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Abstract

The starting point of this research is a representation of a quantum particle according to the Schrodinger equation of the conventional
quantum mechanics. In this representation, a quantum particle is described by a wave packet in the coordinate space and the conjugated wave
packet in the momentum space. The problem is that while in the coordinate space the group velocity is in agreement with one of the Hamilton
equations, the group velocity in the momentum space is in contradiction with the other Hamilton equation - a minus sign is missing. Group
velocities in agreement with the Hamilton equations are obtained only when in the time dependent phase of a quantum particle wave packet,
instead of the Hamiltonian coming from the conventional Schrodinger equation, the Lagrangian is considered. This suggests us to consider the
relativistic Lagrangian in the time dependent phase. In this way, the conventional relativistic principle of invariance of the time-space interval
gets the more physically understandable form of the invariance of the time dependent phase of a quantum particle - the time dependent phase
of a quantum particle is the same in any system of coordinates. Based on the relativistic time dependent phase invariance of a quantum particle,
from the group velocities of this particle the relativistic kinematics and dynamics are obtained. The interaction with an electromagnetic field is
described by a modification of the time dependent phase with a scalar potential conjugated to time and a vector potential conjugated to the space
coordinates. In this paper, we find that, according to the formalism of the general relativity, any matter element in a field of forces is accelerated
only perpendicularly to its velocity. This means that the matter propagation of a quantum particle can be conceived in planes perpendicular to
velocity, while the mater distribution can be considered in a Fourier representation - quantum waves. We study the quantum particle dynamics
in gravitational waves and derive the graviton spin. We consider a quantum particle in electromagnetic field and obtain a Schrodinger-Dirac-type
equation, with additional terms describing the velocity dependence of the particle dynamics.

Keywords: Quantum particle; Wave packet; Group velocity; Lagrangian; Hamiltonian; Maxwell equations; Spin; Metric tensor; Covariant
derivation; Gravitational wave; Graviton spin

Introduction
as a sum of the kinetic energy 7(?), which depends on momen-

We live in a period when the fundamentals of physics are put ) ) )
tum, and the potential energy v(7) , which depends on the coordi-

under discussion [1-9]. For instance, in the framework of open
quantum physics [10-14], we found that the general principle
2 of thermodynamics, of the entropy increase, was in fact not E_aﬂi,~,+aﬂi~
so general, but only for molecular systems. In the more general & o At o i 2)
case of a system including a coherent electromagnetic field, the

entropy could also decrease [12]. On this basis, an interesting

nates. From the conservation condition

we obtain the dynamic equations called Hamilton equations,

phenomenon of environmental heat conversion into usable energy 45 o, _ “r 5)

has been discovered [11-18]. Some time ago, we also discovered & P *

that the conventional Schrédinger equation is contradictory to the d . oH, o, ) 3)

Hamilton equations [19], which are fundamental for the matter dr oF oF

dynamics. Really, the dynamics of a particle is perceived in a three- depending on the potential energy gradient called force, while

dimensional space of coordinates defined by a position vector the energy as a function of coordinates and momentum,

F:xiﬁﬂ,'ﬂl, anq in t¥me, defined by a scalar t. For a matter ob]ec.tt 1, (7.5) - L+U(;) (4)

we define an inertial property called mass, y,, and a dynamic M,

quantity as the product of the mass with the velocity #-%, called is called Hamiltonian. However, this classical description
dr . .

momentum, 5 = #,7 . The dynamic law of a particle can be defined ~tells us nothing about the structure of the physical world. Only

asa conservative process, by a conservative quantity, called energy, Quantum Mechanics tells us something about the structure of this
world. Namely, that this world is composed of species of identical

£=1,(7.5)=1(p)+v(7) M quantum particles. On one hand, experimentally, it has been found

Ann Rev Resear 4(4): ARR.MS.ID.555641 (2018) 0087


http://juniperpublishers.com
https://juniperpublishers.com/arr/

Annals of Reviews and Research

that these particles are of a wavy nature. On the other hand, one
could find that the simplest way to define a quantum particle is by
a wave packet, with the momentum conjugated to the coordinates,
and the energy conjugated to time, with a single quantum constant
h [20-22]:

Ve (F,t) =

1 . i(i;F—Er) 3.
oy (p)e” d

(271)

o ()= iy, (m)e e ()

(27n)

In this case, one can define a momentum operator

-
P ()

and a Hamiltonian operator,

2 2

H, =ih3=—h—a—z+U(F):E %
o 2M, oF
With these operators one obtains eigenvalue equations, for
momentum,
0
=iy (7r) = v (7.1) (8)

and for energy, as a Schrodinger equation:

v (w){hazw(fﬂ%(m)—wf (r)®

oM, OF

However, when the group velocities are calculated for the
wave packets (5), which with (1) are of the form
1 i{ﬁf-[r(p)w(f)]x}
ve(F) = lo,(B.1)e" d'p
(Zﬂh)
o ()= (e ey
(2ﬂh)3 /12

we obtain an erroneous equation, contradictory to the
corresponding Hamilton equation:

