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Abstract

Testing units of a population one-at-a-time for the presence of a trait is expensive and tedious especially when the population is large. The
remedy is to pool the population samples into pools and test each pool for the presence of a trait. There is loss of sensitivity in pooling strategies
especially in the presence of inspection errors, and to recover some lost sensitivity is through re-testing pools classified as positive as proposed by
Monzon et al. [1]. Pool testing with retesting entails testing the pools, and pools that are classified as positive are retested be-fore being classified
as either positive or negative. This study develops a statistical pool-testing model with retesting based on Monzon et al. [1]. Retesting strategy
and generalizes it to multi-stage retesting model. The multistage model improves the efficiency of the estimators as evident via the computation
of asymptotic relative efficiency. Also studied are moment estimators of prevalence which have been shown to be correlated. Comparison with
previous studies have been illustrated through application of the model on an example on estimating HIV/AIDS prevalence of which it was

demonstrated that the proposed estimators are superior to previously studied estimators.
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Introduction

Developing countries wishing to set up programs to detect
HIV/AIDS infection have major problems of financing the costs
of expensive surveys [1]. The use of sera pooled in specific
batch size is a cost-effective approach [2]. Pool testing involves
pooling samples into pools, testing the pools, and classifying each
pool as defective or non-defective. A pool being non-defective
is taken to mean that none of the samples constituting the pool
possesses the characteristic of interest and a pool testing positive
is taken to mean that at least one of the individuals that possess
the characteristic is present. It is important however that the
sensitivity of the assay in use be maintained, especially in low
prevalence countries where identification and counseling of an
infected patient is a major preventive approach to limit the spread
of infection Monzon et al. [1]. Testing of pools made from the
prospectively collected sera started way back during the Second
World War by Dorfman [2]. The procedure has been shown to be
technically feasible, cost effective, and accurate for estimating sera
prevalence in large population surveys Kline et al. [3].

The Dorfman [2] procedure hasbeen extended and generalized.
Greater savings can be obtained by hierarchical testing schemes
[4-6]. With the stigma associated with HIV/AIDS, the procedure
is also applicable where the identity of the subject is not revealed
Gastwirth & Hammick [7]. Pool testing is twofold: the rest being
the identification of positive individuals in a large population
Dorfman [2], Nyongesa [4,5]. This is the area that has received
most attention. The second objective is estimating the rate of

characteristic of importance. This objective was championed by
Thompson [8] and also studied by Sobel & Elashoff [9]. This paper
focuses on the second objective but uses a modified design as
suggested by Monzon et al. [1].

More studies have focused on the second objective and mainly
generalized Thompson [8-13] used pool testing to estimate HIV/
AIDS prevalence cost-effectively. Xie et al. [14] demonstrated how
pool testing can reduce costs in early stages of drug discovery. On
the same subject Tebbs & Swallow [15] have discussed estimation
in ordered binomial proportions in pool testing. It has also been
observed in studies that benefited from pool-testing that pool-
testing depends on the size of the pools [16]. Pool-testing problems
where the probability of response is a composite or depends on
other variables have been studied by Hung & Swallow [17] Tu
et al. [13]. Recently, more efforts have been put in determining
optimal group sizes for instance see Ding [18,19] have developed
multi-stage adaptive pool-testing strategy of which it has been
shown to be more efficient than the ordinary pool-testing scheme.
A combination of experiments can yield better estimators in the
presence of test errors, for more discussion on the subject see
Matiri et al. [20].

For simplicity, throughout our study we shall assume that
samples being pooled are independent and identically distributed.
In addition, the tests are also independent of one another [21].
Furthermore, the sensitivity and specificity of the test kits will
be assumed to remain constant throughout the discussion. The
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rest of the paper is arranged as follows: Section 2 discusses the
design proposed by Monzon et al. [1] and others in their field of
study. Derivation of moment estimators of prevalence is provided
in Section 3. Maximum likelihood estimator of the prevalence is
presented in Section 4. Extension of the model to multistage is
presented in Section 5. Section 6 provides the discussion of the
results while Section 7 provides the conclusion to the present
study.

