®™ ;x>0,0>0 (1.1 o | T es o | et
S (60) =g (1+x) (1.1) 8 s | 5 " * petets
£ 7 theta=2 = ela=2
Q. theta=3 24 hela=3
ox | J i, thela=4 J ela=4

F(x;9)=1—[1+m}e x>0,0>0 (1.2) o] . ——ﬁa-_._—lwﬁ-—‘ i . . ‘
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The detailed study about its mathematical properties, " o 0 B ? ’
estimation of parameter and application showing the superiority o ' o !

. o . o o PA O TPLD at =5 « Paiof TPLD atafi=10
of Lindley distribution over exponential distribution for the o — thea=05 o | — theta=05
waiting times before service of the bank customers has been L . Tl . R
done by Ghitany et al. [3]. The Lindley distribution has been | = ] pee N ; o
generalized, extended and modified by different researchers ° i °
including Zakerzadeh & Dolati [4], Nadarajah et al. [5], Deniz & e . . . e T T .
Ojeda [6], Bakouch et al. [7], Shanker & Mishra [8,9], Elbatal et " ” " " o w v b " o
al. [10], Ghitany etal. [11], Merovci [12], Liyanage & Pararai [13], o ! . '

. i & Paf of TPLD at afla=20 - Pl of TPLD at alfa=30|
Ashour & Eltehiwy [14], Oluyede & Yang [15], Singh et al. [16], g_| T peas — w05
=1 = theta=1
Sharma et al. [17], Shanker et al. [18], Alkarni [19], Pararai et al. g2 { :,“::;Z%ﬂ = T hets
hela= R E— 2=
[20], are some among others. The probability density function 3~| S ° e et
. . . . . o | ———— o | g s
(p.d.f) and cumulative distribution function (c.d.f) of two- Sl T T T S T w
00 05 10 15 20 oo 05 10 15 20
parameter Lindley distribution (TPLD) introduced by Shanker . .
etal. [1] are given by Figure 1:Probability density function of TPLD for varying
values of the parameters 6 and a.
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At a=1, both (1.3) and (1.4) reduce to the corresponding
expressions (1.1) and (1.2) of Lindley distribution. The nature
and behavior of TPLD (1.3) for varying values of the parameters
and have been presented graphically in the Figure 1. It is
clear from the graphs of the p.d.f of TPLD that TPLD is always
positively skewed.

The th moment about origin of TPLD (1.3) obtained by
Shanker et al (2013) is given by

o rli(@+a+ar) 123
==
b =g ra) T (L)

It can be easily verified that for =1, &' reduces to the
corresponding 4. of Lindley distribution (1.1).

The first two moments about origin and the variance of
TPLD introduced by Shanker et al (2013) are given by

r_ 0+2a (1 6)
M 00+ a) '
. 2(0+3a)
" "0 (0+ra) (1.7)
_@+40a+2a°
e (0+a) (1.8)

At «a =1, these moments reduce to the corresponding
moments of Lindley distribution. Shanker et al. [1] have derived
and discussed some of its statistical and mathematical properties
such as shape, moments, coefficient of variation, coefficient of
skewness and kurtosis, hazard rate function, mean residual life
function and stochastic orderings. They have also discussed
the estimation of its parameters using maximum likelihood
estimation and method of moments and its goodness of fit over
exponential and Lindley distributions. It has been observed that
many important mathematical properties of this distribution
have not been studied.

In the present paper some of the important properties
including mean deviations, order statistics, Bonferroni and
Lorenz curves, Renyi entropy measure and stress strength
reliability of TPLD of Shanker et al. [1] have been derived and
discussed. Its goodness of fit over three parameter generalized
Lindley distribution (GLD), two parameter gamma, Weibull and
Lognormal distributions and one parameter exponential and
Lindley distributions have been illustrated with two real lifetime
data sets and found that TPLD gives satisfactory fit.