(10)

F:aHO:iT(ﬁ) -0K
& H &

d_ 0Hy 0
S5= -9
dar oF  oF (11

We get back the minus sign only if instead the Hamiltonian
0 (3)-7 ()0 ()

we consider the Lagrangian

(?) i Erroneous equation

a minus sign is missing

7‘4/(;) (12)

In his case, the wave packets (10) take a form

) eé{ﬁ?—[T(ﬁ)—U(F)]t} 5

d'p

4(4): 555641,

- 1 o\ Al
qz)n(p,t):le//E(r,t)e at P &7

with group velocities in agreement with the Hamilton equa-
tions (3):

(13)

F=—T(p)=
dt P

d_ 0 v 4) oH,

- u(F)=-

e oF oF (14)

However, this description is still unrealistic, having an infinite
spectrum of waves, as a function of the velocity 7. A finite
spectrum is obtained when the relativistic Lagrangian

Ly (F)dt=-M,C th:MngS (15)
c

is considered in the time dependent phase of a particle wave
[13,19-22]:

Y, (f, l) = 32 I, (?,t)ez[mi%(;j)r]M}d%

(o)

1
(™"

From these expressions with (15), we noticed that the
invariance of the time-space interval of the Theory of Relativity
is equivalent to the invariance of the time dependent phase of a
quantum particle. We defined a Relativistic Quantum Principle of
invariance of the time-dependent phase [23-27]. On this basis, we
obtained the relativistic transform of the space-time coordinates,
and the relativistic dynamics for the particle waves. We considered
a quantum particle in a field described by a vector potential
conjugated to coordinates, which is in agreement with the theory
of Aharonov and Bohm [28], and a scalar potential conjugated to
time. We obtained the Lagrange equation as a group velocity of
the particle waves, the Lorentz force, the Maxwell equations, the
relativistic transform of the electromagnetic field, and the spin-
statistic relation [13, 19, 23-27].

. Y]
5 () Je ¢ (16)

In this paper, we adopt the converse starting point, not of the
quantum mechanics, but of the general theory of relativity, where
a quantum particle is a piece of matter with a density normalized
to mass. In section 2, we find that, according to the general theory
of relativity, this matter propagates in planes perpendicular to
the velocity, which means that the matter propagation can be
considered in a Fourier representation, as a group of waves. In
section 3, we find a relativistic invariant of the matter density, and
derive the equation of the matter conservation. In section 4, we
find a dynamic equation of the velocity field as a function of the
metric tensor. In section 5, we obtain the particle oscillation in a
gravitational wave. In section 6, we find the particle acceleration in
a gravitational wave, and define a gravitational invariant including
a proper dynamic, called spin. In section 7 we consider the
graviton spin as a matter rotation and find the angular momentum
S.=2. In section 8, we obtain a pseudo-energy tensor proportional
to the square of the gravitational amplitude. In section 9, we
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obtain a fully relativistic dynamic equation. In section 10 we give
a summary.

Quantum Particle as a Distribution of Matter

We consider a quantum particle as a distribution of matter
with the density as a positively defined quantity:

2
p(x,y,z,t) =M, \l//(x,y,z,t) |
satisfying a normalization condition

Mo_lfp(x,y,z,l)dxdydz = y/(x, v, z,t) |2 dxdydz = 1

(17)

(18)

According to the general theory of relativity [29, 30] in a
system of curvilinear coordinates

(x“)=(x",x’),a=0,1,2,3;j:1,2,3 (19)
we define a velocity field in the system of the proper time
t,s=ct

’

X dx‘f dx’
Ve s =
dt ds

We define the differential time-space interval gg, which
depends on the metric tensor €,

(20)

ds’ =g, dx"dx"  (21)

From this expression, we obtain the fundamental property of
the velocity field,

(22)

Y _1
gux X =1

Since the covariant derivative of the metric tensor is null, this
property takes the form

. . . s
P =0 =" % =0
v Yy

viu

(23)

which means that any covariant variation of a velocity, or any
covariant acceleration, is perpendicular to this velocity. At the
same time, for any quasi free particle, i.e. when no external force is
present, any matter element follows a geodesic trajectory,

v
dx oy
— =X, X

ds !
which means that the covariant acceleration is null:

=i (24)

i =0  (25)

In this case the acceleration .,i" of any differential element

of matter includes only a component induced by the gravitational
field described by the second kind Christoffel symbol

. 1
rt, =¢"r,, =¢" E(gb,.g F i) (26)

When an external force is present, an additional, external
acceleration 4* arise,

L u LV
X0, X
v

(27)

=T "% + 4"
This acceleration is of the form
4" = (x‘; +I% x")x =i (28)
which means that any acceleration induced by an external

field is a covariant acceleration, while the acceleration induced
by an internal, gravitational field, does not modify the covariant

4(4): 555641,

acceleration. It is interesting that by multiplying the external
acceleration (11) with the velocity ,#, and taking into account the
fundamental property (7),

xﬂAﬂ = )'cﬂ)'cﬂ;v)'cv = 0
0

(29)

we find that any external acceleration is perpendicular to
the particle velocity. This means that a particle can be conceived
as a distribution of matter moving in planes perpendicular to
the velocity (Figure 1) the external forces acting on the particle
modifies the matter distribution in these planes, but not in
between these planes (Figure 2).