Design of Estimating HIV/AIDS-Prevalence in Pooled
Sera

The design that is discussed here is of pooled sera as suggested
by Dorfman [2]. However, the design differ from the classical
pool testing in that pools that test positive are given a second
test (duplicate test) as suggested by Monzon et al. [1] in their
experiment as shown in Figure 1. In the pooled sera testing design,
a population under investigation is of size f say pooled into n pools
each of equal sizes k. The n constructed pools are then subjected
to testing. Pools that test negative are dropped from further
investigation. Pools that test positive are given a second screen
test (duplicate test), and pools that test positive on duplicate test,
constituent components are subjected to screening as shown
diagrammatically in Figure 1. For purpose of estimating HIV/AIDS
prevalence in a population pooled into n pools, we need not subject
pools that test positive on the duplicate test to individual testing in
order not to reveal the identity of the subject [7]. One would wish
to subject pools that test positive initially to Western Blot (WB) or
a Gold Standard test [22] but due to high cost associated with it, it
is too expensive for most developing countries to mount surveys
where the Gold Standard Tests are employed. Hence, more savings
can be attained by just using the duplicate tests as re-ported by
Monzon et al. [1] and in fact the duplicate test will minimize the
error of misclassification [4].

e N

Figure 1: Anti-HIV testing strategy of pooled sera using enzyme
immuno assay [1].
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The Moment Estimators of Prevalence

Having introduced the model to be used in estimating HIV/
AIDS-prevalence, we are now in a position to develop moment
estimators. First, we establish the probability of importance in
our discussion. These probabilities will be the cornerstone of our
analyses. The derivation of the probability of declaring a pool as
positive is

7(p)=(1=(1-p) ) +1-p) -9 §8)

Where 77 is the sensitivity of the test, and @ is the specificity
of the test by sensitivity we mean, the probability of correctly
classifying a positive pool or individuals whereas specificity
means, the probability of correctly classifying a negative pool
or individual. These two parameters will be assumed to remain
constant in the entire study, and if they are not known they can be
estimated from the experiment. For example, let X, pools be known
to be defective while X, pools are known to be non-defective. (X,
+ X, = n): The pools X, and X, are subjected to testing as if their
status were unknown but with the sole purpose of estimating
77 and ¢ . Suppose X1* pools out of X, tests positive while X;
pools out of X, tests negative when the experiment is carried out,
then the estimators of 7 and ¢ are obtained as 7 =X, /X, and
$=x,/X, respectively. Derivation of (1) is accomplished by the
law of total probability. Notice that (1) is a composite probability,
which is a function of sensitivity, specificity, pool size and the
prevalence of the disease p. We also know that 2 €[0,1] and for
given and greater than 0.5 as it is the case in practice (sensitivity
and specificity are always high). So,

(-9 <z(p)<n’ 2

Hence 7,(p) is a bounded continuous function of p. Now the
probability that a pool tests positive on the test instance and
negative on re-test is

7,(p) =1~ 1-p) -+ 1~ p) g1 - 9) (3)

Clearly, (3) is also a function of p. Hence it can be used
to estimate the prevalence as it will be shown later. As in the
discussion of (2), we also have

p1-g)<7,(p)<nl-1) (4)

Finally, the computation of the probability of declaring a pool
as negative, denoted by 7, (p), is given as
7 (p)=1-4,(p) =9, (p)

=0-0-p) 10-m+a-p)'y ©)
It then follows that 7;(p) is a bounded function of p
p<m(p)<d-n) (6)
That is to say
77S¢1(P)+”2(P)Sl—¢ (7

In this case, the model of interest is a multinomial. The
multinomial model can be put into the exponential form and the
moments easily derived. This is because multinomial distribution
belongs to the exponential family (Lehman & Casella, 1995: pp.
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25). The likelihood function is given by

Lplxnp) e a (PP (1-m-np) ®)

where x, are pools classified positive, and x, are pools declared
negative by the duplicate test, x = (x, x,)'. Model (8) is of interest
because our estimate of prevalence p will be based on it. We obtain
the moment estimate of p from (8). As noted earlier, (8) belongs to
exponential family. Thus, we have