Mean Deviation about Mean and Median

The amount of scatter in a population is measured to some
extent by the totality of deviations usually from mean and
median. These are known as the mean deviation about the mean
and the mean deviation about the median defined as

086

@(X):I""”‘f(")d" and ‘SZ(X):{‘X’MWX)‘]X , respectively, where
u=E(X)and M =Median (X) The measures 4,(X) and &.(¥)can
be calculated using the following simplified relationships

©

(=) (x)dve [ (x=p)f (x)dx

"

5,(x)=

S t——x

:/_tF(y)7]£xf(x)dxfy[lfF(,u)]+J.xf(x)dx

= 2;1F(;1)72/1+2Txf(x)dx

"

=2uF (p)=2[x f (x)dx (2.1)
and
52(X):I(M—x)f(x)cix+i(x—M)f(x)dx
:MF(M)—fo(x)dx—M[l—F(M)]+I;xf(x)dx
=—,u+2Txf(x)dx

M

=,u—2-[xf(x)dx

0

Using p.d.f. (1.3), and expression for mean of two-parameter

(2.2)

Lindley distribution, we have
u {02(ayz+,u)+2a9,u+(2a+€)}e’”“

_(.;xf(x)dx:,uf o(0+a) (23)
Mo O (aM’+M)+2a0M +(2a+0)je ™
!xf(X)dx—#{ ( )0(9+a) } (2.4)

Using expressions from (2.1), (2.2),(2.3) and (2.4) and little
algebraic simplification, the mean deviation about mean, &, (.X)
and the mean deviation about median, 5,(X) of TPLD (1.3) are
obtained as

2(afu+2a+6)e (3.5)
3(x)= 9(6+a)
and
52()():2{02(11MZ+M)+2a0M+(2a+¢9)}e’gM . 36

9(9+a)

It can be easily seen that expressions (3.5) and (3.6) of
TPLD (1.3) reduce to the corresponding expressions of Lindley
distribution at a =1.

Distribution of Order Statistics

Let X, Xy X, be a random sample of size from two-
parameter Lindley distribution (1.3). Let Xy <Xy <. <X,
denote the corresponding order statistics. The p.d.f. and the c.d.f.

of the k' order statistic, say Y = X(k) are given by
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respectively, for k=123 ... n-
Thus, the p.d.f. and the c.d.f of the th order statistics of TPLD
(1.3) are obtained as
k+1-1
e’g“i|

n0’ (1+ax)e™ "’k[n;kj(_l)zx[l_€+a+a9x

S rrem s ey ora

and

n i (n\(n—j ! O+a+alx _,, !
Fo(y)= -y 1-—==
V() j:k/:o(jj( I J( ){ 0+a ¢ }

It can be easily verified that the expressions for the p.d.f.
and c.d.f. of the th order statistic of TPLD (1.3) reduce to the
corresponding expressions for the th order statistic of Lindley
distribution at a=1.

Bonferroni and Lorenz Curves and Indices

The Bonferroni and Lorenz curves [22] and Bonferroni and
Gini indices have applications not only in economics to study
income and poverty, but also in other fields like reliability,
demography, insurance and medicine. The Bonferroni and
Lorenz curves are defined as

B(p)=ijf(x)dx=Lﬁxf(x)dx—jxf(x)dx}=L{y—]xf(x)dx} 4.1)

and L(p):i;[xf(x)dx:iﬁxf(x)dx—](‘xf(x)dx}:%[/I—]ixf(x)dx:l

0 9 q

(4.2)

Equations (4.1) and (4.2) can also be expressed as

Ly 43
B(p) pﬂ!F (x)dx (4.3)
and L(P)ZLJ.Fil(x)dx (4.4)

H

respectively, where y=FE(X) andg=F"' (p) .
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The Bonferroni and Gini indices are thus defined as
1
B=1-[B(p)dp (4.5)
0
1
and G=1-2[L(p)dp (5.6)
0

respectively.

Using p.d.f. (1.3), we get
{92 (aq’ +q)+2a0q+(2a+0)}e"9”

Jes ()= (5.7)
:!.xf(x)dx_ 9(9+a)
Now using equation (5.7) in (5.1) and (5.2), we get
B(p)=1{1_{92(aq2 +q)+2a0q+(2a+g)}efoq (5.8)
p 0+ 2a
O (aq’+q)+2a0q+(2a+0)te”
" L(P):l—{ ( ) } (5.9)

0+2a
Now using equations (5.8) and (5.9) in (5.5) and (5.6), the

Bonferroni and Gini indices of TPLD (1.3) are obtained as

{6’2 (ocq2 +q)+2a 0q+(2c +9)} e

B=1— (5.10)
0+2a
2{92 ((zq2 +q)+2a9q+(2a+9)}e’gq
G=-1+ 5.11)
0+2a (5.