4 A\

Attraction
field

Figure 1: Quantum particle accelerated in an external, attraction
field, in planes, perpendicular to the velocity.

J

s N
Figure 2: Quantum particle accelerated in a central field.

\ J

Thus, according to the general theory of relativity, the distri-
bution of matter in a central field takes the form of an atom. This
means that the distribution of matter of a quantum particle in a
system of curvilinear coordinates can be considered in a Fourier
representation,

)l i[ijLL(x“,x (P P,Pz) 30
vl ”)—Wfiﬁ(%”)eh (a,Pj,g)dePZd‘% (30)
——[le L(x X )I] X, ¥,
¢(Pj’t)=mjw(x z)e a%dx dr?di®,

with the normalization condition (18),

)

dr'dr’dy® =1(31)
for the matter density

p(xi,t)zMO‘l//(xi,t]z (32)
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and the Lagrangian

1h 5 )= Mo gp +57 (33)

while ¢ is the proper time. In a stationary state, 25 0=0,80=0
, with the general property (6), the momentum is

2 Lo
p-—t ——Moci_,/go 0+ g i
ox

J i
cox’

Mog & (39

R
2ygo &% +g; 35/

1 i
=—5M0gjx .

With these expressions, from the group velocity in the
coordinate space, we find an equation, which with (6) takes the

form an identity,

(35)

while from the group velocity in the momentum space, we find
the Lagrange equation,

doL _dp_p o O gl sm
dt céx’ _dl '/_CP'/_axj L(x X ) (36)

For the Hamiltonian

H=Pj5cj—L(xj,5cj,t)

from its differential with the Lagrange equation,

(37)

dH =ci/dP; +& di/ - AL ges Ok g L
ox/ ox’ ot
, . . o (38)
=cx/dP; + & ;di/ —cPydx/ - P di/ -5
_ M ip O gy +8—Hdt,
an 7 ox/ ot
we obtain the Hamilton equations
o loH
i =101
c oP; 39
__lod G2
J c axj
oH__aL
a o

In this way, the dynamics of a quantum particle as a distribution
of matter, of density (17) and the normalization condition (18), or
of the wave functions (30) with the normalization conditions (31),
is described by the dynamics of the matter differential elements
according to the Hamilton equations (39).

The Matter Conservation

We consider the density normalization in two systems of

coordinates,

) e Jix® v d? a¥ = | plx#)s d’drd?d =1 (40)

4(4): 555641,

which depends on the Jacobian
J=Detlx# ) 1)

It is interesting that this Jacobian has the same elements

as the tensor transformation. From the transform of the metric
tensor between these two systems of coordinates,

gﬂ = x,‘ua'x’vﬂ'gayﬂy (42)
with the determinant
g =Detlgz ) (43)

we obtain the Jacobian
J=NE
V=&

With the volume differential elements

(44)

A% doel e did = 7 dx%dx di 2’ (45)

the density integral on an arbitrary volume V takes the form

I[ Pl N g dxax? e = i Pl V=g drlridid’ (46)

which means an invariance relation of the matter density,

depending on the quantity y~g we call scalar density,

(47)

ple N=g = ple N=g
We define the matter flow four-vector

JH = pit (48)
with the conservation relation
U qu H v _ gV u v _
SO =J, 0T =J, 0T =00 (49)
With the second kind Christoffel symbol
1
Tf =g T, =g" E(gﬂ/ ot8 v~ 8o ,/1) (50)

and the symmetry of the metric tensor, the coefficient of the
last term of equation (49) is

1

w_1 ﬂ( _ )_l A
L =58 v ut 8 vEhp 2)T58 Suw

_l -1 =l_ *1_ =07
=878, 2( g)(-g), =

In this way, the conservation relation (49) of the null covariant
divergence of the matter flow four-vector takes the form of a null

ordinary divergence,

J—g =" g),=0 2
By integrating in a space volume,
I(J”\/‘ig),ud%:(’ (53)

v

and separating the time term from the space terms, we obtain
the conservation relation under the more understandable form of
the time variation of the matter contained in a volume J/, due to a
flow ym = p(x",,)g'" through the surface of this volume,
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[ | s ol b s

For a low velocity, i’ =1, weak gravitational field, g =-1, we
obtain the ordinary conservation relation:

[ i pd%]ﬂo o L

Zy

(55)

Dynamic Equation of a Quantum Particle as a Distri-
bution of Matter

As we showed in the previous sections, a quantum particle
in a system of curvilinear coordinates can be considered as a
distribution of matter with the positively defined density (32),as a
function of the Fourier expansions (30), with the Lagrangian (33),
and the canonical momentum (34). The matter density satisfies
the matter conservation relation (55), which is

(f p(xi,t) —gfc“djx) =-¢ p(xi,t)\/;fcmdzxm (56)

4 0 Iy

and the invariance condition (47), which is
1, = p(x g = p(x" 0 )V-¢'

From the second equation (30) with the fundamental property
(21), the group velocity in the momentum space is

(57)

oL “Legp i1
2 ap.j

d 2 a.p
—P =—=-Myc =——Myc g, , XX
J 0 o, 0% Sap.j

dt o’ 2 lgaﬂ,-( i 2
while from the derivative of (34) we obtain

d b 1 2 ki ] 2 i
—Pj —ch =——M;c gyuX X ——Mc g;x
dr 2 2

We notice that the second derivative of the coordinate in this

(58)

(59)

equation can be eliminated with the geodesic equation

S H B

X" = —Fgﬂfcafc (60)

From (58)- (60), we obtain

i =g, 35 (61)

ik Fi .a
giXx X —g;l g% ;

/7
With the expression (50) of the second kind Christoffel
symbol, we obtain the dynamic equation

ik 1 o
8k i _E(g/a,/z T8ipa +gaﬁ.j)x i =0 (62)

for the differential elements of the matter of a quantum
particle.

Quantum Particle Oscillation in a Gravitational Wave

A gravitational wave is a solution of the second order wave
equation

(63)

uv _
& Eoouv =
We consider such a solution of the form
8po = upglﬂvx”xv (64)

where "¢ is called amplitude tensor, while L is called
polarization tensor. With this solution, from the wave equation

(63) we obtain a normalization condition for the polarization

4(4): 555641,

(65)

v v 0 1 2 3
tensor g™, =1, =l +4 +1, +1; =0

We notice that the metric tensor, being symmetric, it can be
diagonalized. By a space-time diagonalization, g;, =0the dynamic
equation (62) takes the form

(66)

1 Lk _1 L0.0
’; 8k T8yt 8u )X X ’Egna,jx x

With the Christoffel symbol of the first kind,

1

Ty = E(gkf../ t 8y~ guuk) (67)

this equation takes the form

1 .0.0
_Egoo.jx X

(68)

ik
l"kil.xx =

Since the gravitational waves are created by motions of large
masses, we consider small velocities, i° =1 , which means that the
dynamic equation (68) takes the simpler form

R _% o (69)

By multiplying this equation with ;/, and taking the first kind
Christoffel symbol as a function of the Christoffel symbol of the
second kind,

’ ; 1 ;
Skl i .
guX Fv,x i = _;goo,,‘x/ (70)

with the geodesic equation (60), we obtain a dynamic
equation for the acceleration of a matter differential element in a
gravitational potential &0 ,

wi=lg
1 2go

(71)

By taking into account the derivative of the gravitational

potential with the proper time,
R N j_ 1 ja .
XX = 2g0 = 2g0 JX = 2g 80 ,j¥a
and a space-time diagonalization of the metric tensor, g/« — g,

we obtain the dynamic equation x,.(x" —%g’. 20 'fj:O (73)

(72)

which is

#-tglgy =0

; (74)

It is interesting that the first order derivatives of the
gravitational potential (64) which is of the second order in the
spatial coordinate, are of the first order in these coordinates. We
obtain the dynamic equation

bl —%gj g 1x" =i' —%uo Ix? =0 (75)
which with the condition

i i
I,D o 5,0

takes the form of a harmonic oscillation

(76)

1 i
i =——ug x'

> (77)

Let us consider a wave oscillating in the direction,',
corresponding to a polarization tensor

=0 (78)

3

0 1 2
=1, 1 =-1, L

which satisfies the condition (65). With a metric tensor for a
weak gravitational field,
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8o =1 gy =" gy,=-1 g,=-1 (79)

the polarization tensor is

1, 12 _O, l3 :0 (80)

For a system with rotational symmetry, while the amplitude
tensor is of the form

u" = ug"" or (81)

Uy =UE,,

and a low velocity, while the fundamental property (21) is

l=go (82)
we obtain
Ugp =8 o =Uu (83)

From

g u" =uy=8 58" =g 4

W =g ¥ = (84)

we obtain the coefficient
1

u= Zu,‘,/

we call gravitational wave amplitude. With this expression, the

dynamic equation is

(85)

. 1
=—ca!