E(X,) = nz (p)

E(Xz) = nﬂ’-2(p)

)

Equation (9) implies that #,(p)=x/n and #,(p)=x,/n
respectively. We are now in a position to provide ways of
estimating the prevalence p. There are three such ways. The first
moment-estimator of p is based on (1) and is given by

1

_ 4 k

o) 1AW (10)
b 2 2
n-Q10-¢

The moment estimator of p provided by (10) is not valid for

n=1-¢ or n+¢ =1; aresultalso observed by Brookmeyer [6] that

n+¢>1 In such a situation, Equation (10) is valid. The second

moment-estimator of p is derived from (3) is given by
1

i { n(l=m)-#,(p) }k
pz =l-y———
n(-n)-¢(1-9)
Equation (11) is not valid for ¢(1-4) =7(1-#), hence it will only
hold in situations where ¢(1-¢)#n(1-7). Notice that 7 is a poor
estimator of p and the assertion is evident in Figure 2. In most
practical HIV/AIDS testing situations, z,(p) is roughly zero, thus

making the estimator a function of sensitivity and specificity as it
can be seen in (Figures 2 & 3).

(11)
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Figure 2: Plots of ,(p) and ,(p) as a function of prevalence rate for 7] =0.7, ¢ = 0.98 and for pool sizes k=10, 20, 30, 50 and 100.
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Figure 3: Plots of 7, (p) and 7, (p) as a function of prevalence rate for n = ¢ =0.99 and for pool sizes k = 10, 20, 30, 50 and 100.(
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Figure 4: Plots of 7, (p) and 7, (p) as a function of pool size for n=0.7,$ =0.99 and prevalence p =0.1; 0.15; 0.2 and 0.25.( 7, (p) = ﬂz(p) =
)
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Figures 2 & 3 provides the plots of #(p). and 7,(p) versus (l,p)z,rl(p)(l,” (on-p
the prevalence rate p for some selected pool sizes, sensitivity ( htZ, e (11 ) (14)
a k> (- (1—

1) and specificity (¢ ). From the figures we observe that z,(p),
and 7, (P) increases with increase in p for »<05 . For 7=07 and
¢ =0.99, changes in 7,(p), and z,(p) remain constant for p > 0.5
and ? > 04 respectively for all used group sizes. Also, we observe
that =,(p), remains invariant at about z,(p)=0.5 while 7,(p)
remains invariant at about z,(p) 0.2 as shown in Figure 3. Notice
that 7,(p) vanishes with increase in 7 —>1 whereas 7,(p) =1
for all investigated pool sizes. This illustrates that 7,(p) is a
poor estimator of p when sensitivity and specificity are high as
illustrated in (Figure 3 & 4).

Plots of 7 (?) and 7, (p) versus pool size (k) for some selected
7, ¢, and prevalence rate p are provided in Figure 4 above. For pool
size of more than 50 variation in both 7,;(?) and 7,(P) remains
constant for 77 =0.7 and ¢ = 0.99. This suggests the use of small
pool sizes as is the case in practice. A third moment estimator of

pis
1
5 :1_{n—ﬁl<p)—ﬁ2(p>}k
’ p+n-1

With ¢ +7 > 1. As in the case of 7> P is the worst estimator
of the prevalence. This can be checked by plotting 7;(p) versus p.
It is insensitive to variation in p, making it the worst estimator.
Therefore, this rules out two estimators namely b, and P; as

(12)

possible candidates for estimating the HIV/AIDS prevalence. Only
one candidate p,, is the ultimate choice for moment estimator of
the prevalence and its variance is
(=P 7 (P =7, (PN -p) "
nk’(n" =(1-9)")"
The confidence interval (CI) for the estimator of p utilizing p,
as the possible candidate estimator is

Var([al) =

(13)
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While the pool sizes that can minimize the variance can be
computed from
¢ _[aemin)[ 0=z, -7, ()01-p) as)
C K nk (" ~(1-9)°)"
Solving for k can be easily achieved by in build MATLAB
functions as shown in Example 1. Now, writing the likelihood

model (8) into the exponential form as
1n1(p)7r2(p)J

L(.) « exp nlog(z,(p)) + x, log [ﬂz(ll)j +(n—x - xz)log(
7 (p)