The Bonferroni and Gini indices of Lindley distribution are
particular cases of the Bonferroni and Gini indices (5.10) and
(5.11) of TPLD (1.3) for gy =1 .

Renyi Entropy

Anentropy ofarandom variable X isameasure of variation
of uncertainty. A popular entropy measure is Renyi entropy
[21].1f X is a continuous random variable having probability
density function f(.) , then Renyi entropy is defined as

T, (y):ﬁlog{J‘f’ (x)dx}

where.7/>0 and 7/-‘#1

Thus, the Renyi entropy for TPLD (1.3) can be obtained as

Ji(2fvrorera]
B e

s NV .
- log ( 4 J Z(Zjﬂ’je‘g”x’*”dx
-y O+a) T\J) 3
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2 J ;
> T(j+1
LI S (G ) o 04 [gj (J _H)
-y 0\ O0+a) T\ j)\O ( )’
The Renyrentropy of Lindley distrlgutio is a particular case
of the Renyi entropy of TPLD at ¢ =1.

Stress-Strength Reliability

The stress- strength reliability describes the life of a
component which has random strength that is subjected to
a random stress . When the stress applied to it exceeds the
strength, the component fails instantly and the component will
function satisfactorily till X >Y . Therefore, R=P(Y<X) is a
measure of component reliability and in statistical literature it
is known as stress-strength parameter. It has wide applications
in almost all areas of knowledge especially in engineering such
as structures, deterioration of rocket motors, static fatigue of
ceramic components, aging of concrete pressure vessels etc.

Let X and Y be independent strength and stress random
variables having TPLD (1.3) with parameter (91,051) and
(02,0(2) respectively. Then the stress-strength reliability R can
be obtained as

R=P(Y<X)=[P(Y<X|X =x)fy(x)dx

0

f(x:6.0).F(x;0,,a,)dx

S =8

0 [,0,(6,+2,)+0,(6,+,) (6, +3,)+ 6, (20, + &, + 221, ) + 6,° |
(6, +a,)(6,+a,)(6,+6,)
The expression of stress-strength reliability of Lindley

distribution is a particular case of the expression of stress-
strength reliability of TPLD (1.3) at.¢, = a, =1

=1-

Maximum likelihood estimate (mle) of parameters

Let (x19x23x37 ,xn) be a random sample from TPLD (1.3).
Let f, be the observed frequency in the sample corresponding to
X =x(x=1,2,3,..k) such that fo =n,where is the largest observed
value having non-zero frg(lquency. The likelihood function, of
TPLD (1.3) is given by

02 ’ z s
L= H(1+ax) e

O+a ) i3

The natural log likelihood function is thus obtained as

k
InL=nn& —nln(O+a)+> filn(l+ax)-ndx
x=1

where )? is the sample mean.

The maximum likelihood estimate(MLE) (é,d) of(e,a) of
TPLD (1.3) are the solutions of the following equations
olnL _2n « _
06 6 6+a

X :0
O+a “Sl+ax

OolnL n £ox
=— +
oa Z

'

It can be easily seen that equation (8.2.3) givesﬁﬁwl
, mean of TPLD. The equations (8.2.3) and (8.2.4) do not seem
to be solved directly. However, Fisher’s scoring method can be

applied to solve these equations iteratively. We have

621nL__2_n+ n
00° 0 (0+a)
o°’InL n

80dca (6+a)

o’logL n &
o’

- _ X/
(¢9+a)2 = (1+ax)2

The MLE (é,d) of (9,0:) of TPLD (1.3) are the solution of
the following equations

o’'InL &L

oL
00  000a 6=6,| | a0

&L &InL d=a,| |0InL

0000 0’ i, da 1=

N d=a,
a=ay o

where 0, and o, are initial values of as given@anda by the
method of moments. These equations are solved iteratively till
sufficiently close estimates of f andg are obtained. In this
paper, R-software has been used to estimate the parameters for
the given data sets.