' (86

which describes a harmonic oscillator with the frequency

w=cVul?2

Quantum Particle Acceleration in a Gravitational Wave
and Proper Dynamics

(87)

In the previous section, we showed that a gravitational wave
described by the wave equation (63), with a second-order solution
(64), means an oscillation of any matter differential element with
the frequency of this wave. However, we notice that the wave
equation (63) accepts also a first-order solution,

Sy =y X7 (88)
with a normalization condition similar to
g7 L, =1%l,=0  (89)

With this solution, from (74) we obtain the dynamic equation

I

xl—agjuo l]:O (90)
which, with (5.20) is

i 1o

# it =0 (91)

We notice that a solution of the form (88) means a constant
acceleration of any differential element of matter in the direction
of polarization of the gravitational wave. No oscillation is perceived
by such an element in a gravitational wave. With the expression
(81),

14 v

gau” =up=g " g, =g 5 (92)

by multiplying with /,, we find an equation for amplitude
tensor:

4(4): 555641,

url, =i ,(93)
We consider a gravitational wave polarized in the direction «*,
=1, =L =0, L=-1 (94)

and a weak gravitational field, with the metric tensor elements

0 1 2 3

g =g =l g =g =g =g =g =g =-1 (95)
With (93), from (92) we obtain the equations
uy —ug =u (96)
uf) —u13 =0
ug - u% =0
ug) —u33 =-u,

which, with (95) become
g%uy —g  uy =ug +ug =u
go Uy *33 uy =ug +uz =0 97)

g% ug —g uy =ug +uy =0

gO Uug *g3 Uz =ugy +u3 =-U.

From the first and the fourth equation (95) we obtain
ug +us; =-2ug ,

up —uz =2u (98)

From the second equation (98) with (84)
ul—u;:zu:%ux :%(go ug +g'uy +g%uy +g% us ):%(”L_”l —y —u;)
we obtain
uy +uy =-2u (99)

With the contravariant elements of the polarization tensor

uf =g* g’B 0, =g gﬂ ug (100)

we calculate the gravitational invariant
1, =ug u? —2u? =1y 2 +uy 2 +uy 2 +u3 2

—2£—2u92—2u02+2u12+2u32+2£7%(u0 ) )2

1 1
=u 2+u2 2+2u1 2+u0 2+u3 275 o 2+u3 2 —ug U3 75(u0 —u3 )2

(101)

=u 2 +uy 2+2u1 2 :%[(ul —uy )2+(u1 +uy )2]+2u1 2
:%(ul —uy )2+2u1 22
The Graviton Spin

As we have shown in the preceding sections, a gravitational
wave is described by an amplitude tensor “# We define the
operator R™ of rotation with a differential angle 0 in a plane
(). For a vector

AF)=|4' @) 42,
R5&A‘(f):Al(f+5dx;):A‘(f)+5axf-;éAl(f):A‘(?)+5d.fxg/11(7) (102)
r r
With the angular momentum operator
S :—ihfxi_ (103)
or
the rotation operator (109) takes the form

R 41(7)= 4'(7)+i6G54'(7) = 5% 4'(F) (104)
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This means that the operator of rotation with an arbitrary
angle ¢ is -
RY = elSa (105)
We notice that a rotation with an angle is equivalent to an
inversion,

R7A'\(7)=

P74 F)=-4'(F)
This means that a vector 4(7) describes a rotation with the

spin §=1 . For a rotation with an
e N

(106)

Figure 3: Rotation of a vector 4 with an angle —z/2 in a plane
(%)

Angle - /2, as it is shown in (Figure 3), we obtain

R =4y, R,=—4, = R4=—4 o R’4y=—4,. (107)

Now, let us consider a rotation with an angle & in the plane
(x.») of a tensor u, (x.y) .
scalar of the form

S =y (6. )4(x,0)B8" (5,2)=[R%, (&
[
[

we deduce the spin eigenvalue of a tensor S =-2

From the invariance of an arbitrary

IRE 4 ()R B (v, )]
m?u” (x,y):|[eis'dAﬂ(x’y)leigtti(x,y)] (108)
“uy (o) ferar el ()],

2l

=)

, l.e. a spin
IS,/=2 . For a rotation with an angle _ 5,

S=u; A'B' +uy A'B* +uy 4*B' +u, 4°B*

. )(R ‘XR 1)+(R 2 )(R IXB 2)+(R 2

Yo 2) )+ (& 5 & 2z 2) (109)

=(R | )A°B*=(R 5 )A*B' —(R  )A'B*+(R , )4'B".