7 (p)
(16)
from which (10) can be derived. Also, it can be easily seen that
nz,(p)A-z(p), if

Cov(x,, xj) =
—ﬂﬂi (p)ﬂ-/' !f

Note that we assumed tests to be independent but we have

i=j
(17)
i#

obtained estimators i.e. the moments-estimators of p that are
dependent. That is to say, our estimators (10), (11) and (12)
are correlated under some defined conditions. The variance
covariance matrix of the moments estimators of p can be obtained
by delta method [23] and it is given by

where 1-¢=n or n+¢>1. Also, note that if 1-¢>7n,we
shall have negative correlation otherwise if (1-¢) <7 as is the
case in practice. We shall have positive correlation between the
probabilities 7;(p) and 7,(p),i= j. For the computation of the
bounds on the bias, we apply Taylor’s series expansion of Pi> Py
and Ps at about %1, %, and #,, respectively. The inequalities are

obtained as

. (k ~ 1) var(#, (p)) 5
E(h —p) < 2T (18)
R R ST
By - p) s — e DB 2 (19)

260" [n(1 - 1) - (1 - P’
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And

-2

(k = Dlvar(#| (p)) + var(7, (p)) + 2 cov(#, (p), 7, (p)) N
26 I+ p-17
Applying the inequality E( x| <{E(x’)}**on our moment
estimators of p, we have forp=0and ¢ <1

E(py=p) < 0n?)  (20)

X a-¢° . 21)
E <———+0
O i —ase )
1- _
Epps— 0 o (22)
knl (1= ) - 91 - P)]
And
. ¢ o
E <—+0
(029 kn[n+¢—1]+ (n ) (23)

To compute the confidence interval (CI) of our moment
estimators 2, and P, we use

512, /ﬂl(f)(l—frl (f))
P A O )

And
b1z, /ﬁz(p)(lfﬁz(p))
S \n(=m-¢(-9)
respectively. The computation of CI can be easily implemented

in statistical software as the estimates and P, can be easily
obtained by statistical software.

Maximum Likelihood Estimator and Asymptotic
Variance

Several moment estimators of prevalence have been
presented in the preceding section. In this section, the objective is
to compute a maximum likelihood estimator (MLE) of p. The MLE
of p is traditionally obtained by maximizing/minimizing log L (.)
as provided in (8). If it exists, it is unique. Our MLE of interest is
computed from

51 (arg min j
p=1=
q

{expmg(ﬁl () +x, 1og[”2 (’J)] (=, v, )log (1”(”)”(”)]} 24)

1 (p) 4 (p)
The asymptotic variance of our estimator (24) is given by

() - (=) 7 (2)7 (P) (-7 (p) -7 () (1-1)
Where

7 (p)1-7,(p) [772 -(1 —¢)2}
y=n|m, (p)(1-m (p)) [0 (1-0)-6(1-9)]

25, (p) ()] 7 ~(1-6) W (1-1) - 6(1-9)
For individual testing, as is the case in practice, (25) becomes
I L GO G) IGO0

S

Where f is the population size. Now, with (24) and (25) at
hand, the CI for is given by

(25)
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pizﬁ

y

Jopf 5 (r)(1-5) = () (1-0) "

With z ~ normal (0.1).

For large sample size, i.e., n— oo, we have

Jn(p - p) - normai (0, 4),

Where A:\'ar(i?) as provided by (25). For the MLE of p
obtained in (24), we have

L(i)\zan%n)ZL(p\z,n,cﬁ,n)

For large samples, under the assumption that the distribution
tends to normality as given in (26), the estimator is the most
efficient for p. Similarly, it can be easily seen that it is a sufficient
estimator of p. The bias in an estimation problem is a measure of
how much error we have on average. In our estimation, when we
use the computed in (24) to estimate the prevalence p, the bias is
given by

bias(ﬁ) = E(f’) -P

Notice that the computation of E(f’) from (24) is not that
easy. If our estimator was unbiased, then the expected value of
the estimator would be E(P) = p; implying that bias p = 0: On the

other hand, the mean squared error (MSE) of a given estimator is
defined by

st (2) - £[ (- o)

Computation of the bias and MSE in this problem can be
accomplished by Monte Carlo simulations.