Goodness of Fit

In this section, we present the goodness of fit of TPLD for
some real lifetime data sets and the fit has been compared with
three parameter generalized Lindley distribution (GLD), two
parameter gamma, Weibull, and Lognormal and one parameter

exponential and Lindley distributions. The probability density functions of the three parameter and two parameter distributions

considered in this paper are given in Table 1.

Table 1: Probability density functions of the considered distributions.

Distribution Probability Density Function
9a+1 xarfl Y
x,0,a,f)=——(a+fx)e"";x>0,0>0,aa>0,8>0
GLD A ) r(a+1)(ﬂ+0)( Bx) s

(11:2:]
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Gamma f(x;@,a)Zg—xaflefgx;x>0,5>0,0(>0
I (a)
Weibull f(x6,a)=a Ox* e x>0,60>0,0>0
_l(logxfé')z
Lognormal f(x:0,a)= e * ) :x>0,0>0,a>0
ax\2rw

Table 2: MLE'’s, -2In L, AIC and K-S Statistics of the fitted distributions of data sets 1 and 2.

ML Estimates K-S
Model A . . -2InL AlC Statistics
0 a B
TPLD 0.0622 0.1559 | - 128.21 132.21 0.095
Gamma 0.052 1442 | e 128.16 132.16 0.100
Weibull 0.034 1306 | e 128.04 132.04 0.451
Data 1 Lognormal 2.931 1.061 | e 131.23 135.23 0.161
Lindley 0.0702 | e | e 128.81 130.81 0.110
Exponential 0.0363 | e | e 129.47 131.47 0.156
GLD 0.064 1.203 0.083 128.16 134.16 0.095
TPLD 0.0108 0.1288 Sons, New York. 30491 30891 0.133
Gamma 0.010 1794 | @ - 15 20488 38 30838 61 0.13p6
Weibull 0.005 1.414 86 ----- 98 38489 144 30849 157 0.697
Data 2 Lognormal 4.880 0.891 175 176 18917 180 31398 220 15424
Lindley 0.0112 | - EEI . 264 36201 321 303 653 9129
Exponential 0.0056 | - | e In order30@i1&ompare distri®utions, —2 pd2 , AIC
GLD 0.012 1.505 (Akajke InformatigpLriterion and379tatistics ( Kolgyogorov-

For testing the goodness of fit of TPLD with three parameter
generalized Lindley distribution, two parameter Gamma, Weibull
and Lognormal distributions and one parameter exponential
and Lindley distributions, following lifetime data sets have been
considered.

Data Set 1: The following data set represents the failure
times (in minutes) for a sample of 15 electronic components in
an accelerated life test, Lawless [23]

1.4 5.1 6.3 10.8 12.1 18.5
19.7 22.2 23.0 30.6 37.3 46.3
53.959.8 66.2

Data Set 2: The following data set represents the number
of cycles to failure for 25 100-cm specimens of yarn, tested
at a particular strain level, Lawless [23] Lawless, ].F. (1982):
Statistical models and methods for lifetime data, John Wiley and

089

Smirnov Statistics) for two real data sets have been computed
and presented in Table 2. The formulae for computing AIC
and K-S Statistics are as follows: AIC =-2InL+2k , and
K—S:Sgp\Fn(X)—Fu(x), where k = the number of parameters,
n-= the sample size and F,(x) is the empirical distribution
function. The best distribution for modeling lifetime data is the
distribution having lowest value of K-S statistics.

It is obvious from the goodness of fit given in table 2 for
three parameter generalized Lindley distribution (GLD), two
parameter gamma, Weibull, Lognormal distributions and one
parameter exponential and Lindley distributions that TPLD
competes well with these distributions and gives better fit.

Conclusion

In the present paper some properties of TPLD including

mean deviations, order statistics, Bonferroni and Lorenz

curves, Renyi entropy measure and stress strength reliability
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have been derived and discussed. The distribution has been
fitted to two real lifetime data sets to test its goodness of fit
over three parameter generalized Lindley distribution (GLD),
two parameter gamma, Weibull, and Lognormal distributions
and one parameter exponential and Lindley distributions. The
goodness of fit of TPLD shows that it gives better fit than all the
distributions considered and hence TPLD can be considered
an important lifetime model for modeling lifetime data over
three parameter generalized Lindley distribution (GLD), two
parameter gamma, Weibull, and Lognormal distributions and
one parameter exponential and Lindley distributions.
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