We obtain

Ry=uy, R,y)y=uy, Ry =—uy, R,y =-u . (110)
Let us consider the vectors
m A" =y A vy A7 (111)
usz” =1, Al +uy A?
By rotating this vector with an angle _ /2,

Rl )= ) )= () ()40

g AP =y Al by A2 (112)

N& )+ (& 5 a 2)=

1 2
=y, A =y A~y A7,

Rluy, 4 )= (& )A? ~(R 5 )4’

4(4): 555641,

we obtain again

BI =uy , BI =-uy , Rz =u , Rl :_ul'(113)

Let us consider a rotation of the scalar (114) with an angle
—-r/4:

S=u AB 4 ABz+u1 AzBl+u2 4252
=(® )( IXB 1)+ 2 )(11 IXB )+(R R )(R ZXB 1)+(R , )(R ZXB 2)
=(r, )( 17[/4A1X —1n/431)+(ﬂ , )(e—izzMAl (-in/4p2
+(& 5 )( -ir/4 42 X —m/4Bl) @, )( -m/4A2X —i;:/4Bz)
=(R , );[( -ir /2 41 )B +A1( m/2Bl)] (& , ) [( -ir/2 41 )B +Al(—|7r/23 )]

+(R )%[(e*iﬂ/ZAZ)BI+Az(g*i/r/231)] [( -iz/2 42 )B 4 ( m/sz)]
(& )%(ggj s - >
1
&3 )(-d22

+(R , )E( A'B'+4 32

L)

(114)
We obtain the relations:
u :*%(ﬁ y R )
3 :%(ﬁ P +R )

up :%(31 -R 5 )

uy :%(R | R )

With the relations

(115)

—1Sl i2Z iZ
4 _p 4=p2

R=e = R?=¢7=-_1 (116)

equations (7.21) become:

1
R/, 25(“1 +uy )

1 117
R, :*E(uz +uy ) 117

1
Ry :5(“2 -u )

1
Ry =E("2 —up ).

By rotations R, the two terms of the gravitational invariant
(104) are transformed one another:

R?I, :l[R(u, —uy +2(R 5 P+2u®
2 i v

=2R , )2+%[R("1 —up JF 2w’ =1, (118)

This means that this invariant includes two components: a
component ¥, which means a matter acceleration according to the
expression (91), and an oscillating component uy ,uy =uy ,u,
describing an oscillatory motion - the spin.

Gravitational Action and Pseudo-Energy Tensor

We consider the gravitational action as an integral of the total
curvature of the space,

Iy =[Ry d*x

where we used the notation | =,~¢ . With the Ricci tensor
(Appendix A),

(119)

_pa _r1a a B ra B ra
R, =Ry, =Ty ,~Ty ,+T, T§ T, T; (120)

the total curvature is of the form (Appendix B)
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R=g" R, =R"-L (121)
Where
R =g¥ t8 -1 )

L=g* [y s r50)22)
In the action (119) with these terms, (Appendix C)
* 4
I, = j(R —L)\fd x
we integrate the first term by parts,
Ry =lemra ), ~ler ra ), ~le* V), re +(e* ), m8

(124)

(123)

and, since the variations of the action at the integration limits
are null by its definition, we eliminate the total derivatives. In this

case, we can take
oM a
(g \/>),V rﬂ

Ry =lg" )8

With the formulas

(125)

2" a=-2"¢" 25 4

8o a =T poa T,

poa opa
Jo-r
the first derivative in (124) is
e V) =g o +e* ¥,
L8R (Fpo 4 Topu N +2* T
S VRS S i
while, by contracting the suffixes V and @, we obtain the
second term,

N B s i A VRl v '
“ri
With these expressions, the symmetry relation of the

Christoffel symbol, and (122), we obtain the first term (124) of the
action integral (123),

Ry =g —g# 1y vg g g [ vgm i e
S R A R
—le* reTs —2gTraTe |
—le*reTe —agrgTE N

=21

With this expression, for the gravitational action we obtain the

(126)

(128)

(129)

expression
I, =Ry a*x=[(R" - L) a'x=[L{ d'
= [ Ld*x = [ [ Lax'dx?dr’ (130
with the gravitational Lagrangian density
L-1) =(cerf -rarf o* (131)

which depends on the variables g# which here we consider
as “coordinates” and the variablesg, ,considered as “velocities”.
With these “coordinates” and “velocities”, we obtain the variation

4(4): 555641,

of the gravitational action

4 oL oL 4
&é=jldx=j( &4 +@$,V@ﬂJde

J ]@m(ﬁx=0,

A

which leads to the Lagrange equations,

oL | _or
agﬁ vy agﬂ

with terms of the Lagrangian variation

oL
oL=——0gg + 5gﬂ v

These equatlons suggest the definition of an energy pseudo-

(132)

(133)

(134)

tensor
oL
thy =
A =

However, for the Lagrangian (131), from (B.7) we obtain
oL
=TY —oI'°
g ~8pla
ole” V),
or P
T—) =rfrg -t/
P g,u \/’ a g

_ a
a ¥
which suggest the definition of the energy pseudo-tensor

i =05~y Je? V), -euL

It is interesting that this change of coordinates, ¢, —> O, ,

24 u —gZﬁ (135)
R

(136)

(137)