(26)

(27)

(28)

Example 1: In this example we provide a brief history of HIV
and AIDS in Kenya. Between 1983 and 1985, 26 cases of AIDS were
reported in Kenya. Sex workers were the first group affected. A
study from 1985 reported an HIV prevalence of 59% amongst a
group of sex workers in the capital city Nairobi. Towards the end
of 1986 there was an average of four new AIDS reported to the
World Health Organization each month. This, totaled 286 cases
by the beginning of 1987, 38 of which had been fatal. One of the
Kenya Government’s first responses was to publish informative
articles in the press and launch a poster campaign urging people
to use condoms and avoid indiscriminate sex. A year later in
1988, the minister of Health announced a year-long health and
education programmers, funded by development partners to the
tune of sterling pounds 2 million. By 1988 HIV appeared to be
spreading rapidly among the population. An estimated 1.2% of
adults in the capital city of Nairobi were infected with the virus,
and HIV prevalence among pregnant women in the city had
increased from 6.5% to staggering 13% between 1989 and 1990.
By 2000 an estimated 100,000 people had already died from AIDS.
And around 100 in 1000 (1 in 100) people were infected with HIV
and AIDS. There have been deterring efforts in the fight of HIV
and AIDS in the country and in 1999 it was declared a national
disaster and the formation of National AIDS control council that
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was formed with the sole purpose of mobilizing resources in
combating HIV/AIDS [24]. To estimate the prevalence of HIV/
AIDS in the Kenyan population using the proposed testing scheme,
we assume that the test kits in use have sensitivity and specificity
of 95%. The population is pooled into 100 pools each of size 10
via simple random sampling mechanism. From the computed
results, we have the corresponding estimators of the HIV/AIDS
prevalence as = 0.0869 and = 0.0973. Implying that. Note that the
true prevalence rate is 0.1. Hence is a better estimator than, the
moment estimator. In this example, we have applied our model
in estimating the HIV/AIDS prevalence rate and obtained results
within the CI of the true value.

Multistage Estimation Model

In this section, a discussion of a modified Monzon et al. [1]
design as shown in Figure 1 is given. The proposed design is a

generalization of the model proposed by Monzon et al. [1] this
testing strategy is presented in Figure 5 diagrammatically. In the
proposed design, we pool the population into n pools and each
pool is subjected to testing. If a pool tests negative (-), we drop it
from further investigation. If it tests positive (+) on the initial test,
itis subjected to a duplicate test. If it tests negative on the duplicate
test, it is dropped from further investigation. Otherwise, if it tests
positive on the duplicate test, it is split into two smaller pools and
the procedure is repeated on the sub-pools as shown in (Figure 5).
Clearly, this is a generalization of the preceding discussion. In fact,
the design discussed earlier is merely a special case as will be
shown. The probability that a sub-pool is declared as positive at
stage i is given
[1-(-p)"In’ +(1-p) " (1-9)
[1--p) " +1-p) 1)’

e N
Pools
SO TIPS S
Sub-Pools :
i:1t Stage '
Sub-Pools i
i Stage I
Figure 5: Multi-stage anti-HIV testing strategy of pooled sera using enzyme immune.
N J
Clearly, (29) is a truncated binomial model. The model will k; K
: . . i H-0=-p)"In(-m+1-p)" o(l-9)
play a major role in the formation of our MLE of p at the i* stage. (30)

The probability that a sub-pool tests positive on the initial test and
tests negative on the duplicate test at the it stage is

Resear. 2018; 2(3): 555589.

[-(-p) 7 +1=p) (1-p)
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another truncated binomial model. Finally, the probability
that a sub-pool tests negative at the i"" stage is given as

ki ki
I-0-p)'1A-m+A-p) o(l-9)
ki, 2 ki 2
0-0-p) ™' I +0-p) " (1-9)
which is also a truncated binomial distribution. Therefore, the
three truncatedbinomial models (29), (30) and (31) are the tools

required to develop the likelihood function. It is obvious that the
likelihood function will be a truncated multinomial distribution.

(31)

The a likelihood function at the i"" stage is given as

Lplx ng) { 1-0-p)" 1 +0-p) " (-9)° ]‘“
[1-0-p)" W +1-p)"" 1-9)

» {[l - p-m+(- ' ea —<a>r
-(-p) ™0 +1-p) (1-9)

I-(-p)1-m+-pie
x (32)

il X
M-1-p) 10 +1-p)" (1-9) }
wherex=(x

XX, X~ X,;)  Itiseasytoseethat(32) simplifiesto

LO e« [1-0-p" 10" + =) a-g) "

D=0 ma-m+a-p'ea-p]”

ki ki X1 —X; X2
O-A=-p) 1a-m+d-p) el
[[-0-p)" 1" +0-p)" ~(1-9)'T"
Thus, for the s-stage multi-stage testing scheme, the likelihood
function is

(33)

L(plx.n¢)x 1£[ L() (34)
i=1

with
LO« [0-a-p" W +a-p'a-9|"
x[0-0-p"Ia-m+a-p'oi-0]"

TMTY21

“[n-a-p 0-m+a-p'e]

Therefore,

(35)

S
L.(plxm,@)xL, () _1_12 L) (36)

That is
LO« [i-a-p" 1 +a-pa-9 "

X

=

{[o-a-p"ma-m+a-ppa-n]"
x[0-a-pa-mra-pe] Ty 37

In order to obtain our estimator of interest, we must find a
q = 1 - p that maximizes or minimizes (37) or its log likelihood
given by

logL() < x,log [[1-(1=»)" 17" + (1= p)" (1-) |

S
+ X toelt-a-p) ma-m+ - pt1-0)
i=1
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+ (¥ =X, —Xy;) log I:[l ~(1-p) - +-p)" (17]} (38)

To obtain the MLE of our estimator in the proposed design, we
follow similar argument as in Section 4, the MLE is accomplished
by

b =1("m) ~{fx,Jog [11-a-p" W’ +a-p -0y ]

+

M

{wastoet1 == p) 1 A=+ 1= )" 0010
1

+ (4 =X, — %) log |:[1 -(- P)k' a-m+1- P)kl (/7:|}

(39)

Setting s = 1 in (37) and after intensive computation, we
obtain the results as in (24). The variance obtained in (25) is
the variance of the estimator when s = 1 testing scheme. Next
we consider the derivation of the variance in the multistage
testing strategy whose technical details are omitted. The
asymptotic variance of the multistage estimator obtained in (39)
is derived by applying the Crammer Rao lower bound i.e.

& log L '
Var (p) = Hi ;’i‘“ﬂ (40)
op
Where
N & log L()
= | —=2
Var () [ e }
> P o(-9)T 1, ) B
= nk (- p)2k, fz{ww—f)m“ ~1-¢)’T-p) }
”‘l\ "\-
) 1= -p-p) -1y’
+ in’k(z(lip)zk,z[[n( m-p(l-9)] +(v+w )
= 2y 1-7, =7y,
1o, > i
- (=) -a- 1-p) "
LU (41

And 1, is the total number of sub-pools that are tested at the
i" stage.

Where

Var([)) =-E {M}

op’

and n, is the total number of sub-pools that are tested at the
i" stage. In particular, if we set s = 1 in (39) for simplicity, (25)
is easily deduced. Thus, we have generalized the design proposed
by Monzon et al. [1] and, at the same time, generalized both our
estimator and its asymptotic variance. The large-sample property
of our estimator can be studied without reference to the loss
function in the multi-stage design. Therefore, approximation to
or limit of performance measures as the number of pool sizes
increases, i.e, n = for the multi-stage model by central limit
theorem (CLT) is

Jn(p - p) - normat (0.var (5)).