Q — an
"0, (138)
does not modifies the terms of the equation (135),
00,
0
oL - oL 6Qm,aq _ oL &, _ oL 0 v,
aqn,v m an,o' aqn‘l/ e anCf aqn,l/ e an,o' aqn o
oL 09, oL
- an,v aqn q’l,,u Q Qm e

(139)

This means that the two expressions (135) and (137) define
the same energy pseudo-tensor. With the expressions (88) of the
metric tensor, and the expression

1 1 1 1
Vaumpteli=g e "=yl & g =3l e (g 1,)=2y"t,

A g B ly ) l,u

g u=-2"¢" gy y=-2" ¢’ u

g
(140)

we obtain

(gﬂ flﬂ:gﬂ ,#\/>+gﬂ \/> =—uf l#\/>+g/7z 2\/>ity
=—(u —2g u)\fl A \/>lﬂ

At the same time,

(141)

T =" Ty (142)
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With
1 1
rﬂaﬂ_ (g& BTER «—8&n ,1)=5(u& lg+ug l, —ug ll) (143)
which is
1—‘;;7 :gﬁ[ l(Ll& lﬂ +Mﬁ l —Mﬂ lﬂ)zé(uglﬂ +u;la—uﬂ lv)
(144)
TR R
- ) Ealp +gﬁ a
While
rg :g& rﬂaa :(géf %(g& o184 .aa  Za ,/'L):%gﬁr &
1 g.a 1 \/>q
=—glg, =—2 N o _(p —
Zé &, 2 /_g /_g \/“ ( \/>),a
(145)

With the expressions (144), (145), and (141), the first term of
the energy pseudo-tensor (137) is

(s -gpre Je# ),fB(gélngla—ga l”)f—g}éﬂta}s i,
1
=E(gﬂ Ly +g" 1y 40 W21, ~2g" 1?1,
=22 11, -2 1V, =4[ 11,

(146)

The second term of the pseudo-energy (137) is proportional
to the Lagrangian

L= L\/_z (F; Fg —FZ‘ Ff )g’u \/_ (147)
which, according to (C.7) and the normalization condition
(89),is

27a
L=-2u%%,,] =0
With (146) and (148), the pseudo-energy tensor (137) is

o =-4* 1",

We notice that, according to (89), the pseudo-energy satisfies

(148)

(149)

the normalization condition of a null trace:

T )=

Non-zero elements arise only for a non-zero amplitude of
a gravitational wave, as an acceleration field (91). When the
amplitude is null, only a proper motion is described by the
elements of the amplitude tensor in the invariant (118), which is

(150)

the gravitational spin.
Relativistic Wave Equation of a Quantum Particle in
Electromagnetic Field

In a flat space, corresponding to the special theory of relativity,
the wave equation of a particle in electromagnetic field, the wave
functions (30) take a simpler form

3/2 J.¢( )eh[Pr ert)l] 34
~Apr-r (r,;,z)t]d3_

y(F.1)=

(272

(151)
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depending on time ¢, x0 =¢ , the Lagrangian

L(F,?,t t=-Mc’ 1—§dt+e21(?,t)d?—é]
c

and the momentum

”_i - _ M()F o - (-
P= pe L(r,r,t)— l_ﬁ +eA(r,t)—p+eA(r,t) (153)

62

(7 (152)

From the group velocity in the momentum space, we obtain
the Lagrange equation

4590 1 70)=L 171

dr dt or or

For an electromagnetic field with a time independent scalar
potential as of an atom, and a time dependent vector potential as
of a radiation field. It is interesting that, in this case, we obtain
time the Hamiltonian as a function not explicitly depending on
time, but only on coordinate velocity - the energy:

(154)

H(P,7.t)= PF - L{7.F.1)
=2 =2
- f)r{_Mocz =T s o (F)]
r - c
a2
M002

(155)

From (153), we obtain the velocity dependent term of
the energy as a function of the canonic potential, which is the
eigenvalue of the quantum momentum operator,

Moo M i [p-ciGf M3 e
1- c—z 1- C—z

We obtain the relativistic Hamiltonian

P,r,t \/Moc + e;I(F,t)]z +¥ (F) (157)

while, with (155), the particle wav function (151) takes the
form

3/2 I¢( )eh {pr-[pi- HPr)HdBP 3/2I¢ )eh[PH»E 131 o5
(158)

()=

(272

We obtain the relativistic wave equation

—ih%vy(?,t)z [E(B.7)- BFly(7.c0).

which depends on the momentum operator

(159)

P=p+edlF,t)= —ihi (160)
or

With the total time derivative

d_0,:0_0 iz

dt ot oF Ot h (161)
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we obtain the relativistic wave equation of the form of the
Schrodinger equation, but with the minus total time derivative
instead of the partial time derivative of the wave function, and the
relativistic Hamiltonian:

With relativistic Hamiltonian:
—ih % w(F.0)= H(P.FYy(7.0)= EF.7 W (F.0) (162)
With relativistic Hamiltonian
H(ﬁ,?’): Cy Mgc2 +132 +& (F):c(aOMoc+a1p1 +a,p, +a3p3)+é] (7’)
(163)
depending on Dirac’s operators
i 0 0 o 0 o 0 o
o N
(164)

as functions of the Pauli operators

01 0 —i 1o
=y o) i o) 7lo oo} et

(165)

y

the relativistic dynamic equation (162) takes the form
Lod o — N (- -

—ih ay/(r,t) =[c(agMoc +ap)+ & (F)ly(7,0)=Ew(7,t) (166)
depending on the mechanical momentum
- ., 0 =0
p= —1h—q—eA(r,t) (167)

or
and Dirac’s spin operator
G
0] (168)

as a function of the Pauli spin operator

0
a =(0‘1 ’0‘2,’13):(5

G =(0y,0,,05) (169)

With these operators, the particle wave function is split into
four components:
2

$

v= (170)

P4

For these components, from (166) we obtain the explicit
system of equations

+c(_ihi_eAx (f,t)J%(f,t)_ic[_ihai_my(f,t) ¢4(F,t)+c(—ih§—eAz(F,t)j%(?,t)

V4

x Y

+c(—ih§—eAx (F,t)J%(F,t)+ic[—ihai—eAy(F,t)}ga} (7. 1)~

Z

c(—ihag—eAz (F,t)j% (7.1)

o ox "~ oy Oz

x y

—ih(ﬁmiwiﬂﬁj% (Fot) = (Mo +eU (7)) oy (7.1)

(171)

+c(—ih§—eAx (f,t)]%(f,t)_ic(—ihai_my(f,t)j%(f,t)m(_mai_eAZ(f,f)jgol (7.1)

Z

o ox "~ oy Oz

X oy

depending on the rest energy, velocity, and the electromagnetic
potentials.

Summary

We considered a quantum particle with a mass M, as a
continuous distribution of matter in a curvilinear system of
coordinates, with a density positively defined as the square of the
absolute value of a complex function. As a description of the matter
dynamics, we defined a velocity field and showed that, according
to the general theory of relativity, any covariant acceleration of a
matter differential element, under the action of an external field,
is perpendicular to this velocity. This means that the matter moves
in planes perpendicular to the velocity, and that, for the complex

4(4): 555641,

_+c(—ih§—eAx(F,t)Jqol(?,t)+ic[—ih£—eAy (?,t)}ol (7.1)-

—ih(2+xi+yi+z'£)(p4 (7ot) = (-M,c* +eU (7)), (7.1)

c(_ihaﬁ—eAz (m))% (7).,
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function one can consider a Fourier series expansion in waves -
quantum mechanics.

We considered the matter conservation, and obtain a dynamic
equation for velocities, depending on the metric tensor elements.
When, in the equation of a gravitational wave, we consider a
metric tensor of the second degree in coordinates, from the
dynamic equation we obtain a harmonic oscillation of a differential
element of matter. In this case, the metric tensor is proportional
to an amplitude tensor, and a polarization tensor which satisfies
a normalization condition. When we consider a metric tensor
of the first degree in coordinates, we obtain an acceleration of
a matter differential element. In this case, the metric tensor is
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also proportional to an amplitude tensor, but with a polarization
vector, which also satisfies a normalization condition. For an
amplitude tensor, we defined a scalar we called gravitational
wave amplitude. In both cases, of a first-order solution, or of a
second-order solution, the acceleration is proportional to this
amplitude. For the amplitude tensor of a first-order solution of the
metric tensor, we obtained a gravitational invariant, as a sum of
the square of the gravitational amplitude plus two terms which,
by rotation, transform one another. When the gravitational wave
amplitude is null, no acceleration is present, while the two terms,
describe an inner motion of the matter, we call spin. We obtain
the gravitational spin 2 as an eigenvalue of the rotational angular
momentum.

We considered the gravitational action as a time-space
integral of the total curvature with the scalar density and obtained
a Lagrangian depending on the elements of the metric tensor,
and the derivatives of these elements with the contravariant
coordinates. We defined a pseudo-tensor of energy, proportional
to the square of the gravitational wave amplitude, which satisfies
the normalization condition of a null trace.

In a flat space, for wave functions defined in a time-space
system of coordinates, we obtained a relativistic wave equation of a
quantum particle in electromagnetic field. Unlike the conventional
Schrodinger-Dirac equation, instead of the partial time derivative
of the wave function this equation contains the minus total time
derivative, which includes an additional dependence on velocity.
These differences appear from dependence of the time dependent
phases of the wave functions on the Lagrangian, as the product
of the momentum with the velocity minus the Hamiltonian,
instead of the Hamiltonian in the conventional Schrédinger-
Dirac equation. We obtained an explicit system of equations for
the four components of the wave function, describing the velocity
dependence of the particle dynamics.
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