Where can be derived from (39) and Var (#) is obtained from
(41). Also, the asymptotic relative efficiency (ARE) of the proposed
multi-stage testing scheme is
Var(f))

1 var (}3) ’

Asymptotic relative efficiency (ARE) helps in assessing the
efficiency of our estimator as compared to one-at-a-time testing
procedure. Plots for various values of Var ( # ,Var (p) versus k are
provided in (Figures 6 & 7).

(42)

ARE, =
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In Figure 6, we notice that the relative variances increase with
increase in k up to some optimal group-size, and then drops. It
also reduces with increase in p. Figure 7 shows the effect of a slight
change in. In this figure, we observe that the relative variance
increases with decrease in relative accuracy of the tests in use.
Therefore, repeated testing model of Monzon et al. [1] should be
applied in situations where the efficiency of the test kits is low for
better results in practice. The multi-stage model outperforms one-
at-a-time testing procedure as the AREs > 1: For instance, for only
a simple case s = 1; they ARE increases with increase in pool size
as it can be easily seen in Figures 6 & 7. It is therefore anticipated
that as the number of stages increases the ARE will increase and
MSE reduce as demonstrated by Brookmeyer [6] who investigated
the problem of multi-stage estimation with perfect tests. Our study
generalizes Brookmeyer [6] by introducing the error component
as well as the duplicate test as it is the case in practice Monzon et

2

Resear. 2018; 2(3): 555589.

Where Var (13) is provided in (41) and for simple case where s
=1 is discussed in Section 4.

Results

We have developed estimators based on the screening
design proposed by Monzon et al. [1] and extended it to the
situation with sub-pooling algorithms. Although the estimator
of standard screening problem holds well when the prevalence
of the population is low, our approach performs better in slightly
higher prevalence population. Our approach is even more robust
in situations where the efficiency of the test kits are low, i.e,, re-
testing is preferred when the efficiency of the test kits are low as
observed in the discussion. This result concurs with observations
made in practice as alluded to by Sterret [25]. It is in order
therefore to conclude that the procedure is viable for developing
countries as retesting with the same type of kit is relatively cheap
compared to the more expensive test kits like the Western Blot.
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Our approach is easy to implement. At the same time it is more
efficient than individual testing as observed in Figures 6 & 7. Also,
the procedure is more efficient in relatively higher prevalence
population than the classical pool- screening algorithms as
repeated testing improves the efficiency of the testing strategy.
Notice that we ruled out two possible candidates for estimating the
prevalence namely 2, and #;- Thus we had only two candidates
for consideration for estimating the prevalence, these are 2
and the p. This leads to the question: which one of the two is
recommended for this study? To help the discussion we compute
the AREs

A=z (p)y
nk” (1 + ¢ =D, (p)(1 - 7,(p) - 7, (p)

The variable y is provided in (23). Also, it is reported in Tu
et al. [13] that the classical MLE for estimating prevalence with
imperfect tests in the ordinary Dorfman [2] testing procedure is

ARE, =

(45)

PG =1{’77’i’(p)}k (46) (4—6)
n+¢-1
and its corresponding variance given by
2 -2k
. (I-p) z(p)1-z(p)(1-p)
Var(pg) = (47)

nk>(n+¢-1)°

where 7#(p)=x/n,x is the pools classified as positive by
a single test. Note that 7(p) is the probability of classifying a
pool as positive and is z(p)=n1-a-p)* +1-¢a-p)*. It can easily be
seen from (12) that if #,(p) = 7(p), then Var(p)) =Var(p,), for =9,
because (7 ~(1=9") =@+6-1" for all 7 and g0 <n<1,0<g<n. If
n>¢. then (3" —(1-¢)° > (n+¢—1)" implying that Var(p,) < Var(p,).
Hence, in such situations, the estimator p, is superior to P of
Tu et al. [13]. Similarly, if 7 <9, then ;> -(-¢) <@m+¢-1),
implying that var(p,) > Var(p,). Hence, in this case, the estimator 2,
is superior to p, and call for no retesting in such situations. They
ARE off P to p, is

P -9 ) 2pi-x(p)
ARE, =
n+g-1 7 (p)A1-7 (p)
Further, comparing the asymptotic variance of ? with the
classical variance of p;, we obtain ARE as

(48)

z(p)1-7(p)y
nk* (7 + =1’ 7, ()7, (p)(1 = 7,(p) = 7, (p))

ARE, = (49)

Simulations of the AREs for various values of 7-%.7, and ¢
are provided in Table 1 below. For illustration purposes, we have
us¢d MATLAB package to compute the AREs in the table (Table 1).

Table 1: Asymptotic relative efficiency for the estimators and of prevalence.

P 0.001 0.01 0.05 0.1 0.15 0.2
ARE, 1 1 1.01 1.03 1.05 1.08
ARE, 7.42 1.92 1.16 1.04 0.99 0.95
ARE, 8.25 2.14 1.19 1.16 1.14
k=57=¢=0095
P 0.001 0.01 0.05 0.1 0.15 0.2
ARE, 1 1 1.03 1.08 1.15 1.26
ARE, 49 1.46 1.05 0.96 0.88 0.8
ARE, 5.45 1.63 1.06 1.16 1.12
k=107 =¢ =095
p 0.001 0.01 0.05 0.1 0.15 02
ARE, 1 1 1.01 1.02 1.04 1.08
ARE, 1.98 1.09 1.01 0.99 0.97 0.93
ARE, 2.03 112 1.04 1.03 1.02 1.02
k=10,7=¢=095
p 0.001 0.01 0.05 0.1 0.15 0.2
ARE, 1 1.01 1.02 1.05 1.09 1.14
ARE, 6.75 2.56 131 1.09 0.99 0.93
ARE, 8.45 322 1.67 1.44 1.16 1.32
k=517=¢=090
p 0.001 0.01 0.05 0.1 0.15 02
ARE, 1 1.01 1.05 1.13 1.23 1.35
ARE, 5.46 1.84 0.95 0.84 0.76
ARE, 6.84 232 1.45 1.33 1.29 1.28

k=57=¢=0095
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Clearly, the simulated ARE, > 1; implying that the proposed
MLE 5 is more efficient than the moment-estimator #;.Thus, p
is more superior to 7, in estimating HIV/AIDS prevalence in an
African population where it is believed the prevalence is high.
Also, note that ARE, > 1 and the estimator #; is provided as the
MLE of the prevalence in the past literature-i.e., Thompson [8] and
Brookmeyer [6] derived 2 forperfecttestsand Tuetal.[13] derived
P for imperfect test. Therefore, the proposed MLE estimator
is superior to the past estimators and can be recommended for
screening purposes as opposed to the P; estimator common in
pool-testing literature. It can be easily noticed from the tabulated
results that the proposed MLE estimator becomes superior to
p; when the prevalence of the population is small, calling for
re-testing when the prevalence of the population is low. That is,
retesting is recommended for high risk population Nyongesa [21].
Also, it is easily seen that the proposed MLE is more efficient in
situations where the sensitivity and specificity are low. For ARE, >
1; meaning that 7, is more efficient than #, and this complicates
the applicability of #; in estimating HIV/AIDS in low prevalence
populations confounded with the fact that there is loss of
sensitivity when pooling strategies are applied in screening HIV/
AIDS Kline et al. [3] and the loss in sensitivity can be recovered
by retesting. The ARE, < 1 for high prevalence rates such as 0.2
makes P, a poor estimator. For example, if the prevalence of the
population is 0.15, the ARE, is 0.88 when k =10, = ¢ =0.95, thus
for ARE, < 1 makes p, a poor estimator of prevalence in high
prevalence population [26].

Conclusion

This study proposed moment estimators for prevalence
estimation and MLE. It has been demonstrated that the proposed
ME p*, is superior to the studied p” in some situations whereas
the MLE p” outperform both p*, and p” . More efficient estimators
can be realized if multi-stage models are applied. However, multi-
stage models are only possible if there enough samples to allow
creation of sub-pools. The study only discussed halving multistage
model but a generalized multi-stage model that allows creation of
any number of sub-pools at any stage can be studied and results
compared with the one proposed in this study.
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